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PREFACE. 


X  HE  opinions  of  the  moderns  concerning  the  author  of  the 
Elements  of  Geometry,  which  go  under  Euclid's  name,  are 
very  different  and  contrary  to  one  another.  Peter  Ramus 
ascr  bes  the  propositions,  as  well  as  their  demonstrations,  to 
Theon;  others  think  the  propositions  to  be  Euclid's,  but  that 
the  demonstrations  are  Theon's;  a^  others  maintain  that  all 
the  proposition^  and  their  demonstrations  are  Euclid's  own. 
John  Buteo  and  Sir  Henry  Savile  are  the  authors  of  greatest 
note  who  assert  this  last,  and  the  greater  part  of  geometers 
have  ever  since  been  of  this  opinion,  as  they  thought  it  the 
most  p^'/b^ble.  Sir  Henry  Savile,  after  the  several  arguments 
he  brings  to  prove  it,  makes  this  conclusion  (page  13  Prae- 
lect«),^^That,exceptingaveryfewinterpolations,explications, 
^  and  additions,  Theon  altered  nothing  in  Euclid."  But,  by 
often  considering  and  comparing  together  the  definitions  and 
demonstrations  as  they  are  in  the  Greek  editions  we  now  have, 
I  found  that  Theon,  or  whoever  was  the  editor  of  the  present 
Greek  text,  by  adding  some  things,  suppressing  others,  and 
mixing  his  own  with  Euclid's  demonstrations,  had  changed 
more  things  to  the  worse  than  is  commonly  supposed,  and 
those  not  of  small  moment,  especially  in  the  fifth  and  eleventh 
books  of  the  Elements,  which  this  editor  has  greatly  vitiated; 
for  instance,  by  substituting  a  shorter,  but  insufficient  demon- 
stration of  the  18th  prop,  of  the  5th  book,  in  place  of  the  le» 
gitimate  one  which  Euclid  had  given;  and  by  taking  out  of 
this  book,  besides  other  things,  the  good  definition  which  Eu- 
doxus  or  Euclid  had  given  of  compound  ratio,  and  giving  an 
absurd  one  in  place  of  it  in  the  5th  definition  of  the  6th  book. 


s 


vi  •   ^RETACE.^ . 

which  neither  Euclid,  Archimedes,  Appolonius,  nor  any  ge- 
ometer before  Theon's  time,  ever  made  use  of,  and  of  which 
there  is  not  to  be  found  the  least  appearance  in  any  of  their 
writings;  and,  as  this  definition  did  much  embarrass  begin- 
ners, and  is  quite  useless,  it  is  now  thrown  out  of  the  Ele- 
ments, and  another,  which,  without  doubt,  Euclid  had  given, 
is  put  in  its  proper  place  among  the  definitions  of  the  5th  book, 
by  which  the  doctrine  of  compound  ratios  is  rendered  plain 
and  easy.  Besides,  among  the  definitions  of  the  11th  book, 
there  is  this,  which  is  the  10th,  viz.  ^^  EquaPand  similar  solid 
^^  figures  are  those  which  are  contained  by  similar  planes  of 
^^  the  same  number  and  magnitude."  Now  this  proposition  is 
a  theorem,  not  a  definitiA;  because  the  equality  of  figures  of 
any  kind  must  be  demonstrated,  and  not  assumed;  and,  there- 
fore, though  this  were  a  true  proposition,  it  ought  to  have  been 
demonstrated.  But,indeed,  this  proposition,  which  makes  the 
10th  definition  of  the  11th  book,  is  not  true  universally,  ex- 
cept in  the  case  in  which  each  of  the  solid  angles  of  the  figures 
is  contained  by  no  more  than  three  plane  angles;  for,  in  other 
cases,  two  solid  figures  may  be  contained  by  similar  planes  of 
the  same  number  and  magnitude,  and  yet  be  unequal  to  one 
another;  as  shall  be  made  evident  in  the  notes  subjoined  to 
these  Elements.  In  like  manner,  in  the  demonstration  of  the 
26th  prop,  of  the  1 1th  book,  it  is  taken  for  granted,  that  those 
solid  angles  are  equal  to  one  another  which  are  contained  by 
plane  angles  of  the  same  number  and  magnitude,  placed  in 
the  same  order;  but  neither  is  this  universally  true,  except  ia 
the  case  in  which  the  solid  angles  are  contained  by  no  more 
than  three  plane  angles;  nor  of  this  case  is  there  any  demon- 
stration in  the  Elements  we  now  have,  though  it  is  quite  ne- 
cessary there  should  be  one.  Now,  upon  the  10th  definition 
of  this  book  depend  the  25th  and  28th  propositions  of  it; 
and,  upon  the  25th  and  26th  depend  other  eight,  viz.  the 
27th,  31st,  32d,  33d,  34th,  36th,  3rth,  and  40th  of  the  same 
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book;  and  the  12di  of  the  12th  book  depends  upon  the  8th 
of  the  same,  and  this  8th,  and  the  corollary  of  proposition  17, 
and  prop.  18th  of  the  12th  book,  depend  upon  the  9th  defini- 
tion of  the  11th  book,  which  is  not  a  right  definition,  because 
there  may  be  solids  contained  by  the  same  number  of  simi- 
lar plane  figures,  which  are  not  similar  to  one  another,  in  the 
true  sense  of  similarity  received  by  all  geometers;  and  all 
these  propositions  h^ve,  for  these  reasons,  been  insufficiently 
demonstrated  since  Theon'b  time  hitherto.  Besides,  there  are 
several  other  things  which  have  nothing  of  Euclid^s  accura- 
cy,and  which  plainly  show, that  his  Elements  have  been  much 
corrupted  by  unskilful  geometers;  and,  though  these  are  not 
so  gross  as  the  others  now  mentioned, they  ought  by  no  means 
to  remain  uncorrected. 

Upon  these  accounts  it  appeared  necessary,  and  I  hope  will 
prove  acceptable  to  all  lovers  of  accurate  reasoning,  and  of 
mathematical  learning,  to  remove  such  blemishes,  and  restore 
the  principal  books  of  the  Elements  to  their  original  accura- 
cy, as  far  as  I  was  able;  especially  since  these  Elements  are 
the  foundation  of  a  science  by  which  the  investigation  and 
discovery  of  useful  truths,  at  least  in  mathematical  learning, 
is  promojted  as  far  as  the  limited  powers  of  the  mind  allow; 
and  which  likewise  is  of  the  greatest  use  in  the  arts  both  of 
peace  and  war,  to  many  of  which  geometry  is  absolutely  ne- 
cessary. This  I  have  endeavoured  to  do,  by  taking  away  the. 
inaccurate  and  false  reasonings  which  unskilful  editors  have 
put  into  the  place  of  some  of  the  genuine  demonstrations  of 
Euclid,  who  has  ever  been  justly  celebrated  as  the  most  ac- 
curate of  geometers,  and  by  restoring  to  him  those  things 
which  Theon  or  others  have  suppressed,  and  which  have 
these  many  ages  been  buried  in  oblivion. 

In  this  edition,  Ptolemy^s  proposition  concerning  a  proper- 
ty of  quadrilateral  figures  in  a  circle  is  added  at  the  end  of 


1 
> 


viii  PREFACE. 

the  sixth  book.  Alao  the  note  on  the  29th*prop.  book  Ist,  is 
altered,  and  made  more  explicit,  and  a  more  general  demon- 
stration is  given,  instead  of  that  which  was  in  the  note  on  die 
IQth  definition  of  book  1 1th;  besides,  the  translation  is  much 
amended  by  the  friendly  assistance  of  a  learned  gentleman. 
To  which  are  also  added,  the  Elements  of  Plane  and 
Spherical  Trigonometry,  which  are  commonly  taught  after 
the  Elements  of  Euclid. 


THE 
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BOOK  I. 


DEFINITIONS. 

I. 

A,  POINT  is  that  which  hath  no  parts,  or  which  hath  no  xnag-  See  Notes, 
nitude. 

II. 
A  line  is  length  without  breadth. 

III. 
The  extremities  of  a  line  are  points. 

IV. 
A  straight  line  is  that  which  lies  evenly  between  its  extreme 
points. 

V. 
A  snperlicies  is  that  which  hath  onlf.length  and  breadth. 

VI, 
The  extreraides  of  a  superficies  are  lines. 

VII. 

A  plane  superficies  is  that  in  which  any  two  points  being  taken.  See  Nt 
the  straight  line  between  them  lies  wholly  in  that  superficies. 

..     VIII. 
<(  A  plane  angle  is  the  inclination  of  two  lines  to  one  another  See  K. 
<<  in  a  plane,  ^hich  meet  together,  but  are  not  in  the  same 
<*  direction." 

IX. 
A  plane  recdlineal  angle  is  the  inclination  of  two  straight  lines 
to  one  another,  which  meet  together,  but  are  not  in  the  same 
straight  line. 
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B  C 

N.  B.  <  When  several  angles  are  at  one  point  B,  any  one  of 

<  them  is  expressed  by  three  letters^  of  which  the  letter  that  is 

<  at  the  vertex  of  the  angle^  that  is,  at  the  point  in  which  the 
^  straight  lines  that  contain  the  angle  meet  one  another,  is  put 

*  between  the  other  two  letters,  and  one  of  these  two  is  somc- 

<  where  upon  one  of  those  straight  lines,  and  the  other  upon 

<  the  other  line:  thus  the  angle  which  is  contained  by  the  straight 
^  lines  AB,  CB,  is  named  the  angle  ABC,  or  CBA;  that  which 
^  is  contained  by  AB,  DB  is  named  the  angle  ABD,  or  DBA; 

N      *  and  that  which  is  contained  by  DB,  CB  is  called  the  angle  DBC, 

*  or  CBD;  but,  if  there  be  only  one  angle  at  a  poii)];|Ljt  may  be 

<  expressed  by  the  letter  placed  at  that  point;  as  the  angle  at  E/ 

When  a  straight  line  standing  on  ano- 
ther straight  line  makes  the  adjacent 
angles  equal  to  one  another,  each  of 
the  angles  is  called  a  right  angle:  and 
the  straight  line  which  stands  on  the 
other  is  called  a  perpendicular  to  it. 


•XI.  ijf 

An  obtuse  angle  is  that  which  is  greater  than  a  right  angle.  ^ 


XII. 
^  acute  angle  is  that  which  is  less  than  a  right  angle. 

XIII. 
«  A  term  or  boundary  is  the  extremity  of  any  thing." . 

XIV. 

A  £gure  is  that  which  is  enclosed  by  one  or  more  boundaries. 


w       « 
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XV.  Book  I. 

A  circle  is  a  plane  figure  contained  by  one  line,  which  is  called 
the  circumference,  and  is  such  that  all  straight  lines  drawn 
from  a  certain  point  within  the  figure  to  the  ciixumference, 
are  equal  to  one  another: 


XVI. 
And  this  point  is  called  the  centre  of  the  circle. 

XVII. 

A  diameter  of  a  circle  is  a  straight  line  drawn  through  the  cen- 
tre, and  terminated  both  ways  by  the  circumference. 

xvni. 

A  semicircle  is  the  figure  contained  by  a  diameter  and  the  part 
of  the  circumference  cut  off  by  that  diameter. 

XIX. 

^  A  segment  of  a  circle  is  the  figure  contained  by  a  straight  line, 
"  and  the  circumference  it  cuts  off." 

XX. 

Rectilineal  figures  are  those  which  are  contained  by  straight 
lines. 

XXI. 

Trilateral  figures,  or  triangles,  by  three  straight  lines^ 

XXIL 
Quadrilateral,  by  four  straight  lines. 

XXIII. 
Multilateral  figures,  or  polygons,  by  more  than  four  straight 
lines. 

XXIV. 

Of  three  sided  figures,  an  equilateral  triangle  is  that  which  has 
three  equal  sides.  , 

XXV. 

An  isosceles  triangle,  is  that  which  has  only  two  sides  equal. 
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XXVI. 
A  scalene  triangle,  is  that  which  has  thrtpt  unequal  sides. 

XXVII. 
A  light-angled  triangley  is  tet  which  has  a  right  angle. 

XXVIII. 
An  obtuse-angled  triangle^  is  thit  which  has  an  obtuse  angle. 


XXIX. 

An  HcUte^oi^l^  triangle,  is  that  which  has  three  acute  angles. 

XXX. 

Of  four  sided  figures,  a  squUtt  is  that  which  has  all  its  sides 
equiil)  and  all  its  angles  right  angles. 


XXXI. 

An  oblongf  is  that  which  has  all  its  angles  right  angles,  fatttlias 

not  all  its  sides  equal. 

XXXIL 
A  rhombusi  is  that  which  has  all  its  sides  equal,  but  its  angles  are 

not  right  angles. 


XXXIII. 
A  rhomboid,  is  that  which  has  iu  opposite  sides  tifiM  to  One 
another,  but  all  ito  sides  are  iuvt  equal,  nor  its  angles  right 
angteli. 
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XXXIV.  Bo<*t 

AH  otber  fear  sided  fig^ures  beades  tieWf  are  eaHcd  tii*|i4Eiuiiki. 

XXXV. 

Parallel  straight  lines,  are  such  as  ar^  in  the  same  plane,  paA 
being  produced  ever  so  fiir  both  ways,  do  not  meet. 
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f*OSTULATES. 

I. 

LET  it  be  granted  that  a  straight  line  may  be  drawn  from  auy 
one  pcHUt  to  any  other  point. 

IL 
That  a  terminated  straight  line  may  be  produced  to  any  length 
in  a  straight  line. 

in. 

And  that  a  circle  may  be  desciibed  from  any  centre,  at  any  dis- 
tance  from  that  centre. 


AXIOMS. 

I. 
THINGS  which  are  equal  to  the  same  are  equal  to  one  another. 

IL 

If  equals  be  added  to  equals,  the  wholes  are  equal. 

III. 
If  equals  be  taken  from  equals,  the  remainders  are  equal. 

IV. 
If  equals  be  added  to  unequals,  the  wholes  are  unequal. 

V. 
If  equals  be  taken  from  unequals,  the  remainders  are  unequal. 

VI. 
Things  which  are  double  of  the  same,  are  equal  to  one  another. 

VII. 
Things  which  are  halves  of  the  same,  are  equal  to  one  another. 

yiir. 

Magnitudes  which  coincide  with  one  another,  that  is,  which  ex« 
actly  fill  the  same  space^  are  equal  to  one  another. 
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Book  t  IX. 

The  whole  it  greater  than  its  part. 

X. 

Two  straight  lines  cannot  enclose  a  space. 

XI. 
All  right  angles  are  equal  to  one  another. 

XII. 
<<  If  a  straight  line  meet  two  straight  lines,  so  as  to  make  the 
<<  two  interior  angles  on  the  same  side  of  it  taken  together  less 
<<  than  two  right  angles,  these  straight  lines  beij>^  continually 
<<  produced,  shall  at  length  meet  upon  that  side  on  which  are 
<<  the  angles  which  are  less  than  two  right^tngles.  See  the 
«  notes  on  prop.  29.  of  Book  I." 


ittl 
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eF  EUCLH). 
PROPOSITION  I.  PROBLEM. 

TO  describe  an  equilateral  triangle  upon  a  given 
finite  straight  line./ 

•  * 

Let  AB  be  the  given  straight  liue^  it  is  required  to  describe 
an  equilateral  triangle  upon  it. 
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a  d.  Pottu- 
late. 


b  8.  Post 


From  the  centre  A,  at  the  dis- 
tance AB,  describe  »  the  circle 
BCD,  and  from  the  centre  B,  at 
the  distance  BA,  describe  the  cir- 
cle ACE;  and  from  the  point  C, 
in  which  the  circles  cut  one  ano- 
ther, draw  the  straight  lines  ^  C  A, 
CB  to  the  points  A,  B;  ABC  shall 
be  an  equilateral  triangle. 

Because  the  point  A  is  the  centre  of  the  circle  BCD,  AC  is 
equal  '^  to  AB;  and  because  the  point  B  is  the  centre  of  the  circle  e  is.  Defi. 
ACE,  BC  is  equal  to  BA:  but  it  has  been  proved  that  CA  is  eqUal  «"*»on. 
to  AB;  therefore  CA,  CB  are  each  of  them  equal  to  AB;  but 
things  which  are  equal  to  the  same  are  equal  to  one  another;*  <J  Irt  Aa- 
therefore  CA  is  equal  to  CB;  wherefore  CA,  AB,  BC  are  equal ^• 
to  one  another;  and  the  triangle  ABC  is  therefore  equilateral,   . 
and  it  is  described  upon  the  given  straight  line  AB.    Which  waiT 
required  to  be  done. 

PROP.  II.  PROB. 

FROM  a  given  point  to  draw  a  straight  line  equal 
to  a  given  straight  line. 

Let  A  be  the  given  point,  and  BC  the  given  straight  line;  it  is 
required  to  draw  from  tlK  point  A  a  straight  line  equal  to  BC. 


From  the  point  A  to  B  draw  a 
the  straight  line  AB;  and  upon  it 
describe  ^  the  equilateral  triangle 
DAB,  and  produce  ^  the  straight 
lines  DA»  DB,  to  E  and  F;  from 
tlw^centre  B,  at  the  distance  BC, 
describe  ^  the  circle  CGH,  and 
from  the  centre  D,  at  the  distance 
DG,  describe  the  circle  GKL.  AL 
shall  be  equal  to  BC. 


a  1.  Post. 

bl.  1. 

e  $.  Fo8t. 


d3.  Po«f 


t'loti 
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Boik  I.       Because  the  poifit  B  b  the  centre  of  the  circle  CGH,  BC  it 

v^^v^^  equal  «  to  EG;  and  because  D  is  the  centre  of  the  circle  GKL, 

e  15.  Def.    DL  ia  equal  to  DG,  and  DA,  DB,  parts  of  them,  are  equal;  there- 

fa.  Ax.      fore  the  remainder  AL  is  equal  to  the  remainder  ^  BG:  but  it  hat 

been  shown,  that  BC  is  equal  to  BG;  wherefore  AL  and  BC  arc 

each  of  them  equal  to  BG;  and  thinft  that  are  equal  to  the  same 

are  equal  to  one  another;  therefore  the  straight  line  AL  is  equal 

to  BC .     Wherefore  from  the  given  point  A  a  straight  line  AL 

'     has  been  drawn  equal  to  the  given  straight  line  BC.    Which  was 

to  be  done. 

PROP.  in.  PROB. 

FROM  the  greater  of  two  given  8tFBd|^  lines  to 
cut  off  a  part  equal  to  the  less. 

Let  AB  and  C  be  the  two  given 
Straight  lines,  whereof  AB  is  the 

(greater.  It  is  nequired  to  cut  off 
rofo  AB,  the  greater,  a  part  e- 

qual  to  C,  the  less, 
a  i,  1.  From  the  point  A  draw  >  the 

straight  line  AD  equal  to  C;  and 

from  the  centre  A*  and  at  the  dis- 
b  3.  Pbft    tance  AO,  describe  ^  the  circle 

DEF;  and  because  A  is  the  cen-  F 

tre  of  the  circle  DEF,  AS  shall  be  equal  to  AD;  but  the  straight 

line  C  is  likewise  equal  to  AD;  whence  AE  and  C  are  each  of 

them  equal  to  AD;  wherefore  the  straight  line  AE  is  equal  to 
e  1.  Ax.      c  C,  and  from  AB,  the  greater  of  two  straight  lines,  a  part  AE 

has  been  cut  off  equal  to  C  the  less.    Which  was  to  be  done. 

PROP.  IV.  THEOREM. 

IF  two  triangles  have  two  sides  of  the  one  equal 
to  two  sides  of  the  other,  each  to  each;  and  have  like- 
wise the  angles  contained  by  those  sides  equal  to  one 
another;  they  shall  likewise  have  their  bases,  or  t/dri 
sides^  equal;  and  the  two  triangles  shall  be  equal;  and 
their  other  angles  shall  be  equal,  each  to  each,  viz. 
,  those  to  which  the  equal  sides  are  opposite. 

L.et  ABC,  DEF  be  two  triangles  which  have  the  two  sides 
AB,  AC  equal  to  the  two  sides  DE,  DF,  each  to  each,  ^z. 
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AB  to  DE,  and  AC  to  DF;    A  ^  D  ^BookL-, 

aad  the  angle  BAC  equal  to 

the  angrle  EDF,  the  base  BC 

shall  be  equal  to  the  base 

£F;  and  the  triangle  ABC 

to  the   triangle   D£F;    and 

the  other  angles,  to  which 

the  equal  sides  are  opposite^] 

shall  be  equal  each  to  each,' 

viz.  the  angle   ABC  to  the  B  C     E  F 

angle   DEFf  and  the   angle 

ACB  to  DFE. 

For,  if  the  triangle  ABC  be  applied  to  DEF,  so  that  the  point 
A  may  be  on  D,  and  the  straight  line  AB  upon  DE;  the  point 
B  shall  coincide  with  the  point  E,  because  AB  is  equal  to  DE; 
and  AB  coinciding  with  DE,  AC  shall  coincide  with  DF,  be- 
cause ihe  angle  BAC  is  equal  to  the  angle  EDF;  wherefore 
also  the  point  C  shall  coincide  with  the  point  F,  because  the 
straight  line  AC  is  equal  to  DF:  but  the  point  B  coincides  with 
the  p>oint  E;  wherefore  the  base  BC  shall  coincide  with  the  base 
EF,  because  the  point  B  coinciding  with  E,  and  C  with  F,  if 
the  bas  BC  does  not  coincide  with  the  base  EF,  two  stndght 
lines  would  inclose  a  space,  which  is  impossible  *.  Therefore  a  10.  Ax. 
the  base  BC  shall  coincide  with  the  base  EF,  and  be  equal  to 
it.  Wherefore  the  whole  triangle  ABC  shall  coincide  with  the 
whole  triangle  DEF,  and  be  equal  to  it;  and  the  other  angles 
of  the  one  shall  coincide  with  the  remaining  angles  of  the  other, 
and  be  equal  to  them,  viz.  the  angle  ABC  to  the  angle  DElFj 
and  the  angle  ACB  to  DFE.  Therefore,  if  two  triangles  have  ^ 
two  sides  of  the  one  equal  to  two  sides  of  the  other,  each  to 
each,  and  have  likewise  the  angles  contained  by  those  sides 
equal  to  one  another,  their  bases  shall  likewise  be  equal,  and  the 
triangles  be  equal,  and  their  other  angles  to  which  the  equal 
sides  are  opposite  shall  be  equal,  each  to  each.  Which  was  to 
be  demonstrated. 


PROP.  V.  THEOR. 

THE  angles  at  the  base  of  an  isosceles  triangle  are 
equal  to  one  another;  and,  if  the  equal  sides  be  pro- 
duced, the  angles  upon  the  other  side  of  the  base 
shall  be  equal. 

Let  ABC  be  an  isosceles  triangle,  of  which  the  side  AB  is 

C 


4 


THE  ELEMENTS  • 

Bookl.  equal  to  AC|  and  let  the  straight  lines  AB,  AC  be  produced  tOt 
D  and  E,  the  angle  ABC  shall  be  equal  to  the  angle  ACE)  and  • 
the  angle  CEO  to  the  angle  ECE. 

In  ED  take  any  point  F,  and  from  AE  the  greater,  cutoff  AG  • 
equal  *  to  AF,  the  less,  and  join  PC,  GE. 

Because  AF  is  equal  to  AG,  and  AB  to  AC,  the  two  sides' 
FA,  AC  are  equal  to  the  two  GA,  AB,  each  to  each;  and* 
they  contain  the  angle  FAG  com- 
mon  to  the  two  triangles  AFC« 
AGE;  therefore  the  base  FC  is 
equal  ^  to  the  base  GB,  and  the  tri- 
angle AFC  to  the  triangle  AGE; 
and  the  remaining  angles  of  the  one 
are  equal  ^  to  the  remaining  angles 
of  the  other,  each  to  each,  to  which 
the  equal  sides  are  opposite;  viz. 
the  angle  ACF  to  the  angle  ABG, 
and  the  angle  AFC  to  the  angle 
AGB:  and  because  the  whole  AF 
b  equal  to  the  whole  AG,  of  which 
the  parts  AB,  AC,  are  equal;  the 

remainder  BF  shsdl  be  equal  ^  to  the  remainder  CG;  and  FC 
was  proved  to  be  equal  to  GB;  therefore  the  two  sides  BF,  FC 
are  equal  to  the  two  CG,  GB,  each  to  each;  and  the  angle  BFC 
is  equal  to  the  angle  CGB,  and  the  base  EC  is  ^:ommon  to  the 
two  triangles  BFC,  CGB;  wherefore  the  triangles  are  equal  b, 
and  their  remaining  angles,  each  to  each,  to  which  the  equal 
sides  are  opposite;  therefore  the  angle  FBC  is  equal  to  the  angle 
GCE,  and  the  angle  BCF  to  the  angle  CBG:  and,  since  it  has 
been  demonstrate,  that  the  whole  angle  ABG  is  equal  to  the 
whole  ACF,  the  parts  of  which,  the  angles  CBG,  BCF  are  also 
equal;  the  remaining  angle  ABC  is  therefore  equal  to  the  re- 
maining'angle  ACB,  which  are  the  angles  at  the  base  of  the 
triangle  ABC!  and  it  has  also  been  proved  that  the  angle  FBC 
is  equal  to  the  angle  GCE,  which  are  the  angles  upon  the  other 
side  of  the  base.   Therefore  the  angles  at  the  base,  &c.  Q.  £.  D. 

Co&oLLART.    Hence  every  equilateral  triangle  is  also  equi- 
angular. 


PROP.  VI.  THEOR. 

IF  two  angles  of  a  triangle  be  equal  to  one  another, 
the  sides  also  which  subtend,  or  are  opposite  tOy  tlie 
equal  angles,  shall  be  equal  to  one  another. 
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Let  ABC  be  a  triangle  having  the  angle  ABC  equal  to  the    Book  I. 
angle  ACB;  the  side  AB  is  also  equal  to  the  side  AC. 

For  if  AB  be  not  equal  to  AC,  one  of  them  is  greater  than 
the  othen  let  AB  be  the  greater,  and  from  it  cut »  off  DB » S.  i. 
equal  to  AC,  the  less,  and  join  DC;  there- 
fore, because  in  the  triangles  OBC,  ACBf 
DB  is  equal  to  AC,  and  BC  common  to 
both,  the  two  sides  DB,  BC  are  equal  to 
the  two  AC,  CB,  each  to  each;  and  the 
angle  DBC  is  equal  to  the  angle  ACB; 
therefore  the  base  DC  is  equal  to  the  base 
AB,  and  the  triangle  DBC  is  equal  to 
the  triangle  *>  ACB,  the  less  to  the  great- 
er: which  is  absurd.  Therefore  AB  is  not 
unequal  to  AC,  that  is,  it  is  equal  to  it. 
Wherefore,  if  two  angles,  8cc.  Q.  £.  D. 


bi.1. 


B  C 

Cor.  Hence  every  equiangular  triangle  is  also  equilateral. 


PROP.  VII.  THEOR. 


UPON  the  same  base,  and  on  the  same  side  of  it,  * 
there  cannot  be  two  triangles  that  have  their  sides  seeNotie.^ 
which  are  terminated  in  one  extremity  of  the  base 
equal  to  one  another,  and  li|kwise  those  which  are  ter- 
minated  in  the  other  extremity. 

..  If  it  be  possible,  let  there  be  two  triangles  ACB,  ADB,  up- 
on the  same  base  AB,  and  upon  the  same  side  of  it,  which  have 
their  sides  C A,  DA,  terminated  in  the  extremity  A  of  the  base 
equal  to  one  another,  and  likewise  '  C      D 

their  sides  CB,  DB,  that  are  termi- 
nated in  B. 

Join  CD;  then,  in  the  case  in 
which  the  vertex  of  each  of  the  tri- 
angles is  without  the  other  triangle, 
because  AC  is  equal  to  AD,  the 
angle  ACD  is  equal  *  to  the  angle 
ADC:  but  the  angle  ACD  b  greater 
than  the  angle  BCD;  therefore  the 
angle  ADC  is  greater  also  than  BCD; 

much  more  then  is  the  angle  BDC  greater  than  the  angle  BCD. 
Agam,  because  CB  is  equal  to  DB,  the  angle  BDC  is  equal  *  to  a  5. 1, 
the  angle  BCD;  but  it  has  been  demonstrated  to  be  greater  than 
it;  which  is  impossible. 


.  1. 
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But  if  one  of  the  vertices,  as  D,  be  within  the  other  triangle 
ACB;  produce  AC,  AD  to  E,  F;  there-  E 

fore,  because  AC  is  equal  to  AD  in  the 
triangle  ACD,  the  angles  ECD,  FDC 
upon  the  other  side  of  the  base  CD  are 
equal  «  to  one  another,  but  the  angle 
ECD  is  greater  than  the  angle  BCD; 
wherefore  the  angle  FDC  b  likewise 
greater  than  BCD;  much  more  then  is 
the  angle  BDC  greater  than  the  angle 
BCD.  Again,  because  CB  is  equal  to 
DB,  the  angle  BDC  b  equal  *  to  the  angle < 
BCD;  but  BDC  has  been  proved  to  be  A  B 

greater  than  the  same  BCD;  which  is  impossible.  The  case  in 
which  the  vertex  of  one  triangle  is  upon  a  side  of  the  other,  needs 
no  demonstration. 

Therefore  upon  the  same  base,  and  on  the  same  side  of  it, 
there  cannot  be  two  triangles  that  have  their  sides  which  are 
terminated  in  one  extremity  of  the  base  equal  to  one  another, 
and  likewise  those  which  are  terminated  in  the  other  extremity. 
Q.  E.  D. 


PROP.  VIII.  THEOR. 

IF  two  triangles  havewo  sides  of  the  one  equal  to 
two  sides  of  the  other,  each  to  each,  and  have  like- 
wise their  bases  equal;  the  angle  which  is  contained 
by  the  two  sides  of  the  one  shall  be  equal  to  the  angle 
contained  by  the  two  sides  equal  to  them,  of  the  other. 

Let  ABC,  DBF  be  two  triangles,  having  the  two  sides  AB» 
AC  equal  to  the  two.  sides  D£,  DF,  each  to  each,  viz.  AB  to 
DE,  and  AC   to    A  D     G 

DF;  and  also  the 
base  BC  equal  to, 
the  base  EF.  The 
angle  BAC  is  e- 
qual  to  the  angle 
EDF. 

For,  if  the  tri- 
angle ABC  be  ap- 

pUed  to  DEF,  so         B  C    E 

that  the  point  B  be  on  £,  and  the  straight  line  BC  upon  EF; 
the  point  C  shall  also  coincide  with  tlie  point  F.    Because 
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BC  is  cquml  to  EF;  therefore  BC  coinciding  with  £F,  BA  and    Bookl. 
AC  shall  coincide  with  ED  and  DF;  for,  if  the  base  BC  coin-  v^'^'^'^v* 
cides  with  the  base   EF,  but  the  sides  BA,  CA  do  not  coincide 
with  the  sides  ED,  FD,  but  have  a  different  situation,  as  EG^ 
FG;  then,  upon  the  same  base  EF,  and  upon  the  same  side  of 
it,  there  can  be  two  triangles  that  have  their  sides  which  are 
terminated  in  one  extremity  of  the  base  equal  to  one  another, 
and  likewise  their  sides  terminated  in  the  other  extremity;  but 
this  is  impossible;  ^  therefore,  if  the  base  BC  coincides  with  the  a  7*.  i. 
base  EF,  the  sides  BA,  AC  cannot  but  coincide  with  the  sides 
ED,  DF;  wherefore  likewise  the  angle  BAC  coincides  with  the 
angle  EDF,  and  is  equal  *>  to  it     Therefore  if  two  triangles,  &c,  b  8.  Ax. 
Q.  E.  D. 

PROP.  IX.  PROB. 

TO  bisect;  a  given  rectilineal  angle,  that  is,  to  di- 
vide it  into  two  equal  angles. 

•% 

Let  BAC  be  the  given  rectilineal  angle,  it  is  required  to 
bisect  it. 

Take  any  point  D  in  AB,  and  from  AC  cut  »  off  AE  equal  to  a  3.  i. 
AD;  join  DE,  and  upon  it  describe  ^  A  b  1. 1. 

an  equilateral  triangle  DEF;  then  join 
AF;  the  straight  line  AF  bisects  the" 
angle  BAC. 

Because  AD  is  equal  to  AE,  and 
AF  is  common  to  the  two  triangles 
DAF,  EAF;  the  two  sides  DA,  AF, 
are  equal  to  the  two  sides  EA,  AF, 
each  to  each;   and  the  base   DF  is 

equal  to  the  base  EF;  therefore  the      /  -  Vi    c  8.  l. 

angle   DAF  is  equal  ^  to  the  angle  B 

EAF;  wherefore  the  given  rectilineal  angle  BAC  is  bisected  by 
the  straight  line  AF.  Which  was  to  be  done. 


PROP.  X.  PROB. 

TO  bisect  a  given  finite  straight  line,  that  is,  to  di- 
vide it  into  two  equal  parts. 

Let  AB  be  the  given  straight  line:  it  is  required  ^to  divide  it 
into  two  equal  parts.  ^  t 

Describe  *  upon  it  an  equilateral  triangle  ABC,  and  bisectai.  j. 
^  the  angle  ACB  by  the  straight  line  CD.  AB  is  cut  into  twob9. 1. 
equal  parts  in  the  point  D. 
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Book  I.  Because  AC  b  equal  to  CB,  and  CD 
^^■'^'^^^  common  to  the  two  triangles  ACD^ 
BCD;  the  two  sides  AC|  CD  are  equal 
to  BC,  CD,  each  to  each;  and  the  angle 
ACD  is  equal  to  the  angle  BCD;  there-. 
e  4. 1.  fore  the  base  AD  is  equal  to  the  base  « 
DB,  and  the  straight  line  AB  is  divided 
into  two  equal  parts  in  the  point -D. 
Which  was  to  be  done. 


PROP.  XL  PROB. 


TO  draw  a  straight  line  at  right  angles  to  a  given 
straight  line,  from  a  given  poiijt  in  the  same. 


SeoNote.       Let  AB  be  a  given  straight  line,  and  C  a  point  given  in  it: 

it  is  required  to  draw  a  straight  line  from  the  point  C  at  right 

angles  to  AB. 
a  3.1.  Take  any  point  D  in  AC,  and^m^ke  CE  equal  to  CD,  and 

b  1  1.         upon  DE  describe  *>  the  equi- 
lateral triangle  DFE,  and  join 

FC;  the  straight  line  FC  drawn 

from  the  given  ^  point  C  is  at 

right    angles    to    the    given 

straight  line  AB. 

Because  DC  is  equal  to  CE, 

and   FC  common  to  the  two 

triangles  DCF,  ECF;  the  two 

sides  DC,  CF,  are  equal  to  the  two  EC,  CF,  each  to  each;  and 

the  base  DF  is  equal  to  the  base  EF;  therefore  the  angle  DCF 
c  8. 1.        18  equal  ^  to  the  angle  ECF;  and  they  are  adjacent  angles.  But, 

when  the  adjacent  angles  which  one  straight  line  makes  with 

another  straight  line  are  equal  to  one  another,  each  of  them  is 
d  10.  Def.  called  a  right  ^  angle;  therefore  each  of  the  angles  DCF,  ECF, 
1.  is  a  right  angle.    Wherefore,  from  the  given  point  C,  in  the 

given  straight  line  AB,  FC  has  been  drawn  at  right  angles  to 

AB.  Which  was  to  be  done. 
Cor.  By  help  of  this  problem,  it  may  be  demonstrated,  that 

two  straight  lines  cannot  have  a  common  segment. 

If  it  be  possible,  let  the  two  straight  lines  ABC,  ABD  have 

the  segment  AB  common  to  both  of  them.   From  the  point  B 
-draw  BE  at  right  angles  to  AB;  and  because  ABC  is  a  straight 
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lincithe  angle  CBE  is  equal  *  to 
the  angle  £BA;  in  the  same 
manner,  because  ABD  is  a 
straight  linCf  the  angle  DB£  is 
equal  to  the  angle  EB  A;  where- 
fore  the  angle  DBE  is  equal  to 
the  angle  CBE,  the  less  to  the 
greater;  which  is  impossible;  *-^ 
therefore  two  straight  lines  can-  j^ 
not  have  a  common  segment. 


Book  I. 


a  10.  Def. 
1. 


D 
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PROP.  XII.  PROB. 


c  10. 1. 


TO  draw  a  straight  line  perpendicular  to  a  given 
straight  line  of  an  unlimited  length,  from  a  given 
point  without  it. 

Let  AB  be  the  given  straight  linei  which  may  be  produced  to 
any  length  bpth  ways,  and  let  C  be  a  point  without  it.  It  is  re- 
quired to  draw  a  straight  line  (x 
perpendicular  to  AB  fr»m  the 
point  C. 

Take  any  point  D  upon  the 
other  side  of  AB,  and  from 
the  centre  C,  at  the  distance 
CD,  describe  ^  the  qjircle  FDG 
meeting  AB  in  F,  G;  and  bi- 
sect ^  FG  in  H,  and  join  CF, 
CH,  CG;  the  straight  line  CH,  drawn  from  the  given  point  C,  . 
is  perpendicular  to  the  given  straight  line  AB. 

Because  FH  is  equal  to  HG,  and  HC  common  to  the  two  tri- 
angles FHC,  GHC,  the  two  sides  FH,  HC  are  equal  to  the  two 
GH,  HC,  each  to  each;  and  the  base  CF  is  equal  ^  to  the  based  15,  Def. 
CG;  therefore  the  angle  CHF  is  equal «  to  the  angle  CHG;  and  1. 
they  are  adjacent  angles;  but  when  a  straight  line  standing  on  a  e  8. 1. 
iCraight  line  makes  the  adjacent  angles  equal  to  cne  another, 
each  of  them  is  a  right  angle,  and  the  straight  line  which  stands 
upon  the  other  is  called  a  perpendicular  to  it;  therefore  from 
the  given  point  C  a  perpendicular  CH  has  been  drawn  to  the 
given  straight  Une  AB.  Which  was  to  be  done. 

PROP.  XIII.  THEOR. 

TTHE  angles  which  one  straight  line  makes  with 
another  upon  the  one  side  of  it,  are  either  two  right 
angles,  or  are  together  equal  to  two  right  angles. 
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Let  the  straight  line  AB  make  with  CD,  upon  one  side  of  it, 
the  angles  CBA,  ABD;  these  are  either  two  right  angles,  or 
are  together  equal  to  two  right  angles. 

For,  if  the  angle  CBA  be  equal  to  ABD,  each  of  them  is  a 
A  E  A 


D 


B 


C    D 
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a  def.  10.  right  *  angle;  but,  if  not,  from  the  point  B  draw  BE  at  right 
b  11. 1.  angles  ^  to  CD;  therefore  the  angles  CBE,  EBD  are  two  right 
angles  •;  and  because  CBE  is  equal  to  the  two  unglcs  CBA^  ABE 
together,  add  the  angle  EBD  to  each  of  these  equals:  thtretorc 
the  angles  CBE,  EBD  are  ^  equal  to  the  three  angles  CBA, 
ABE,  KBD.  Again,  because  the  angle  DBA  U  equal  to  the  two 
angles  DBE,  EBA,  add  to  these  equals  the  angle  ABC;  there- 
fore the  unglcs  DBA,  ABC  are  equal  to  the  three  anglc^DBE, 
EBA«  ABC;  but  the  angles  CBE,  EBD  have  been  denionjftliK'^d 
to  be  equal  to  the  same  three  angles;  and  tilings  that  are  e^jfertr 
the  same  are  equal  ^  to  one  another;  therefore  the  angles  ^wl.  ^ 
EBD  are  equal  to  the  angles  DBA,  ABCi^  but  CBE,  EBD  a«>»/ 
two  right  angles;  therefore  DBA,  ABC  are  together  equal  to 
two  right  angles.  Wherefore,  when  a  straight  line,  &c.  Q.  E.  D. 


i]  I  As. 


PROP.  XIV.  THEOR. 

t>  IF,  at  a  point  in  a  straight  line,  two  other  straight 
lines,  upon  the  opposite  sides  of  it,  make  the  adjacent 
angles  together  equal  to  two  right  angles,  these  two 
straight  lines  shall  be  in  one  and  the  same  straight  line. 


At  the  point  B  in  the  straight 
line  AB,lctthetwostraightlines 
BC,  BD  upon  the  opposite  sides 
of  AB,nuike  the  adjacent  angles 
ABC,  ABD  equal  together  to 
two  right  angles.  BD  is  in  the 
same  straight  line  with  CB. 

For,  if  BD  be  not  in  the  same  "7 
straight  line  with  CB,let  BE  be  ^ 
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in  the  same  straight  line  with  it;  therefbre,  because  the  straight  Book  I 
line  AB  makes  angles  with  the  straight  line  CBE,  upon  one j|i|k^^v^ 
of  ity  the  angles  ABC,  ABE  are  together  equal »  to  two  Ifpta  13. 1. 
angles;  but  the  angles  ABC,  ABD  are  likewise  together  fqual 
to  tw6  right  angles;  therefore  the  angles  CBA,  ABE  are  equal 
to  the  angles  CBA,  ABO:  take  away  the  common  an^le  ABC, 
the  remaining  angle  ABE  is  equal  b  to  the  remainmg  angle  ^  3  ^j. 
ABD,  the  less  to  the  greater,  which  is  impossible;  therefore  BE 
is  not  in  the  same  straight  line  with  BC.  And,  in  like  manner, 
it  may  be  demonstrated,  that  no  other  can  be  in  the  same  straight 
line  with  it  but  BO,  which  therefore  is  in  the  same  straight  Ime 
with  CB.  Wherefore,  if  at  a  point,  &c.  Q.  £.  D. 


PROP.  XV.  THEOR. 


IF  two  straight  lines  cut  one  another,  the  vertical, 
or  opposite  J  angles  shall  be  equal. 


a  fs.  1. 


Let  the  two  straighLlines  AB,  CD  cut  one  another  in  the 
point  £;  the  angle  AE(J  shall  be  equal  to  the  angle  DEB,  and 
CEB  to  AED. 

Because  the  stndght  line  AE 
inakes  with  CD  the  angles  CE^  C 
AED,  these  angles  are  together 
equal  *  to   two    right   angles. 
Anm^  because  the  straight  line 
D£  makes  with  AB  the  angles 
AED,  DEB,  these  also  are  to- 
gether equal  •  to  two  right  angles;  D 
and  CEA,  AED  have  been  de- 
monstrated to  be  equal  to  two  right  angles;  wherefore  the  angles 
CEA,  AED  are  equal  to  the  angles  AED,  DEB.   Take  away 
the  common  angle  AED,  and  the  remaining  angle  CEA  is 
equal  ^  to  the  remaining  angle  DEB.  In  the  same  manner  it  can^,  (|^  j^^ 
be  demonstrated  that  the  angles  CEB,  AED  are  equal.  There- 
fore, if  two  straight  lines,  &c.  Q.  E.  D. 

Cor.  1.  From  this  it  is  manifest,  that,  if  two  straight  lines 
cut  one  another,  the  angles  they  make  at  the  point  where  they 
cut^  are  together  equal  to  four  right  angles. 

Cob.  2.  And  consequently  that  all  the  angles  made  by  any 
number  of  lines  meeting  in  one  point,  are  together  equal  to  four 
right  angles.  i. 
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a  10. 1. 


b  15. 1. 


c4. 1. 


d  15. 1. 


PROP.  XVI.  THEOR. 

IF  one  side  of  a  triangle  be  produced,  the  exterior 
angle  is  greater  than  eitfier  of  the  interior  opposite 
angles. 

Let  ABC  be  a  triangle,  and  let  its  side  BC  be  produced  to  D, 
the  exterior  angle  ACD  is  greater  than  either  of  the  interior  op- 
posite angles  CBA,  BAt  A 

Bisect  '  AC  in  E,  join  BE 
and  produce  it  to  F,  and 
make  EF  equal  to  BE;  join 
also  FC,  and  produce  AC  to 
G. 

Because  AE  is  equal  to 
EC,  and  BE  to  EF;  AE, 
JilB  are  equal  to  CE,  EF, 
each  to  each;  and  the  angle 
AEB  is  equal  ^  to  the  angle 
CEF,  because  they  are  oppo- 
site vertical  angles;  therefore 
the  base  AB  is  equal  ^  to  the 
base  CF,  and  the  triangle 
AEB  to  the  triangle  CEF,  and  the  remaining  angles  to  the  re- 
maining angles,  each  to  each,  to  which  the  equal  sides  are  oppo- 
site; wherefore  the  angle  BAE  is  equal  to  the  angle  ECF;  but 
the  angle  ECD  is  greater  than  the  anglet  ECF;  therefore  the 
angle  ACD  is  greater  than  BAE:  in  the  same  manner,  if  the 
side  BC  be  bisected,  it  may  be  demonstrated  that  the  angle  BCG, 
that  is  ^y  the  angle  ACD,  is  greater  than  the  angle  ABC.  Thcrc- 
.-fore,  if  one  side,  &c.  Q.  E.  D. 


,# 


PROP.  XVII.  THEOR. 


it  16b  1. 


ANY  two  angles  of  a  triangle  are  together  less  thau 

two  right  angles. 

•» 

Let  ABC  be  any  triangle;  any  A 

two  of  its  angles  together  are  less 
than  two  right  angles.  . 

Produce  BC  to  D;  and  be- 
cause ACD  is  the  exterior  angle 
of  the  triangle  ABC,  ACD  is 
greater  *  than  the  interior  and 
opposite  angle  ABC ;  to  each  of  f 
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these  add  the  angle  ACB;  therefore  the  angles  ACD,  ACB  are   Book  I. 
greater  than  the  angles  ABC,  ACB;  but  ACD,  ACB  are  to-  ^^^>rste 
gether  equal »» to  two  right  angles;  therefore  the  angles  ABC»b  13. 1. 
BCA  are  less  than  two  right  angles.    In  like  manner,  it  may  be 
demonstrated,  that  B AC,  ACB,  as  also  CAB,  ABC,  are  less  than 
two  right  angles.  Therefore  any  two  angles,  &c.  Q.  £.  D. 

PROP.  XVIII.  THEOR. 

THE  greater  side|Of  every  triangle  Is  opposite  to 
the  greater  angle.  *  ^  ^ 


Let  ABC  be  a  triangle,  of  which 
the  side  AC  is  greater  than  the 
side  AB;  the  angle  ABC  is  also 
greater  than  the  angle  BCA. 

Because  AC  is  great^-  than  AB, 
make  *  AD  equal  to  AB,  and  join 
BQ;  and  because  ADB  is  the  ex* 
terior  angle  of  the  tritj^f-le  BDC; 


a  3.1. 


it  is  i^eater^  than  the  in^^rior  amh  opposite  angle  DCB;  butblO^^. 
ADB  IS  equal  *  to  ABD,  because  the  side  AB  is  equal  to  the  side«  5. 1.  • 
AD;  therefore  the  angle  ABD  is  likewise  greater  than  the  angle 
ACB;  wherefore  much  more  is  the  angle  ABC  greater  than 
ACB.  Therefore  the  greater  side,  Sec.  Q.  £.  D. 


PROP.  XIX.  THEOR. 


THE  greater  angle  of  eveiy^giangle  is  subtended 
by  the  greater  side,  or  has  the  greater  side  opposite 
to  it. 

Let  ABC  be  a  triangle,  of  which  the  angle  ABC  is  greater 
than  the  angle  BCA;  the  side  AC  is  likewise  greater  than  the 
side  AB. 

For,  if  it  be  not  greater,  AC  must  A 

^ther  be  equal  to  AB,  or  less  than 
it;  it  is  not  equal,  because  tlien  the 
an^e  ABC  would  be  equal  «  to  the 
angle  ACB;  but  it  is  not;  therefore 
AC  is  not  equal  to  AB;  neither  is  it 
less;  because  then  the  angle  ABC 
would  be  less  ^  than  the  angle  ACB;,  B 


a  5.1. 


biai. 


3a  THE  ELEMENTS 

Book  L   but  it  11  not;  therefore  the  side  AC  is  not  less  than  AB;  and  it 
^^^^"^  has  been  shown  that  it  is  not  equal  to  AB;  therefore  AC  is 
greater  than  AB.  Wherefore  the  greater  angle,  &c.  Q.  E.  D. 

PROP.  XX.  THEOR. 

Sec  Note.  ANY  two  sides  of  a  triangle  are  together  greater 
than  the  third  side. 

Let  ABC  be  a  triangle;  wny  two  vides  of  it  together  are 
greater  than  the  third  side,  viz.  the  sfdes  BA,  AC  greater  than 
the  Aide  BC;  and  AB,  BC  greater  than  AC;  and  BC,  CA  great- 
er than  AB. 
Produce  B  A  to  the  point  D,  and  1^ 

'  '*'  *•        make  •  AD  equal  to  AC;  and  join 

DC.  ^ 

Because  DA  is  equal  to  AC,  the 

li  5. 1.        angle  ADC  is  likewise  equal  ^  to 
ACD;  but  the  angle  BCD  is  great- 
er than  the  angle  ACD;  therefore     ^^ 
Uio  angle  BCD  is  greater  than  the    ^ 
angle  ADC;  and  because  the  angle  BQD  of  the  triangle  DCB 

c  19. 1.  In  greater  than  its  angle  BDC,  and  that  the  greater  «  aide  is  op- 
posite to  the  greater  angle;  therefore  the  side  DB  is  greater  than 
the  side  BC;  but  DB  is  equal  to  BA  and  AC;  therefore  the  sides 
BA,  AC  are  greater  tlian  BC.  In  the  same  manner  it  may  be 
demonstrated,  that  the  sides  AB,  BC  are  greater  thanCA,  and  BC, 
CA  greater  than  AB.  Therefore  any  two  sides,  &c.  Q.  £.  D. 


PROP.  XXL  THEOR. 

See  Note.  IF,  from  the  ends  of  the  side  of  a  triangle,  there  be 
drawn  two  straight  lines  to  a  point  within  the  triangle, 
these  shall  be  less  dian  the  odier  two  sides  of  tlie  tri- 
angle, but  shall  contain  a  greater  an^e. 

Let  the  two  straight  lines  BD,  CD  be  dra^^n  from  B,  C,  the 

ends  of  the  side  BC  of  the  triangle  ABC,  to  the  point  D  within 

it;  BD  and  DC  are  less  than  the  other  two  sides  BA,  AC 

f  the  triangle,  but  contain  an  angle  BDC  greater  than  the  an- 

le  BAC. 

Produce  BD  to  E;  and  because  two  sides  of  a  triangle  are 
^.xater  thanjlhc  third  side^  the  two  sides  £A,  A£  of  the  tri- 
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angle  ABE  arc  greater  than  BE.   To  each  of  these  add  EC;  ^^^ 

therefore  the  sides  B  A,  AC  are 

greater  than  BE,  EC:  again, 

because  the  two  sidesCE,  ED 

of  the  triangle  CED  are  great* 

cr  than  CD,add  DB  to  each  of 

these;  therefore  thesides  CE, 

EBare  greater  than  CD,  DB; 

but  it  has  been  shown  that  B  A, 

AC  are  greater  than  B£,EC; 

much  more  then  are  BA,  AC 

greater  than  BD,  DC. 

Again,  because  the  exterior  angle  of  a  triangle  is  greater  than 
the  interior  and  opposite  angle,  the  exterior  angle  BDC  of  thie 
triangle  CDE  is  greater  than  CED;  for  the  same  reason,  the 
exterior  angle  CEB  of  the  triangle  ABE  is  greater  than  BAC; 
and  it  has  been  demonstrated  that  the  angle  BDC  is  greater  than 
the  angle  CEB;  much  more  then  is  the  angle  BDC  greater  than 
the  angle  BAC.  Therefore,  if  from  the  ends  of.  Sec.  Q.  E.  D. 


PROP.  XXII.  PROB. 

TO  make  a  triangle  of  which  the  sides  shall  be  sce  Note. 
equal  to  three  given  straight  lines,  but  any  t^vo  what- 
ever of  these  must  be  greater  than  the  third**  a  20.  i. 

Let  A,  B,  C  be  the  three  given  straight  lines,  of  ivhich  any 
two  whatever  are  greater  thsun  the  third,  viz.  A  and  B  greater 
than  C;  A  and  C  greater  than  B;  and  B  and  C  than  A.  It  is 
required  to  make  a  triangle  of*  which  the  sides  shalllte  equal  to 
A,  D,  C,  each  to  each.  v   / 

Take  a  strught  line  D£  teipinated  at  the  pokit  D,  but  un- 

K 


T 


limited  towards  £,  and 
make  •  DF  equal  to  A, 
FG  to  B,  and  GH  equal 
to  C;  and  from  the  centre 
F,  at  the  distance  FD,  de- 1^ 
scribe  «»  the  circle  DKL ; 
and  from  the  centre  G,  at 
the  distance  GH,  describe 
^  another  circle  HLK;  and 
ioin  KF,  KG;  the  triangle 
K.FG  has  its  sides  equal  to 
the  three  straight  lines  A,  B,  C. 
Bccnuse  the  poiat  F  is  the  centre  of  the  circle  DKL,  FD^ 


a  3.1. 
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Book  I.  equal  «  to  FK;  but  FD  is  equal  to  the  straight  line  A;  there- 
»^'*^^^^*'  fore  FK  is  equal  to  A:  ag^n,  because  G  is  the  centre  gf  the 
:  15.  Def.  circle  LKH>  GH  is  equal  «  to  GK;  but  GH  b  equal  to  C;  there- 
fore also  GK  is  equal  to  C;  and  FG  is  equal  to  B;  therefore 
the  three  straight  lines  KF,  FG,  GK,  are  equal  to  the  three 
A,  B,  C:  and  therefore  the  triangle  KFG  has  its  three  sides 
KF,  FG,  GK  equal  to  the  three  given  straight  lines  A,  B>  C. 
Which  was  to  be  done. 

PROP-  XXIII.  PROB. 

AT  a  given  point  in  a  given  straight  line,  to  make 
a  rectilineal  angle  equal  to  a  given  rectilineal  angle. 

Let  AB  be  the  given  straight  line,  and  A  the  given  point  in 

it,  and  DCE  the  given  rectilineal  angle;  it  is  required  to  make 

an  angle  at  the  given  C  A 

point  A  in  the  given 

straight  line  AB,that 

shall  be  equal  to  the 

given  rectilineal  an^- 

glc  DCE. 
Take  in  CD,  CE, 

any  points  D,  E,  and 
^^'  '•      join  DE;  and  make  • 

the  triangle  AFG  the 

sides  of  which  shall 

be  equal  to  the  three 

straight  lines  CD,  DE,  CE,  so  that  CD  be  equal  to  AF,  CE  to 

AG,  and  DE  to  FG;  and  because  DC,  CE  are  equal  to  FA, 

AG,  each  to  each,  and  the  base  DE  to  the  base  FG;  the  angle 
►  8.1.        DCE  is  equal ''to  the  angle  FAG.    Therefore,  at  the   given 

point  A  in  the  given  straight  line  AB,  the  angle  FAG  is  made 

equal  to  the  given  rectilineal  angle  DCE.    Which  was  to  be 

done. 

PROP.^XIV.  THEOR, 

i*e  Note.      IF  two  triangles  have  two  sides  of  the  one  equal  to 
two  sides  of  the  other,  each  to  each,  but  the  angle 
contdned  by  the  two  sides  of  one  of  them  greater    . 
than  the  angle  contained  by  the  two  sides  equal  to  ^ 
them,  of  the  otlier;  the  base  of  that  which  hai^  the 
greater  angle  shall  be  greater  than  the  base  of  the  qtber. 
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Let  ABC,  DEF  be  two  triangles  which  have  the  two  sides  Book  I. 
AB,  AC  equal  to  the  two  DE,  DF,  each  to  each,  viz.  AB  equal  Ni^^v^ 
toOE,  and  AC  to  DF;  but  tlie  angle  BAC  greater  than  ihe  an- 
gle EDF;  the  base  BC  is  also  greater  than  the  base  EF. 

Of  the  two  sides  DE,  DF,  let  DE  be  the  side  which  is  not 
greater  than  the  other,  and  at  the  point  D,  in  the  straight  line 
DE,  make  •  the  angle  EDG  ecjual  tp  the  angle  BAC;  and  make  a  23.1. 
DG  equal »» to  AC  or  DF,  and  join  EG,  GF.  b  3. 1, 

Because  AB  is  equal  to  DE,  and  AC  to  DG,  the  two  sides 
BA,  AC  are  equal  to  the  two  ED,  DG,  each  to  each,  and 
the  angle  BAC  is  equal    A  D 

to  the  angle  EDG  ; 
therefore  the  base  BC 
is  equal  <^  to  the  base 
EG;  and  because  DG 
is  equal  to  DF,  the 
angle  DFG  is  equal  ^ 
to  the  angle  DGF  ; 
but  the  angle  DGF  is 
greater  than  the  anglcB 
EGF  ;  therefore  the 
angle  DFG  is  greater  than  EGF;  and  much  more  is  tiie  aiTglc 
EFG  greater  than  the  angle  EGF;  and  because  the  angU  EFG 
of  the  triangle  EFG  is  greater  than  its  angle  EGF,  and  that 
the  greater  c  side  is  opposite  to  the  greater  angle;  the  side- EG  e  19.1- 
is  therefore  greater  than  the  side  EK;  but  EG  is  equal  to  BC; 
and  therefore  also  BC  is  greater  thanmF.  Therefore,  if  two 
triangles,  &c.  Q.  E.  D. 


c4. 1. 


d5. 1. 
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IF  two  triangles  have  two  sides  of'  the  one  equal  to 
two  sides  of  the  other,  each  to  each,  but  the  base  of 
the  one  greater  than  the  base  of  the  other;  the  angle 
also  contained  by  the  sides  of  that  which  has  the  great- 
er base,  shall  be  greater  than  the  angle  contained  by  the 
sides  equal  to  them,  of  the  other. 

Let  ABC,  DEF  be  two  triangles  which  have  the  two  sides 
AB,  AC  equal  to  the  two  sides  DE,  DF,  each  to  each,  viz.  AB 
equal  to  DE,  and  AC  to  DF;  but  the  base  CB  is  greater  than 
the  base  £F;  the  angle  BAC  is  likewise  greater  than  the  angle 
EOF. 


a  4.1. 
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For,  if  it  be  not  greater,  it  must  either  be  equal  to  ity  or  less; 
but  the  angle  BAG  is  not  equal  to  the  angle  EDF^  because  then 
the  base   BC  would^ 

be  equal  •  to  EF;  but        A  D 

it  b  not;  therefore 
the  angle  BAC  is  not 
equal  to  the  angle 
EDF;  neither  is  it 
less;  because  then  the 
base  BC  would  be  less 
^  than  ,the  base  EF; 
but  it  is  not;  there* 
fore  the  angle  BAC 

is  not  Ifcss  than  the  asgle  EDF;  and  it  was  shown  that  it  is  not 
ecmal  to  it;  therefore  the  angle  BAC  is  greater  than  the  angle 
EDF.  Wherefore,  if  two  triangles,  &c.  Q.  E.  D. 


PROP.  XXVI.  THEOR. 

IF  two  triangles  hkve  two  angles  of  one  equal  to 
two  angles  of  me  other,  each  to  each;  and  one  aide 
equal  to  one  side,  viz.  either  the  sides  adjacent  to 
the  eaual  angles,  or  the  sides  opposite  to  equal  angles 
in  each;  then  shall  the  other  sides  be  equal,  each  to  each; 
and  also  the  third  angle  of  the  one  to  the  third  ai^le  of 
the  other* 

Let  ABC,D£F  be  two  triangles  which  have  the  angles  ABC, 
BCA  equal  to  the  angles  DEF,  EFD,  viz.  ABC  to  DEF,  and 
BOA  to  EFD;  also  one  side  equal  to  one  side;  and  first  let 
those  sides  be  equal  which  are  adja^cent  to  the  angles  that  are 
equal  in  the  two  tri-    A  D 

angles,  viz.  BC  to  i 
EF;  the  other  sides  q' 
shall  be  equal,  each 
to  each,  viz.  AB  to 
DE,andACtoDF; 
and  the  third  angle 
BAC  to  the  third 
mgle  EDF. 

¥oVy  if  XB  be  not     B  C        E  F 

equal  to  D£,  one  of  them  must  be  the  greater.  Let  AB  be  the 
greater  of  the  two,  and  make  BG  eq^al  te  DE  and  join  G€; 
therefore,  because  GB  is  equal  to  DE,  and  BC  to  EF,  the  two 
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sides  G]^  BC  are  equal  to  the  two  DE,  EF,  each  to  each;  and    Book  I. 
the  angle  GBC  is  equal  to  the  angle  DEF;  therefore  the  base  ^^"^ 
GC  is  equal »  to  the  base  DF,  and  the  triangle  GBC  to  the  tri-  a  4. 1. 
SDglc  D£F,  and  the  other  angles  to  the  other  angles,  each  to 
each,  to  which  the  equal  sides  are  opposite;  therefore  the  angle 
GCB  is  equal  to  the  angle  DFE;  but  DFE  is,  by  the  hypothe- 
sis,  equal  to  the  angle  BCA;  wherefore  also  the  angle  BCG  is 
equal  to  the  anjple  BCA,  the  less  to  the  greater,  which  is  im-      ' 
possible;  therefore  AB  is  not  unequal  to  DE,  that  is,  it  is  equal 
to  it;  and  BC  is  equal  to  EF;  therefore  the  two  AB,  BC  are 
equal  to  the  two  DE,  EF,  each  to  each;  and  the  angle  ABC  is 
equal  to  the  angle  DEF;  the  base  therefore  AC  is  equal  » to  the 
base  DF,  and  the  third  angle  BAC  to  the  third  angle  EDF. 

Next,  let  the  sides    A  D  ■ 

which  are  opposite  to 
equal  angles  in  each 
triangle  be  equal  to 
one  another,  viz.  AB  to 
DE;  likewise  in  this 
case,  the  other  sides 
shall  be  equal,  AC  to 
DF,  and  BC  to  EF: 
and  also  the  thirdangle 
BACtothethirdEDF. 

For,  if  BC  be  not  equal  to  EF,  let  BCbe  the  greater  of  them, 
and  make  BH  equal  to  EF,  and  join  AH;  and  because  BH  b 
equal  to  EF,  and  AB  to  DE;  the  two  AB,  BH  are  equal  to  the 
two  DE,  EF,  each  to  each;  and  they  contain  equal  angles;  there- 
hre  the  base  AH  is  equal  to  the  base  DF,  and  the  triangle  ABH 
to  the  triangle  DEF,  and  the  other  angles  shall  be  equal,  each 
to  each,  to  which  the  equal  sides  are  opposite;  therefore  the 
angle  BHA  is  equal  to  the  angle  EFD;  but  EFD  is  equal  to 
tb^  angle  BCA;  therefore  also  the  angle  BHA  is  equal  to  the 
angle  SCA,  that  is,  the  exterior  angle  BHA  of  the  triangle 
AHC  is  equal  to  its  interior  and  opposite  angle  BCA;  which  is 
impossible  ^;  wherefore  BC  is  not  unequal  to  EF,  that  is,  it  is  b  16. 1. 
equal  to  it;  and  AB  is  equal  to  DE;  therefore  the  two  AB,  BC 
are  equal  to  the  two  DE,  EF,  each  to  each;  and  they  contain 
equal  angles;  wherefore  the  base  AC  is  equal  to  the  base  DF^ 
aod  the  third  angle  BAC  to  the  third  angle  EDF.  Therefore,  if^ 
two  triangles,  &c.  Q.  £.  D. 
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B«»kr  PROP.  XXVII.  THEOR. 

IF  a  straight  line  fidling  upon  two  other  straight 
lines  make  the  alternate  angles  c<]ual  to  one  another, 
these  tiro  straight  lines  shall  be  parallel. 

Let  the  straight  line  EF,  which  fidls  upon  the  two  straight 
lines  AB«  CD  make  the  alternate  angles  AEF,  EFD  equal  to 
one  another;  AB  is  parallel  to  CD. 

For,  if  it  be  not  parallel,  AB  and  CD  being  produced  shall 
meet  either  towards  B«  D,  or  towards  A»  C;  let  them  be  pro- 
duced and  meet  towards  B«  D  in  the  point  G;  therefore  GEF 
Id.  1.  is  a  triangle*  and  its  exterior  angle  AEF  is  greater  *  than  the  in- 
terior and  opposite  angle 
EFG;   but  it  is  also  equal  ,   / 

to  it.  which  is  impossible; A ^/  ^ 

therefore  AB  and  CD  be- 
in^  produced  do  not  meet 
towards  B«  D.  In  like  man-  C 
nor  it  mar  be  demonstrat- 
eti  thiftt  they  do  not  meet 
towarxis   A*  C;   but  those 

str^ght  lines  which  meet  neither  way,  though  produced  ever  so 
.  JL  Dex  &r,  are  parallel  ^  to  one  another.  AB  therefore  is  parallel  to 
CD.  Wherefore,  if  a  straight  line,  &c.  Q.  E.  D. 

PROP.  XXVIIl.  THEOR. 

IF  a  straight  line  felling  upon  t^vo  other  straight 
lines  make  the  exterior  an^c  equal  to  the  interior 
and  opposite  upon  the  same  side  of  the  line;  or  makes 
ihc  interior  angles  upon  the  same  side  together  equal 
to  two  right  angles;  the  t^vo  straight  lines  shall  be 
parallel  to  one  another. 

Let  the  straight  line  EF,  which      E 
&1U  upon  the    two  straight   lines       ^ 
\B,  CD.  make  the  exterior  angle 
EG  B  equal  to  the  interior  artd  op-A  - 
pcxsitc  angle  GHD  upon  the  same 
Lcc;  or  mike  the  interior  angles  on 
the  ^Ame  side  BGH.  GHD  together  C^ 
c^  to  two  right  angles;   AB  is 

wMcltoCD.  . 

>CMW  the  angle  EGB  is  equal 
ht  nglc  GHD.  and  the  angle 
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£GB  equal  >  to  the  angle  AGH,  the  angle  AGU  is  equal  to  the  9ook  L 
angle  GHD;  and  they  tare  alternate  angles;  therefore   AB  isSi^N^^a 
parallel  ^  to  CD.  Agab,  because  the  angles  BGH>  GHD  are  a  15. 1. 
equal<^totwo  right  angles;  and  that  AGH,  BGH9  are  also  equal^^b  27. 1. 
to  two  right  angles;  the  angles  AGH,  BGH  are  equal  to  the  c  By  hyp. 
angles  BGH,  GHD:  take  away  the  common  angle  BGH;  there* d  13. 1. 
fore  the  remaining  angle  AGH  is  equal  to  the  remaining  angle 
GHD;  and  they  are  alternate  angles;  therefore  AB  is  pandlel  to 
CD.  Wherefore^  if  a  straight  line,  &c.  Q.  £.  D. 


PROP.  XXIX;  THEOR. 

IF   a  straight  line   fall  upon  two  parallel  straight  See  the 
lines,  it  makes  the  alternate  angles  equal  to  one  ano-  tirw  propo- 
ther;  and  the  exterior  angle  equal  to  the  interior  and^i^oi^ 
opposite   upon  the  same  side;  and  likewise  the  two 
interior  angles  upon  the  same  side  together  equal  to 
two/right  angles. 

Let  the  straight  line  £F  ^1  upon  the  parallel  straight  lines 
AB,  CD;  the  jdtemate  angles,  AGft,  GHD  are  equal  to  one 
another;  and  the  exterior  angle  £GB  is  equal  to  the  interior 
and  opposite,  upon  the  same  side  £ 

GHD;  and  the  two  interior  an-  \ 

gles  BGH,  GHD  upon  the  same  ^ \      : B 

side  are  together  equal  to  two  ^^\ 

right  angles.  \    ^ 

For  if  AGH  be  not  equol  to     '\f ^  jy 

GHD,  one  of  them  mustbe  great-  ^     '■  •  jfV 

er  than  the  other;  let  AGH  be  J         \  * 

the  greater;  and  because  the  an-  ;  p 

gle  AGH  is  greater  than  the  an- 
gle GHD,  add  to  each  of  them  the  angle  BGH;  therefore  the 
angles  AGH,  BGH  are  greater  than  the  angles  BGH,GHD;  but 
the  angles  AGH,  BGH  are  equal  >  to  two  right  angles;  therefore  a  13. 1. 
the  angles  BGH,  GHD  are  less  than  two  right  angles;  but  those 
straight  lines  which,  with  another  straight  line  falling  upon  them, 
make  the  interior  angles  on  the  same  side  less  tl^n  two  right 
angles,  do  meet*  together  if  continually  produced;  therefore*  12. ax. 
the  straight  lines  AB,  CD,  if  produced  hr  enough,  shall  meet;  ^^^  the 
but  they  never  meet,  since  they  are  parallel  by  the  hypothesis;  "'^tet  on 
therefore  the  angle  AGH  li^t  unequal  to  the  angle  GHD,  that^'^"^' 
is,  it  is  equal  to  it;  but  thd,angle  AGH  is  equal  *>  to  the  angl6  ^  15  \ 
i^GB;  therefore  likewise  EGB  is  equal  to  GHD;  add  to  each 
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B«okI.    of  these  the  angle  BGH;  therefore  the  angles  EGB,  BOH  are 
'^^^^'^^'^ equal  to  the  angles  BGH,  GHD;  but  EGB,  BGH  are  equals  tor 
c  13. 1.       two  right  angles;  therefore  also  BGH,  GHD  are  equal  to  two 
right  angles.  Wherefore,  if  a  straight  line,  &c.  Q.  £.  O. 


PROP.  XXX.  THEOR. 

STRAIGHT  lines  which  are  parallel  to  the  same 
straight  line  are  parallel  to  one  another. 

Let  AB,  CD,  be  each*  of  them  parallel  to  £F;  AB  is  also  pa- 
rallel to  CD. 
Let  the  straight  line  GHR  cut  AB,  £F,  CD;  and  because 

GHK    cuts    the    parallel    straight 

lines  AB,  £F,  ihe^  angle  AGH  is 
a  29. 1.      e<)ual  •  to  the  angle  GHF.  Again, 

because  the  straight  line  GK  cuts 

the  parallel  straight  lines  £F,  CD, 

the   angle  GHF  is  equal  to  •  the 

angle  GKD;  and  it  was  shown  that 

the  angle  AGK  is  equal  to  the  angle 

GHF;  therefore  also  AGK  is  equal 

to  GKD;  and  they  are  alternate  an« 
b  37  1.      S^^^i  therefore  AB  is  parallel  ^  to 

CD.  Wherefore  straight  lines,  &c.  Q.  £.  D. 

PROP.  XXXL  PROB. 

TO  draw  a  straight  line  through  a  given  point  pa- 
rallel to  a  given  straight  line. 

Let  A  be  the  given  point,  and  BC  the  given  straight  line;  it 
is  required  to  draw  a  straight  line 

through  the  point  A,  parallelto  the  £  A  F 

straight  line  BC.  "- 

In  BC  take  any  point  D,  and  join  / 

AD;  and  at  the  point  A,  in  the  / 


a  93.  !•      Straight  line  AD  make  *  the  angle 

DAE  equal  to  the  angle  ADC;  and  B  D  C 

produce  the  straight  line  EA  to  F. 

Because  the  straight  line  ADj^iAiich  meets  the  two  straight 
lines  BC,  f<F,  makes  the  alternate  angles  EAD,  ADC  equal  to 

^r  ^  nother,  £F/is  parallel  ^  to  BC.  Therefore  the  straight  lioie 
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EAF  is  drawn  through  the  given  point  A  parallel  to  the  given   Book  L 
straight  line  BC.  Which  Was  to  be  done. 


PROP.  XXXII.  THEOR. 


IF  a  side  of  any  triangle  be  produced,  the  exterior 
angle  is  equal  to  the  two  interior  and  opposite  angles; 
and  the  three  interior  angles  of  every  triangle  are  €qual 
to  two  right  angles* 

Let  ABC  be  a  triangle,  and  let  one  of  its  sides  BC  be  produ- 
ced to  D;  the  exterior  angle  ACD  is  equal  to  the  two  interior 
and  opposite  angles  CAB,  ABC;  and  the  three  interior  angles 
of  the  triangle,  viz.  ABC,  BCAj  CAB,  are  together  equal  to  two 
right  angles. 

Through  the  point  C  A 

draw  C£  parallel*^  to  the  y\  ^  ^E  a31. 1. 

straight  line  AB;  and  be- 
cause AB  is  parallel  to 
C£  and  AC  meets  them, 
the  alternate  angles  B  AC,     '^. 
ACE  are  equal »».  Again;  B  C  D     b  29. 1. 

because  AB  is  parallel  to  CE,  and  BD  fidls  upon  them,  the  ex- 
terior angle  ECD  is  equal  to  the  interior  and  opposite  angle 
ABC;  but  the  angle  ACE  was  shown  to  be  ecmal  to  the  angle 
BAC;  therefore  the  whole  exterior  angle  ACD  is  equal  to  die 
two  interior  and  opposite  angles  CAB,  ABC;  to  these  equals 
add  the  angle  ACB,  and  the  angles  ACD,  ACB  are  equal  to  the^ 
three  angles  CBA,  BAC,  ACB;  but  the  angles  ACD,  ACB  are' 
equal «  to  two  right  angles:  therefore  also  the  angles  CBA,cl3. 1. 
BAC,  ACB  are  equal  to  two  nght  angles.  Wherefore,  if  a  side 
of  a  triangle,  &c,  Q.  E.  D. 

Cor.  1.  AH  the  interior  angles 
of  any  rectilineal  figure,  together 
with  four  right  angles,  are  equal 
to  twice  as  many  right  angles  as 
the  figure  has  sides. 

Forany  recdlineal  figure  ABCDE 
can  be  divided  into  as  many  trian- 

ties  as  the  figure  has  .sides,  by 
rawing  straight  lines  from  a  point 
F  withm  the  figure  to  ^ach  of  its 
angles.     And,    by  the    preceding 


D 


38 


THE  ELEMENTS 


a  3  Cor. 
15.1. 


Book  I.  proposition}  all  the  angles  of  these  triangles  are  equal  to  twice 
as  many  right  angles  as  there  are  triangles^  that  is,  as  there  are 
sides  of  the  figure;  and  the  same  angles  are  equal  to  the  angles 
of  the  figure,  together  with  the  angles  at  the  point  F,  which  is 
the  common  vertex  of  the  triangles:  that  is  *,  together  with 
four  right  angles.  Therefore  all  the  angles  of  the  figure,  to- 
gether with  four  right  angles  are  equal  to  twice  as  many  right 
angles  as  the  figure  has  sides. 

Cob.  2.  All  the  exterior  angles  of  ai]gr  rectilineal  figure^  are 
'together  equal  to  four  right  angles. 

Because  every  interior  angle 

ABC,  with  its  adjacejit  exterior 

ABD,  is  equal  ^  to  two  right 
angles;  therefore  all  the  interior, 
together  with  all  the  exterior 
angles  of  the  figure,  are  equal  to 
twice  as  many  right  angles  as 
there  are  sides  of  the  figure  ;D 
that  is,  by  the  foregoing  corol- 
lary, they  are  equal  to  all  the 
interior  angles  of  the  figure,  to- 
gether with  four  right  angles;  therefore  all  the<^xterior  angles 
are  equal  to  four  right  angles. 


bl3.t 


PROP.  XXXIII.  THEOR. 


29.1. 


b4.1. 


THE  straight  lines  which  join  the  extremities  of 
tWo  equal  and  parallel  straight  lines,  towards  the  same 
parts,  are  also  themselves  equal  and  parallel. 

Let  AB,  CD  be  equal  and  pa-    A 
rallel  straight  lines,  and  joined  to- 
wards the  same  parts  by  the  straight 
lines  AC,  BD  ;  AC,    BD  are  also 
equal  and  parallel. 

Join  BC  ;  and  because  AB  is 
parallel  to  CD,  and  BC  m^ets 
them,  the  alternate  angles  ABC,  BCD  are  equal  *;  and  because 
AB  is  equal  to  CD,  and  BC  common  to  the  two  triangles  ABC, 
DCB,  the  two  sides  AB,  BC  are  equal  to  the  two  DC,  CB; 
and  the  angle  ABC  is  equal  to  the  angle  BCD;  therefore  the 
base  AC  is  equal  *>  to  the  base  BD,  and  the  triangle  ABC  to  the 
triangle  BCD,  and  the  other  angles  to  the  other  angles  %  each 
to  each,  to  which  the  equal  sides  are  opposite:  therefore  the 
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■Dgle  ACB  is  equal  to  the  angle  CBD;  and  because  the  straight   Book  I. 
fine  BC  meets  theiwu  straight  lines  AC,  BD,  land  makes  the  al-  v^">r^i# 
temate  angles  ACB,  CBD  equal  to  onie  another,  AC  is  parallel 
c  t0  BD;  and  it  was  shown  to  be  equal  to  it.  Therefore  straight  c  27- 1. 
lines,  &G.  Q.  £.  D. 


PROP.  XXXIV.  THEOR. 

THE  opposite  sides  and  angles  of  parallelo^ms 
are  equal  to  one  another,  and  the  diameter  bisects 
them,  that  is,  divides  them  into  two  equal  parts. 

N.  B.  ji  parallelogram  is  a  Jour  sided  figure^  of 
which  the  opposite  sides  are  parallel;  and  the  diameter 
is  the  straignt  line  joining  two  of  its  opposite  angles. 

Let  ACDB  be  a  parallelogram;  of  which  BC  is  a  diameter; 
the  opposite  sides  and  angles  of  the  figure  are  equal  to  one  an- 
other; and  the  diameter  BC  bisects  it. 

Because  AB  is  parallel  to. CD,    A  B 

and  BC  meets  them,  the  alter- 
nate angles  ABC,  BCD  are  equal  >^  V  29  i 
•  to  one  another;  and  because  \  y^  \  *29.  . 
AC  is  parallel  to  BD,  and  BC 
meets  them,  the  alternate  angles 
ACB,  CBD  are  equal  •  to  one  C  D 
another,  wherefore  the  two  triangles  ABC,  CBD  have  two 
angles  ABC,  BCA  in  one,  equal  to  two  angles  BCD,  CBD  in 
the  other,  eacli  to  each,  and  one  side  BC  common  to  the  two 
triangles,  which  is  adjacent  to  their  equal  angles;  therefore 
their  other  sides  shall  be  equal,  each  to  each,  and  the  third 
angle  of  the  one  to  the  third  angle  of  the  other*',  viz.  the  h  26. 1. 
side  AB  to  the  side  CD,  and  AC  to  BD,  and  the  angle  BAC 
equal  to  the  angle  BDC;  and  because  the  angle  ABC  is  equal 
to  the  angle  BCD,  and  the  an^le  CBD  to  the  angle  ACB,  the 
whole  angle  ABD  is  equal  to  the  whole  angle  ACD:  and  the 
angle  BAC  has  been  shown  to  be  equal  to  the  angle  BDC; 
therefore  the  opposite  sides  and  angles  of  parallelograms  are 
equal  to  one  another;  also,  their  diameter  bisects  them;  for  AB 
being  equal  to  CD,  and  BC  common,  the  two  AB,  BC  are 
equal  to  the  two  DC,  CB,  each  to  each;  and  the  angle  ABC  is' 
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Bpok  L  equal  to  the  angle  BCD;  therefore  the  tiiangle  ABC  is  equal 
N^'v^w/  c  to  the  triangle  BCD,  and  the  diameter  BC  divides  the  parallelo- 
c4. 1.        gram  ACDB  into  two  equal  parts.  Q.  E.  D. 


PROP.  XXXV.  THEOR. 


s«e  note.    '  PARALLELOGRAMS  upon  the  same  base,  and 
between  the  samef  parallels,  are  equal  to  one  another. 


See  the  2d 

aitdSdfi. 

gures.j 


a34.L 


Let  the  parallelograms  ABCD,  EBCF  be  upon  the  same  base 
BC,  and  between  the  same  parallels  AF>  BC;  the  parallelogram 
ABCD  shall  be  equal  to  the  parallelogram  EBCF. 

If  the  sides  AD,   DF  of  the  paral-    .  ^  ^ 

lelograms  ABCD,  DBCF  opposite  to  ^  D  F 

the  base  BC  be  terminated  in  the  same 
point  D;  it  is  plain  that  each  of  the 
parallelograms  is  double  *  of  the  trian- 
gle BDC;  and  they  are  therefore  equal 
to  one  another. 

But,  if  the  sides  AD,  EF,  opposite  B 
to  the  base  BC  of  the  parallelograms 

ABCD,  EBCF,  be  not  terminated  in  the  same  point;  then,  be- 
cause ABCD  is  a  parallelogram,  AD  is  equal  «  to  BC;  for  the 
same  reason  EF  is  equal  to  BC;  wherefore  AD  is  equal  ^  to 
EF;  and  D£  is  common;  therefore  the  whole,  or  the  remain- 
c  2.  or3.  der  AE,  is  equal  ^  to  the  whole,  or  the  remainder  DF;  AB  also 
Az.  is  equal  to  DC;  and  the  two  EA,  AB  are  therefore  equal  to  the 


bl.Ax. 


D      E 


D       F 


B 


B 


d  19. 1. 
e4. 1. 


f  3.  Ax. 


two  FD,  DC,  each  to  each?  and  the  exterior  angle  FDC  is 
equal  ^  to  the  interior  EAB;  therefore  the  base  EB  is  equal  to 
the  base  FC,  and  the  triangle  EAB  equal «  to  the  triangle  FDC; 
Uke  the  triangle  FDC  from  the  trapezium  ABCF,  and  from  the 
same  trapezium  take  the  triangle  EAB;  the  remainders  there- 
fore are  equal  f,  that  Is,  the  parallelogram  ABCD  is  equal  to  the 
parallelogram  EBCF.  Therefore,  psjiallelograms  upon  the  same 
base,  ^c.  Q.  £.  D.     • 
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FROP.  XXXVI.    THEOR. 


PARALLELOGRAMS  upon  equal  bases,   and 
beUveen  the  same  parallels,  are  evjual  to  one  another. 

Let  AfiCD,  EFGH  be     A                   D  E  H 

pmdlclogprams  upon  equal 
bases  BC,  FG,  and  be- 
tween Ute  same  parallels 
AH,  BG ;  the  parallelo- 
gram ABCD  is  equal  to 
EFGH.  „ 

Join  BE,  CH ;  and  be-       B  C      i        .  G 

cause  BC  is  equal  to  FG,  and  FG  to  ^  EH,  BC  is  equal  to  EH  ;  ^^  34.1. 
and  they  are  parallels,  and  joined  towards  the  same  parts  by  the 
itraight  lines  BE,  CH :  but  straight  lines  which  join  equal  and 
parallel  straight  lines  towards  the  same  parts,  are   themselves 
equal  and  parallel^;  therefore  EB,  CH  are  both  equal  and  pa-b33  1. 
ndlel,  and  EBCH  is  a  parallelogram ;  and  it  is  equal  ^  to  ABCD,  c  35. 1. 
because  it  is  upon  the  same  base  BC,  and  between  the  same 
parallels  BC,  AD :  for  the  like  reason,  the  parallelogram  EFC;H 
is  equal  to  the  same  EBCH :  therefore  also  the  parallelogram 
ABCD  is  equal  to  EFGH.      Wherefoi^e  parallelograms,  hue, 
Q.  E.  D. 


PROP.  XXXVII.    THEOR. 

TRIANGLES  upon  the  same  base,  and  between 
the  same  parallels,  are  equal  to  one  another. 

Let  the  triangles  ABC,  DEC  be  upon  the  same  base  BC,  and 
between   the    same   parallels     p  AD  K 

AD,  BC :  the  triangle  ABC 
is  equal  to  the  triangle  DBC. 

Produce  AD  both  ways  to 
the  points  E,  F,  and  through 
fi  draw  »  BE  parallel  to  CA  ; 
and  through  C  draw  CF  pa- 
rallel to  BD  :  therefore  each 
of  the  figures  EBCA,  DBCF 


a  31. 1. 


is  a  parallelogram;   and   EBCA  is  equal**  to  DBCF,  because b 35. 1. 
they  are  upon  the  same  base  BC,  and  betwecn.tlie  same  paraDcIs 
^  £F ;   and  the  triangle  ABC  is  the  half  of  the    paralklo- 

F 
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Book  I.  ^n^ln  EBCAf  because  the  diameter  AB  bisects^  it ;  and  the  tri- 

^■v-*^  angle  DBC  Is  the  half  of  the  parallelogram  DBCFi  because  llie 

c94.1.    diameter  DC  bisects  it:  but  the  halves  of  equal  things  ara 

d7.  Ax.  equal  ^;  therefore  the  triangle  ABC  is  equal  to  the  triangle 

.  DBC.    Wherefore  triangles,  &c.    Q.  £.  D. 


PROP.  XXXVIII.    THEOR. 

TRIANGLES  upon  equal  bases,  and  between  the 
same  parallels,  are  equal  to  one  another. 

Let  the  triangles  ABC,  DEF  be  upon  equal  bases  BC,  EF,  and 

between  the  same  parallels  BF,  AD  :  the  triangle  ABC  is  equal 

to  the  triangle  DEF. 

Produce  AD  both  ways  to  the  points  G,  H,  and  thnnigh  B 
aSLL    draw  BG  parallel »  to  CA,  and  through  F  draw  FH  parallel  to 

ED:   then  each  of    ^  ^  t^  n 

the  figures  GBCA,    ^  A  w  n 

DEFH  U  a  parallel- 

ogram ;    and    they 
b56.  L    are    equal  ^  to  one 

another,  becausethey 

are  upon  equal  bases 

BC,    EF,    and    be. 

tween  the  same  pa-        "  v^      r* 

cS4.1.    rallels  BF,  GH ;  and  the  triangle  ABC  is  the  half«  of  the  pa« 

rallelogram  GBCA,  because  the  diameter  AB  bisects  it ;  and  the 

triangle  DEF  is  the  half  c  of  the  panilJelogram  DEFH,  because 

the  diameter  DF  bisects  it :  hot  the  halves  of  equal  things  are 
dr.  Ax.  equal <^;  therefore  the  triangle  ABC  is  equal  to  the  triangle 

DEF.    Wherefore  triangles,  &c.    Q.  E.  D. 


PROP.  XXXIX.    THEOR. 

EQUAL  triangles  «pon  the  same  base^  and  upon 
the  same  side  of  it,  are  between  the  same  paralleb. 

Let  the  equal  triangles  ABC,  DBC  be  upon  the  same  bp 
BC,  and  upon  the  same  side  of  it ;  they  are  between  the  ^ 
parallels. 

Join  AD ;  AD  is  parallel  to  BC :  for,  if  it  is  not,  thr 
a31. 1.    point  A  draw*  A£  parallel  to  BC|  and  join  ECs  ' 
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ABC  ii  equal  ^  to  the  triangle  £BC,  because  it  is  upon  the  same  Book  I. 

bite  BCy  and  between  the  same  paral-    A  D  ^^'md 

Ids  BC,  AE:    but  the  triangle  ABC  is      .-  :^^^^-  b37.1. 

equal  to  the  triangle  BOC;    therefore 

also  the  triangle  BOC   is   equal  to  the 

triingle  £BC»  the  greater    to  the  less, 

which  is  imposuble:    therefore  A£   is 

'lot  parallel  to  BC.     In  the  same  man« 

•er,  it  can  be  demonstrated  that  no  other 

fine  but  AO  is  parallel  to  BC ;    AD  is 

therefore  parallel  to  it.    Wherefore,  equal  triangles  upoU)  &c. 

Q.  £.  D. 


PROP.  XL-    THEOR. 

EQUAL  triangles  upon  equal  bases,  in  the  same 
straight  line^  and  towards  the  same  parts^  are  between 
the  same  parallels. 

Let  the  equal  triangles  ABC,  DBF  be  upon  equal  ba^es  BC^ 
EF,  in  the    same  straight  A  I> 

fine  BF,  and  towards  the 
lame  paru;  thtj  are  be- 
tireen  the  same  parallels. 

Join  AD;    AD  is  paral- 
kitD  BC;  for,  if  it  is  not, 

UinN^  A  draw  •  AG  pa-     /  \  1 I^  a31.  L' 

rattd  to  BP,  and  join  C?Pr  B 

the  triangle  ABC  IS' eqilal-1''*  .  b3&l 

to  the  triangle  GEF,  because  they  are  upon  equal  bases  BC«  £F, 
and  between  the  tfame  parallels  BF,  AG :  but  the  tiiangle  ABC 
b  equal  to  the  triangle  DBF;  therefore  also  the  triangle  D£F 
is  equal  to  the  triangle  GEF,  the  greater  to  the  less,  which  is 
impossible:  therefore  AG  is  not  parallel  to  BF:  and  in  the  same 
manner  it  can  be  demonstrated  that  there  is  no  other  parallel  to 
it  but  AD;  AD  is  therefore  parallel  to  BF.  Wherefore,  equal 
triangles,  &c.    Q.  £.  D. 


PROP.  XLI,    THEdR. 


IF  a  parallelogram  and  triangle  be  upon  the  same 
base,  and  between  this  same  parallels ;  the  parallelO'« 
gram  shall  be  double  of  the  triangle. 


ii  THE  ELEMENTS 

Book  I.       Let  the  parallelogram.  ABCD  and  the  triangle  EBC  be  upon 
^^v^*^  the  same  base  BC^  and  between  the  same  parallels  BC/  AE ;  ibe 

parallelograTn  ABCD  is  double  of  the 

triangle  LBC. 

Join   AC ;    then   the  triangle   ABC 
a 37. 1*     is  equal*  to  the  triangle  EBC,  becduse 

they  are  upon  the  same  base  BC»  and 

between   the  same   parallels  BC,  AE. 
1 34. 1*    But  the  parallelogram  ABCD  is  double^ 

of  the  triangle  ABC^  because  the  diame- 
ter AC  divides  it  into  two  equal  parts  ; 

wherefore  ABCD  is  also  double  of  the 

triangle  EBC.   Therefore,  if  a  parallelo- 

grami  &c.    Q.  E.  D. 


PROP.  XLIL   PROB. 

TO  describe  a  parallelogram  that  shall  be  equal  to  a 
given  triangle,  and  have  one  of  its  angles  equal 
to  a  given  rectilineal  angle. 

Let  ABC  be  the  given  triangle,  and  D  the  given  rectilineal 
angle.     It  is  requii*ed  to  describe  a  parallelogram  that  shall  be 
equal  to  the  given  triangle  ABC,  and  have  one  of  its  angles 
equal  to  D. 
aia  L         Bisect*  BC  in  E,  join  AE,  and  at  tlie  point  E  in  the  straight 
b  23. 1-    line  EC  make  ^  the  angle  CEF  equal  to  D ;  and  through  A  draw 
c  3L  1.    ^  AG  parallel  to  EC,  and  through  a     p  r 

C  draw    CG  c    parallel  to   EF :  ^    ^  ^ 

therefore  EECG  is  a  parallelo- 
gram: and  because  BE  is  equal 
to  EC,  the  triangle  ABE  is  like- 
d38. 1.  wise  equal  ^  to  the  triangle  A  EC, 
since  they  are  upon  equal  bases 
BE,  EC,  and  between  the  same 
parallels  BC,  AG  ;  therefore  the 
triant^le  ABC  is  double  of  the 
triangle  AEC:  and  the  paral- 
«  41. 1.  lelogram  FECG  is  likewise  double  «  of  the  triangle  AEC,  bc- 
caubc  it  is  upon  the  same  base,  and  between  the  same  parallels: 
therefore  the  parallelogram  FECG  is  equal  to  the  triangle 
ABC,  and  it  has  one  of  its  angles  CEF  equal  to  the  given 
angle  D.     Wherefore  there  has  been  described  a  parallclngram 
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FECG  equal  to .  a  given  triangle  ABC,  having  one  of  its  angles  ^^^  ^ 
6EF  equal  to  the  given  angle  D.    Which  was  to  be  done.  '        " 


PROP.  XLIII.    THEOR. 

THE  complements  of  the  parallelograms  which 
He  about  the  diameter  of  any  parallelogram,  arc 
equal  to  one  another. 

Let  ABCD  be  a  parallelogram,  of  which  the  diameter  is  AC| 
iDd   EH,    FG    the    parallelo-        AH  D 

grams  about  AC,  that  »,  thro* 
which  AC  fiaanea^  and  BK, 
KD  the  other  parallelograms 
which  make  up  the  whole  fi- 
gure ABCD,  wliich  are  there- 
five  called  the  complements: 
the  complement  BK  is  equal 
to  the  complement  KD. 

Because  ABCD  is  a  paral- 
lelogram, and  AC  its  diame- 
ter, the  triangle  ABC  is  equal  *•  to  the  triangle  ADC :  and  a  34. 1« 
because  EKHA  is  a  parallelogram,  the  diameter  of  which  is 
AK,  thci  triangle  A£K  is  equal  to  the  triangle  AHK :  by  the 
nme  reason,  the  triangle  KGC  is  equal  to  the  triangle  KFC : 
then,  because  the  triangle  AKK  is  equul  to  the  triangle  AHK, 
nd  the  triangle  KGC  to  KFC ;  the  triangle  AEK,  together 
vilhthe  triangle  KGC,  is  equal  to  the  triangle  AHK  together 
vith  the  triangle  KFC :  but  the  whole  triangle  ABC  is  equal 
to  the  whole  ADC ;  therefore  the  remaining  complement  BK 
is  equal  to  the  remaining  complement  KD.  Wherefore  the 
complements,  Sec.    Q.  E.  D. 


PROP.  XLIV.    PROB. 

TO  a  given  straight  line  to  apply  a  parallelogram, 
which  shall  be  equal  to  a  given  triangle,  and  have 
one  of  its  angles  equal  to  a  given  rectilineal  angle. 

Let  AB  be  the  given  straight  line,  and  C  the  given  triangle, 
tod  D  the  g^ven  rectilineal  angle.  It  is  required  to  apply  to 
the  straight  line  AB  a  parallelogram  equal  to  the  triangle  C, 
ttd  having  aa  angle  equal  to  D. 
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Book  1.      Make  »  the 

^"■n^"*^  (Murallelogram 

»42.U  BEFG  equal 
to  the  triangle 
.  C,.and  having 
the  angle  EBG 
equal  to  the 
angle  D)  so 
that  BE  be 
in  the  same 
straight     line 

b3L  1.  with  AB,  and  produce  FG  to  H;  and  through  A  draw »»  AH  pt»  -] 
rallel  to  BG  or  EF^  and  join  HB.  Then,  because  the  straigitf  i 
line  HF  falls  upon  the  parallels  AH,  EF,  the  angles  AHF,  HFS  'J 

c  29. 1.  are  together  equal  c  to  two  right  angles ;  wherefore  the  angleif  ^ 
BHF,  HFE  are  less  than  two  right  angles:  but  straight  liliet  -j 
which  with  another  straight  line  make  the  interior  angles  apott  4 

d  12.  Az.  tbe  same  side  less  than  two  right  angles,  do  meet '  if  prodiioedf  j{ 
£u*  enough:  therefore  HB,  FE  shall  meet,  if  produced  ;  let  tblw  j 
meet  in  K,  and  through  K  draw  KL  parallel  to  EA  or  FH,  mit ; 
produce  HA,  GB  to  the  poinu  L,  M :  then  HLKF  is  a  pant 
lelogram,  of  which  the  diameter  is  HK,   and  AG»  ME  arc  thi 
parallelograms  about  HK ;    and  LB,  BF  are  the  complements^' 

e43. 1*  therefore  LB  is  equate  to  BF;  but  BF  is  equal  to  the  triangle  1 
C;    wherefore  LB  is   equal  to  the  triangle  C:   and  because  mf^ 

£15.1.  angle  GBE  is  equal'  to  the  angle  ABM,  and  likewise  to  the  1 
angle  O;  the  angle  ABM  is  erjual  to  the  angle  D:  therefoni^  ;1 
the  parallelogram  LB  is  applied  to  the  straight  line  AB,  is  equaif  1 
to  the  triangle  C,  and  has  the  angle  ABM  equal  to  the  aiijgle  *c| 
D.    Which  was  to  be  done. 


PROP.  XLV.    PROB. 

SeeNde.     TO  describe  a  parallelogram  equal  to  a  given  rec* 
tilineal  figure,  and  having  an  angle  equal  to  a  givear. 
rectilineal  angle. 

Let  ABCD  be  the  giTen  rectilineal  figure,  and  E  the  givctt 
rectilineal  angle.  It  is  required  to  describe  a  parallelogram  equal 
to  ABCD,  and  having  an  angle  equinl  to  E. 

a  42. 1.  Join  DB,  and  describe  » the  parallelogram  FH  equal  to  tbe 
triangle  ADB,  and  having  the  angle  HKF  equal  to  the  angle  £; 

b  41. 1.    and  to  the  straight  line  GH  apply  ^the  parallelogram  GM  equal 


f 
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to  the  triangle  DBC9  having  the  angle  GHM  equal  tb  the  angle  Book  I. 

E ;  and  Ixscause  the  angle  £  is  equal  to  each  of  the  angles  FKH,  ' 

GUM,  the  angle  FKH  is  equal  to  GHM  :  add  to  each  of  these 

the  angle  KHG  ;  therefore  the  angles  FKH,  KHG,  are  equal  to 

the  angles  KHG, 

GUM ;  but  FKH,    A  D  F         G       L 

KUG    are    equal 

•ID  two  right  an- 

jfes ;       therefore 

tbo  KHG,  GHM 

arc*equal  to  two 

light  angles ;  and 

because     at    the 

point    H    in   the 

ttrught  line  GH 


C29.1. 


H      M 


the  two  straight  lines  KH,  HM,  upon  the  opposite  sides  of.  it, 
make  the  adjacent  angles  equal  to  two  right  angles,  KH  is  in 
Ac  same  straight  line  ^  with  HM  ;  and  because  the  straight  line  d  14. 1. 
HG  meets  the  parallels  KM,  FG,  the  alternate  angles  MHG 
^pF  are  equal «  :  add  to  each  of  these  the  angle  HGL  :  there- 
fcit  the  angles  MHG,  HGL  are  equal  to  the  angles  HGF, 
HGL:  but  the  angles  MGH,  HGL  are  equal ^  to'^wo  right  an- 
gles; wherefore  also  the  angles  HGF,  HGL  are  equal  to  two 
right  angles,  and  FG  is  therefore  in  the  same  straight  line  with 
GL:  and  because  KF  is  parallel  to  HG,  and  HG  to  ML ;  KF  is 
pvalkl^to  ML:  and  KM,  FL  are  parallels;  wherefore  KFLMe30. 1. 
ii  a  parallelogram ;  and  because  the  triangle  ABD  is  equal  to 
the  paranelogram  HF,  and  the  triangle  DBC  to  the  parallelo- 
gram GM ;  the  whole  rectilineal  6gure  ABCD  is  equal  to  the 
vhole  parallelogram  KFLM ;  therefore  the  parallelogram  KFLM 
has  been  described  equal  to  the  given  rectilineal  figure  ABCD, 
having  the  angle  FKM  equal  to  the  given  angle  £.    Which  was 
10  be  done.  » 

Cor.  From  this  it  is  manifest  how  to  a  given  straight  line  to 
ipplf  a  paorallelogram,  which  shall  have  an  angle  equal  to  a  given 
rectilineal  angle,  and  shall  be  equal  to  a  given  rectilineal  figure, 
vis.  bf  applying**  to  the  given  straight  line  a  pariilltlogram b 4^.  1. 
equal  to  the  fira^  triangle  ABD,  and  having  an  angle  equal  to 
the  given  angle. 


4i  THE  ELEMENTS 

Book  I. 

PROP.  XLVI.    PROB. 


TO  describe  a  square  upon  a  given  straight  liiieJ 

Let  AB  be  the  given  straight  line ;  it  is  required  to  describe 

a  square  upon  AB. 
all. t        From  the  point  A  draw*  AC  at  right  angles  to  AB;    and 
b3.1.      make^  AD  equal  to  AB,  and  through  the  point  D  draw  DE 
€31. 1.     parallel  c  to  AB,  and  through  B  draw  BE  parallel  to  AD  ;  there- 
dSi.l.    fore  ADEB  is  a  parallelogram:  whence  AB  is  equal ^  to  DE> 

and  AD  to  BE :   but  BA  is  equal  to      C 

AD ;  therefore  the  four  straight  lines 

BA»  AD,  DE,  EB  are  equal  to  one 

another,  and  the  parallelogram  AD  KB 

is  equilateral,  likewise  all   its  angles 

are  right  angles ;  because  the  straight 

line  AD  meeting  the  parallels   AB, 

DE,  the  angles  BAD,  ADE  are  equal 
e39.1.    *  to  two  right  angles:  but  BAD  is  a 

right  angle ;  therefore  also  ADE  is  a 

right  angle;   but  the  opposite  angles 

of  parallelograms  are  equal**;   there-     A I         I  B 

fore  each  of  the  opposite  angles  ABE, 

BED  is  a  right  angle;  wherefore  the  figure  ADEB  is  rectan- 

gulafi  and  it  has  been  demonstrated  that  it  is  equilateral ;   it   is 

therefore  a  square,  and  it  is  described  upon  the  given  straight 

line  AB.     Which  was  to  be  done. 

CoR.  Hence  every  parallelogram  that  has  one  right  angle 

has  all  its  angles  right  angles. 


PROP.  XLVII.   THEOR. 

IN  any  right  angled  triangle,  the  square  which  is 
described  upon  tht:  side  subtending  the  right  angle, 
is  t'cjual  to  the  squares  described  upon  the  sides 
which  contain  the  right  angle. 

Let  ABC  be  a  right  anj^Ied  triangle,  having  the  right  angle 
BAG;  the  sciuare  described  upon  the  side  BC  is  equal  to  the 
squares  described  upon  BA,  AC. 
a  46.1.         On  BC  describe  >  tlie  square  BDEC|  and  on  BA,  AC  the 
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b  31. 1. 
c  30. 4ef. 


dUI. 


^qires  GB,  HC ;  and  through  A  dmw^  AL  paralid  to  BD  or  Book  L 

CE,  and  join  AD,  FC ;  then,  because  each  of  the  angles  BAC,  *"    "   ' 

BAG    is  a  right  angle  c,  the  G 

two  atrught   lines    AC,   AG 

upon   the    opposite    sides   of 

AB,  make  with  it  at  the  point  F 

A  the  adjacent  angles   equal 

to  two  right  angles ;  therefore 

CA   is  m^the   same  strai^ 

line^  with  AG;  for  the  same 

reason,   AB  and  AH  are  in 

the  same   straight   line;    and 

because  the  angle  DBG  is  e- 

ipisl  to  the  angle  FBA,  each 

of  them  being  a  right  angle, 

add  to  each  the  angle  ABC, 

aid  the  whole  angle  DBA  is 

equal*  to  the  whole  FBC ;  and  e  2  Ax 

becanse  the  two  sides  AB,  BD  are  equal  to  the  two  FB,  BC, 

each  to  each,  and  the  angle  DBA  equal  to  the  angle  FBC ; 

tbereforethe  base  AD  is  equal  f  to  the  base  FC,  and  the  trian«f4.1. 

gle  ABD  to  the  triangle  FBC:  now  the  parallelogram  BL  is 

doiiUes  of  the  triangle  ABD,  because  they  are  upon  the  same  g  41. 1. 

bsse  BD,  and  between  the  same  parallels  BD,  AL;  and  the 

square  GB  is  double  of  the  the  triangle  FBC,  because  these  also  are 

vpon  the  same  base  FB,  and  between  the  same  parallels  FB, 

GC.     But  the  doubles  of  equals  are  equal b  to  one  another:  h  6.  Ax. 

dierefiire  the  parallelogram  BL  is  equal  to  the  square  GB :  and 

in  the  same  manner,  by  joining  AE,  BK,  it  is  demonstrated  that 

tk  parallelogram  CL  is  equal  to  the  square  HC :  therefore  the 

vbde  square  BDEC  is  equal  to  the  two  squares  GB,  HC ;  and 

tbe  square  BDEC  is  described  upon  the  straight  line  BC,  and 

the  squares  GB,  HC  upon  B A,  AC :  wherefore  the  square  upon 

the  side  BC  is  equal  to  the  squares  upon  the  sides  BA,   AC. 

Therefore,  in  any  right  angled  triangle,  &c.    Q.  E.  D. 


PROP.  XLVHL    THEOR. 


IF  the  square  described  upon  one  of  the  sides  of 

a  triangle  be  equal  to  the  squares  described  upon  the 

other  two  sides  of  it ;  the  angle  contained  by  these 

two  sides  is  a  right  angle, 

G 


so  THE  ELEMENTS,  Sec. 

Book  L      If  the  square  described  upoD  BC,  one  of  the  sides  of  the  tri» 
^^^^^  Uk^t  ABCy  be  equal  to  the  squares  upon  the  other  ^ides  BA» 

AC,  the  angle  BAG  b  a  right  angle, 
a  ILL       From  the  point  A  draw»  AD  at  right  angles  to^AC,  and 

make  AD  equal  to  BA,  and  join/DC:   then,  because  DA  ii^ 

equal  to  AB,  the  square  of  DA  is  equal  to  D 

the  square  6f  AB :  to  each  of  these  add 

the  square  of  AC :  therefore  the  squares 

of  DA,  AC  are  equd  to  the  squares  of 
^4ar.  L  'BA,  AC :  but  the  square  of  DC  is  equal^ 

to  tt^  squares  of  DA,  AC,  because  DAC 

isanghtanj^e;  and  the  square  of  BC,  bjr 

hypothesis,  is  equal  to  the  squares  of  B A, 

AC;  therefore  the  square  of  DC  is  equal 

to  the  square  of  BC ;  and  therefore  also    °  ^ 

the  side  DC  is  equal  to  the  side  BC.    And  because  the  side  DA 

is  equal  to  AB,  and  AC  common  to  the  two  triangles  DAC, 
"     BAC,  the  two  DA,  AC  are  equal  to  the  two  BA,  AC ;  and  the 

base  DC  is  equal  to  the  base  BC ;  therefore  the  angle  DAC  is 
c  8.  L      ^ual«  to  the  angle  BAC :  but  DAC  is  a  right  angle;  thereSore 

also  B  AC  is  a  right  angle«  Tberebrci  if  the  square^  Ice.  Q.E.Q. 
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DEFINITIONS. 
I. 


Every  right  angled  paraUdognm  is  sidd  to  be  contaixied  by  Book  it 
anjr  two  of  the  straight  lines  which  contain  one  of  the  right 
iDgks. 

II. 
In  every  parallelograin,  any  of  the  paraUelograms  about  m  dia- 
meter,   together  with  the 
two  complenients,  is  called 
a  gnomon.   *  Thus  the  pa- 

nlldograin  HG,  together 

with  the  complements  AFy 

FCy  is  the  gnomoOf  which 

is  more  bneBy  expressed 

hy  the  letters  AGK,  or 

EHC,  which  are  at  the 

oppoute  angles  of  the  pa- 
rallelograms which  make  tfa 


PROP.  I.    THEOR. 

IF  there  be  two  stnught  lines^  one  of  which  is 
finded  into  any  number  of  parts ;  the  rectangle  con- 
tained by  die  two  straight  lines,  is  equal  to  the  rect^ 
angles  contained  by  me  undivided  line^  and  the 
lemal  parts  of  the  divided  line. 
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Let  A  and  BC  be  two  straight  lines ;  and  let  BC  be  divided 
into  any  parts  in  the  points  D,  E ;  the  rectangle  contained  by 
the  straight  lines  A,  BC  is  equal     B  DEC 

to  the  rectangle  contained  by  Ay 
BOy  togetlier  with  that  contained 
by  A|  0E|  and  that  contained  ^ 
by  A,  EC.  ^ 

From  the  point  B  draw*  BF 


K        L     H 
A 

a  11.  1. 

at  right  aogles  to  BC,  and  make  G 

bS.t      BG  equal ^  to  A;  and  through 

o  3L 1.    G  draw  «  GH  parallel  to  BC ; 

and  through  D,£,C  draw  «DK,   F 

EL,  CH  parallel  to  BG ;  then 

the  rectangle  BH  is  equal  to  the  rectangles  BK,  DL,  EH;  and 

BH  is  contained  by  A»  BC,  for  it  is  contained  by  GB,  BC,  and 

GB  is  equal  to  A ;  and  BK  is  contained  by  A,  BD,  for  it  is 

contained  by  GB,  BD,  of  which  GB  is  equal  to  A  ;  and  DL  It 

d  Si.  1.  contained  by  A,  DE,  because  DK)  that  is<^,  BGy  Is  equal  to  A; 
and  in  like  manner  the  rectangle  EH  is  contained  by  At  EC: 
therefore  the  rectangle  contained  by  A,  BC  is  equal  to  the  ae« 
▼eral  rectangles  contained  by  Af  BOy  and  by  A,  D£ ;  and  ate 
by  A,  EC.  Whereforei  if  there  be  two  straight  UneBf  tte; 
Q-  E.  D. 


PROP.IL    THEOR. 

IF  a  straight  line  he  divided  into  any  two  parts, 
the  rectangles  contained  by  the  whole  and ;  each  of 
the  parts  are  together  equal  to  the  sqmxc  of  the 
whole  line. 


C     B 


T 


Lft  the  straight  line  AB  be  divided  into 
an^V  wo  parts  in  the  point  C ;  the  rect- 
angle contained  by  AB,  BC,  together  with 
the  rectangle  *  AB,  AC,  shall  be  equal  to 
the  square  of  AB. 
a  4d  1.        Upon  AB  describe  ^  the  square  ADEB, 
b  31.  t    and  through  C  draw  >>  CF,  parallel  to  AO 
or  BE ;  then  AE  is  equal  to  the  rectangles 
AF,  CE;  and  AE  is  the  square  of  AB; 
*    and  AF  ia  the  rectangle  contained  by  BA, 


*  N.  B.  To  atvindfepcatuig  the  woid  cofitomec/too  ftttffxa^,  the  nctamjto 
contained  by  two  sMght  Goes  AB,  AC  is  sometimes  wnpiT  called  the  i«ct* 
angle  AB.  AC. 


OF  EUCLID. 


53 


AC;  Ibr  it  i*  ccmtained  by  DA,  AC,  of  which  AD  is  equal  to  Book  II. 
ABs  "wid  CE  b  contained  by  AB,  EC,  for  BE  is  equal  to  AB; 
tkidbre  the  rectangle  contained  by  AB,  AC,  together  with  the 
icctangle  AB,  BC,  is  equal  to  the  square  of  AB.    If  therefore  a 
might  line,  &c.    Q.  £.  D. 


PROP.  ni.    THEOR. 


j  IF  a  straight  line  be  divided  into  any  two  parts, 
I  die  rectangle  contained  by  the  whole  and  one  of  the 
puts,  is  equal  to  the  rectangle  contained  by  the  two 
puts,  together  with  the  square  of  the  foresaid  part* 


Let  the  straight  line  AB  be  divided  into  two  parts  in  the 
point  C;  the  rectangle  AB,  BC  is  equal  to  the  rectangle  AC, 
CB,  together  with  the  squai^e  of  BC. 

Upota  BC  describe  *  the  square 
CDEB,  and  produce  ED  to  F,  and 
tlnoDgh  A  draw  i»»AF  parallel  to 
CD  or  BE ;  then  the  rectangle  AE 
ii equal  to  the  rectangles  AD,  CE; 
ttd  AE  is  the  rectangle  contained 
by  AB,  BC,  for  it  is  contained  by 
AB|  BE,  of  which  BE  is  equal  to 
BC;  and  AD  is  contained  by  AC, 
CB, far  CD  b equal  to  BC ;  andDB 
11  Ike  square  of  BC ;  therefore  the  rectangle  AB,  BC  is  equal  to 
tk  rectangle  AC,  CB,  together  with  the  square  of  BC.  If  there- 
be  a  stnught  line,  &c.     Q.  E.  D. 


B»^^ 


b31.1. 


PROP.  IV.    THEOR. 

IF  a  straight  line  be  divided  into  any  two  parts, 
k  square  of  the  whole  line  is  equal  to  the  squares 
of  die  two  parts,  together  with  twice  the  rectangle 
coDtamed  by  the  parts. 

Let  the  straight  line  AB  be  divided  into  any  two  parts  in  C ; 
the  square  of  AB  is  equal  to  the  squares  of  AC,  CB,  and  to 
(Vice  the  rectangle  contained  by  AC,  CB. 
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Book  II.  Upon  AB  describe  ^  the  square  ADEB,  and  join  BD^  anS  *' 
'  through  C  draw  ^  CGF  parallel  to  AD  or  BE,  and  throagh  G  \ 
draw  HR  parallel  to  AB  or  DE:  and  because  CF  is  parallel  ttf  * 
AD,  and  BD  falls  upon  them»  the  exterior  angle  BGC  is  equal  1 
c  to  the  interior  and  opposite  angle  ADB ;  but  APB  is  equal  \ 
<^  to  the  angle  ABD,  because  B  A  is  equal  to  AD|  being  sides  of  ' 
a  square;  wherefore  the  angle  CGB      A  C         B 

is  equal  to  the  angle  GBC ;  and  there* 
foi^e  the  side  BC  is  equal  «  to  the  side 
CG :  but  CB  is  equal  ^  also  to  GK, 
and  CG  to  BK ;  wherefore  the  figure  ^ 
CGKB  is  equilateral;  it  is  likewise 
rectangular;  for  CG  is  parallel  to  BK, 
and  CB  meets  them ;  the  singles  KBC, 
GCB  are  therefore  equal  to  two  right 
angles;    and  KBC  is  a  right  angle; 

wherefore  GCB  is  a  right  angle;  and  therefore  also  the  anrite 
£  CGK,  GKB  opposite  to  these,  are  right  angles,  and  CGKB  it 
rectangular:    but  it  is  also  equilateral,  as  was  demonstrated;, 
wherefore  it  is  a  square,  and  it  is  upon  the  ude  CB :  fiir  the 
same  reason  HP  also  is  a  square,  and  it  is  upon  the  side  HQj^ 
which  is  equal  to  AC :  therefore  HP,  CK  are  the  squares  of^ ' 
AC,  CB;  ahd  because  the  complement  AG  is  equal  t  to  tlie 
complement  GE,  and  that  AG  is  the  rectangle  cobtuned  ligr- 
AC,  CB,  for  GC  is  equal  to  CB;  therefore  GE  is  also  eqaal 
to  the  rectangle  AC,    CB;    wherefore  AG,  GE  are  equal  to 
twice  the  rectangle  AC,  CB :  and  HP,  CK  are  the  squares,  of 
AC,  CB;  wherefore  the  four  figures  HP,  CK,  AG,  GE  ao. 
equal  to  the  squares  of  AC,  CB,  and  to  twice  the  rectan^ 
AC,  CB:   but  HP,  CK,  AG,  GE  make  up  the  whole  %uie 
ADEB,  which  is  the  square  of  AB:  therefore  the  square  ^AB..' 
is  equal  to  the  squares  of  AC,  CB,  and  twice  the  rectangle  AC9  . 
CB.     Wherefore,  if  a  straight  line,  &c.    Q.  E.  D. 

Cor.  From  the  demonstration  it  is  manifest,   that  the  panS* 
lelograms  about  the  diameter  of  a  square  are  likewise  squares. 
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PROP-  V,    THEOR. 


IF  a  straight  line  be  divided  into  two  equal  parts, 
and  also  into  two  unequal  parts ;  the  rectangle  con- 
Hined  by  the  unequal  parts,  together  with  the  square 
of  the  line  between  the  points  of  section,  is  equal  to 
die  square  of  half  the  line. 

Let  the  straight  line  AB  be  divided  into  two  equal  parls  in 
the  point  C,  and  into  two  unequul  parts  at  the  point  D;  the 
fCCCangle  AD,  DB,  together  with  the  s(|uare  of  CO,  is  equal  to 
the  square  of  CB. 

Upon  CB  describe  >  the  square  CEFH,  join  BE,  and  through  a  46.1. 
D  draw  ^  DHG  parallel  to  CE  or  BF;   and  through  U  draw  b  31. 1. 
KLM  parallel  to  CB  or  £F;  and  also  tlirough  A  draw  AK  pa- 
idel  to  CL  or  BM:     and    because   the   complement   CI  I   is 
ei|liil  *  to  the  complement  HF,  to  each  of  these  add   DM  ;c  43.1*. 
therebrc  the  whole  CM 
aeqoal  to  the  whole  DP;  A  C  D     B 

tal  CM  is  equal*  to  AL, '—-       d36.U 

becMue  AC  is  equal   to 

CB;  therefore  also  AL  is 

eqjHd  to  DF.     To  each  oi* 

tee   add  CH,  and  the 

■hole  AH  is  equal  to  DF 

adCH:  bat  AH  is  the 

Nctan^  contained  by  AD, 

DB»  for  DH  is  equal  •  to  DB ;  and  DF  together  with  CH  is  the  eCor.4.^. 

poman  CMC ;    therefore  the  gnomon  CMG  is  equal  to  the 

icdaDgle  ADy  DB :  to  each  of  these  add  LG,  which  is  equal  * 

bthe  square  of  CD;  therefore  the  gnomon  CMG,    together 

vith  LG,  is  equal  to  the  rectangle  AD,  DB,  together  with  the 

i|ttre  of  CD:  but  the  gnomon  CMG  and  LC*  makes  up  the 

vhole  figure  CEFB,  which  is  the  square  of  CB :  therefore  the 

iWangle  AD»  DB,  together  with  the  square  of  CD,  is  equal  to 

the  square  of  CB.    Wherefore,  if  a  straight  line,  &c.    Q.  £.  D. 

From  this  proposition  it  is  manifest,  that  the  difference  of  the 
iquares  of  two  unequal  lines  AC,  CD|  i$  equal  to  the  rectangle 
CQotained  by  their  sum  and  difference. 
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IF  a  straight  line  be  bisected,  and  produced  ta  any 
point ;  the  rectangle  contained  by  the  whole  line  thus 
produced,  and  the  part  of  it  produced,  together  with 
the  square  of  half  the  line  bisected,  is  equal  to  the 
square  of  the  straight  line  which  b  made  up  of  die 
half  and  the  part  produced. 

Let  the  straight  line  AB  be  bisected  in  C,  and  produced  to 
the  point  D;  the  rectangle  AD,  DB,  together  with  the,  sqaare 
of  CB,  is  equal  to  the  square  of  CD. 

Upon  CD  describe « the  square  CEFD,  join  DE,  and  through 
B  draw  b  BHG  paraHel  to  CE  or  DF,  and  through  H  draw  tJM 
parallel  to  AD  or  EF,  and  also  through  A  draw  AK  parallel  toCL 
or  DM :   and  because  AC  iH         *  "^  ~        — 

equal  to  CB,  the  rectangle 
AL  is  equi^  c  to  CH ;  but 
CH  is  equal  <^  to  HF ;  there- 
fore also  AL  is  equal  to 
HF:  to  each  of  these  add 
CM;  therefore  the  whole 
'  AM  is  equal  to  the  gnomon 
CMG :  and  AM  is  the  rect- 
angle contained  by  AD,  DB, 
cOor.42.  for  DM  is  equal  ^  to  DB :  therefore  the  gnomon  CMG  is  equal 
to  the  rectangle  AD,  DB :  add  to  each  of  these  LG,  which  ii 
equal  to  the  square  of  CB;  therefore  the  rectangle  AD,  DB,  to- 
gether with  the  square  of  CB,  is  equal  to  the  gnomon  CMG 
and  the  figure  LG :  but  the  gnomon  CMG  and  LO  make  up  the 
whole  figure  CEFD,  which  is  the  square  of  CD;  therefore 
the  rectangle  AD,  DB,  together  with  the  square  of  CB,  it 
equal  to  the  square  of  CD.  Wherefore,  if  a  stnught  line,  &c» 
Q.  E.  D. 

PROP.  VII.    THEOR. 

IF  a  straight  line  be  divided  into  any  two  parts,  the 
squares  of  the  whdelipe,  and  of  one  of  die  parts,  are 
equal  to  twice  the  rectangle  contained  by  Uie  whole 
and  that  part,  together  with  the  square  of  the  other 
part. 


L 

H 

/ 
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Let  the  straight  line  AB  be  divided  into  any  two  parts  ia 
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the  point  C;  ihe  squares  of  AB,  BC  are  equal  to  twice  the  rect-  ^ook  ll. 
oi^Ie  AB,  BC,  together  with  the  square  of  AC.  ^  -y^^ 

Upon  AB  describe  *  the  square  AOKB,  and  construct   the  a  46, 1. 
figure  as   in  the  preceding  propositions:    and   because  AG   is 
qoal  b  to  GE,  add  to  each  of  them  CK ;   the  whole  AK  isb43. 1. 
llieren>rc    equal    to    the  whole    CE; 

tbercfore    AK,    CE     are    double   of        A  C  B 

AK:  but  AK,  CE  are  the  gnomon 
AKF  together  with  the  square  CK; 
tberefore  the  gnomon  AKF,  (oge- 
iher  with  the  square  CK,  is  double  H 
of  AK :  but  twice  the  rectangle  AB, 
BC  is  dooble  of  AK,  for  BK  is  equal 

♦toBC:  therefore  the  gnomon  AKF,  /  cCor.4.2. 

together  with  the  square  CK,  is  equal 
to  twice  the  rectangle  AB,  BC:  to 
eicb  of  these  equals  add  HF,  which  is 

equal  to  the  square  of  AC ;  therefore  the  gnomon  AKF,  toge- 
ther with  the  squares  CK,  HF,  is  equal  to  twice  the  iiectan<^le 
AB,  BC,  and  the  squai*e  of  AC  :  but  the  gnomon  AKF,  together 
vith  (he  squares  CK,  HF,  make  up  the  whole  figure  ADEB 
and  CK,  which  arc  the  scjuares  of  AB  and  BC:  therefore  the 
jqnarcs  of  AB  end  BC  are  ecjual  to  twice  the  Actangle  AB,  BC, 
te^tthcr  with  the  square  of  AC.  Wherefore,  if  a  straight  line, 
kc.   Q.  E.  D. 
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PROP.  VHI.    THEOR. 


IF  a  straight  line  be  divided  into  any  two  parts, 
ibur  times  the  rectangle  contained  by  the  whole  line, 
and  one  of  the  parts,  together  with  the  square  of  the 
other  part,  is  equal  to  the  square  of  tlie  straight  line 
which  is  made  up  of  the  whole  and  that  part. 

Let  the  straight  line  AB  he  divided  into  any  two  parts  in  the 
ftkn  C;  four  times  the  recungle  AB,  BC,  together  with  the 
«|ure  of  AC,  is  equal  to  the  square  of  the  straight  line  nuide 
up  of  A  B  and  BC  together. 

Produce  AB  to  D,  so  that  BD  he  equal  to  CB,  and  upon 
AD  describe  the  square  AEFD ;  and  construct  two  figures 
such  as  in  the  preceding.  Because  CB  is  equal  to  BD,  and 
thatCB  is  equal  ^  to  GK,  and  BD  to  KN;  thei^fore  CK  is  a  34. 1 

11 
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ijook  U- equal  to  KN;  for  the  same  reason,    FK  is  equal  to   RO;    and 
— > — 'because  CB  U  equal   lo   BD,   aud   C;K  to   KN.   ilie  leciiingte 
■.1.16.1.     CK,  is  equal '•to  EN,  and  CR  to   KN:    hui  CK,  is  equal «  to 
.43-1-     j^j^'^  because  the)'  are  the  complements  of   the  parallelogram 
CO;    therefore  also  UN  is  eqiml  lo  (ill :    and  the   lour  rect- 
angles BN,   CK,   (;R,   RN  are   thereforo  equal  lo  one  unother. 
and  so  are  quadruple  of  one  of  tlicm  CK:    again,  because  CB 
is  equal  to   BD,  and   that    BD    is 
iCor.AS.  equal    <*   to    BK,   that    is,     to  CO ;  C     B 

and  CB  equal  to  GK,  that  <>  ii,  to       '  " 

GPi    therefore    CCi    is    equal    to 

GP :    ond  because  CG  is  equal  to 

GP,  and  PR  to  RO,  the  rectangle 

AG  is  equal  to    RIP.  ami    PL  to 

(43.1.     RF:   but    MP    is    equal  =  to    PL, 

•  because  they   aie  the  complements 

of  the  parallelogram   ML;    where- 

t      [ore    AG    is    equal    also   to    Rl': 

therefore      the       four      reclanglcr.  **■      ^ 

I  AG,    MP,    PL,    HP    are    equal   to 

one  another,  and  so  are  quadruple  of  one  of  them  AG.  And  it 
nasdemonstrated,  thatthe  four  CK,  BN,  GR,  and  RN  are  quad- 
ruple of  CK :  therefore  the  eight  rectangles  which  contain  the 
gnomon  AOH  are  quadruple  of  AK :  and  because  AK  is  the 
rectangle  contained  by  AQ,  TC,  for  BK  is  equal  to  BC,  four 
times  ibe  rectangle  AB,  BC  is  quadruple  of  AK  i  but  the  gtw- 
nion  AOH  was  demonstrated  to  be  quadruple  of  AK;  tberebrc 
four  limes  the  rectangle  Afl,  iiC  is  equ^i  lo  the  gnomon  AOtL 
iICor.4.2.To  each  of  these  add  Xil,  wliich  is  equ.il  d  to  the  square  of 
AC:  therefore  four  times  the  TL-ctangle  AB,  IiC,  together  with 
the  square  of  AC,  is  equal  to  the  gnomon  AOH  and  ihc  square 
XH :  but  the  gnomon  AOH  and  XH  make  up  the  figure  AliFD, 
which  is  the  stjuare  of  AD:  therefoi'e  four  limes  the  rectangle 
ABi  BC,  together  with  the  square  of  AC,  is  c(|ual  to  ibc  square 
of  AU,  that  is,  of  AB  and  BC  added  together  in  one  straight, ' 
line.    WbcreforC)  ifa  sti-aight  line,  &c.    Q.  E.  D. 
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PROP.  IX.    THEOR. 


Book  II. 


IF  a  straight  line  be  divided  into  two  equal,  and 
also  into  two  unequal  parts ;  the  squares  of  the  two 
untqual  parts  are  together  double  of  the  square  of 
half  the  line,  and  of  the  square  of  the  line  between 
the  points  ,of  section. 

Let  the  straight  line  AB  be  divided  at  the  point  C  into  twp 

eqtuJ,  and  at  l3  into  two  unequal  parts :  the  squares  of  AD> 

DB  are  together  double  of  the  squares  of  AC,  CD. 

From   the   point  C  draw  »  CE  at   right  angles  to  AB,  andaU.  2. 

nnke  it  equal  to  AC  or  CB,  and  join  EAy  EB  ;  through  D  draw 

^DF  parallel  to  CE,  and   through  F  draw  FG  parallel  to  AB  ;  b  31,  i, 

and    join   AF:  then,  because   AC  is  equal  to  CE,  the  angle 

EAC    b  equal  «  to  the  angle  A  EC ;  and  because  the  angle  c  5. 1. 

ACE  is  a   right  angle,  the  two  others,  A  EC,  EAC  together 

make  one  right  angle  <^;     and  they  are  equal  to  one  another ;  d  32. 1. 

CKh  of  them  therefore    is   half  £ 

of  m  right  angle.     For  the  same 

icaaon  each  of  the  angles  CEB, 

£BC  is  half   a  right  angle;  and 

tbercfbre  the  whole   AEB   is  a 

right  angle :  and  because  the  an- 

1^  G£F  is    half  a  rigiit  angle, 

md  EGF  a  right  angle,  for  it  is 

tqpial  •  to  the  interior  and  oppo-  e  29. 1. 

Mb  «.ngle  ECB,  the  remaining  angle  EFG  is  half  a  right  angle  ; 

ftcrefbre  the  angle  GEF  is  equal  to  the  angle  EFG,  and  the 
uSt  EG  equal  ^  to  the  side  GF :   again,  because  the  angle  at  B  f  6. 1. 
kha'tf  a  right  angle,  and  FDB  half  a  right  angle,  for  it  is  equal 
■to  the  interior  and  opposite  angle  ECB,  the  remaining  angle 

■  WD  is  half  a  right  angle;  therefore  the  angle  at  B  is  equal 
to  the  angle  BFD,  and  the  side  DF  to  ^  the  side  DB :  and  be- 

'  ane  AC  is  equal  to  CE,  the  square  of  AC   is  equal  to  the 
tqmrt  of  CE ;  therefore  the  squares  of  AC,  CE  are  double  of 
die  square  of  AC:    but  the  square  of  EA  is  equals  to  the  g  47.  3- 
tqnarcs  of  AC,  CE,  because  ACE  is  a  right  angle ;  therefore 

..tile  aouare  of  EA  is   double  of  the  square  of  AC:  again,  bc- 

<cnne  ilG  is  equal  to  GF,  the  square  of  EG  is  equal  to  the 

j  ^oare  of  GF ;  therefore  the  squares  of  FG,  GF  are  double  of 

f. 
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Book  II.  the  square  of  GF;  but  the  square  of  EFis  equal  to  tlie  sc|uares 

**->**^  of  EG,  GF;  therefore  the  square  of  EF  is  double  of  the  square 

h34. 1.    GF;  and  GF  is  equal  ^  to  CD ;  therefore  the  square  of  EF  is 

double  of  the  square  of  CD:  but  the  square  of  AE  is  likewise 

double  of  the  square  of  AC  ;  therefore  the  squares  of  AE,  EF 

are  double  of  the  squares  of  AC,  CD  :  and  the  square  of  AF  it 

)  47. 1.     equal  ^  to  the  squares  of  AE,  EF,  because  AEF  is  a  right  angle  ; 

therefore  the  square  of  AF  is  double  of  the  squares  of  ACt 

CD :  but  the  squares  of  AD,  DF  are  equal  to  the  square  of 

AF,  because  the  angle  ADF  is  a  right  angle ;  therefore  the 

squares  of  AD,  DF  are  double  of  the  squares  of  AC,  CD  :  and 

DF  is  equal  to  DB ;  therefore  the  squares  of  AD,  DB  are 

double  of  the  squares  of  AC,  CD.    If  therefore  a  straight  linei 

8cc.    Q.  E.  D. 
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PROP.  X.     THEOR. 

IF  a  straight  line  be  bisected,  and  produced  to  ony 
pointy  the  square  of  the  whole  line  thus  produced 
and  the  square  of  the  part  of  it  produced,  are  together 
double  of  the  square  of  half  the  line  bisected,  and  of 
the  square  of  the  line  made  up  of  the  half  and  the 
part  produced. 

Let  the  straight  line  AB  be  bisected  in  C,  and  produced  to 
the  point  D  ;  the  squares  of  AD,  DB  are  double  of  the  squares 
of  AC,  CD 

alM.  From  the  point  C  draw  ^  CE  at  right  angles  to  AB :  and 
make  it  equal  to  AC  or  CB,  and  join  AE,  EB ;  through  £  drair 

b  31. 1.  ^  EF  par^Ulel  to  AB,  and  through  D  draw  DF  parallel  to  CE : 
and  because  the  straight  line  EF  meets  the  parallels  EC,  FD,  the 

e  29. 1.  angles  CEF,  EFD  are  equal  ^  to  two  right  angles  ;  and  therefore 
the  angles  BEF,  EFD  are  less  than  two  right  angles:  but  straight 
lines  which  with  another  straight  line  make  the  interior  angles 

d  12.  Av.  ui>on  the  same  side  less  tlian  two  right  angles,  do  meet  ^  if  pro- 
duced far  enough :  therefore  EB,  FD  shall  meet,  if  produced, 
towards  B,  D  :  let  them  meet  in  G,  and  join  AG  :  then,  because 

e.  5. 1.  AC  is  equal  to  CE,  the  angle  CEA  is  equal  *  to  the  angle 
EAC ;  and  the  angle  ACE  is  a  right  angle  ;  therefore  each  of  the 

f  3Z  1.    angles  CEA,  EAC  is  half  a  right  angle  ^ :  for  the  same  rcasoD^ 
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*  cmA  of  the  angles  CEB,  EBC  is  half  a  right  aftgle ;  therefore  ^^^J^; 
AEB  is  a  right  angle :  and  because  £BC  is  half  a  right  angle,  '~'~^"-' 
DBG  ijs  also  f  half  a  right  angle,  for  they  are  vertically  oppo-  f  15. 1. 
ihe ;  but  BDG  is  a  right  angle,  because  it  is  equal  «  to  the  al-  c  29. 1. 
temate  angle  DCE ;  therefore  the  remaining  angle  DOB  is 
laif  a  right  angle,  and  is  therefore  equal  to  the  angle  DBG ; 
vkerefore  also  the  side  BD  is  equal  s  to  the  side  DG:  again,  g  6.1. 


£GF  is  half  a 
right  angles  and  that 
Ihe  angle  at  F  is  a  right 
■g|e»  because  H  is  e- 

^pni  ^    to  the  opposite  y^       ^  \     ^  h341. 

ngie  ECD,  the  remain- 
lag  angle  FEG  is  half  a 
right  angle,  and  equal 
to  the  angle  EGF; 
wherefore  also  the  side 

GF  is  equal  s  to  the  side  FE.  And  because  EC  is  equal  to 
CAf  the  square  of  EC  is  equal  to  the  square  of  CA  ;  therefore 
the  squares  of  EC,  CA  are  double  of  the  square  of  CA :  but 
tbesqtiare  of  £  A  is  equal  ^  to  the  squares  of  EC,  CA  ;  there-  i  C 1* 
fare  the  square  of  EA  is  double  of  the  squai*e  of  AC :  again, 
because  GF  is  equal  to  FE,  the  square  of  GF  is  equal  to  the 
square  of  FE ;  and  therefore  the  squares  of  GF,  FE  are  dou« 
ble  of  the  square  of  EF :  but  the  square  of  EG  is  equal  >  to 
the  squares  of  GF,  FE ;  therefore  the  square  of  EG  m  double 
of  the  tqoare  of  EF :  and  EF  is  equal  to  CD ;  wherefore  the 
M|iHre  of  EG  is  double  of  the  square  of  CD  :  but  it  was  demon- 
ttrsted,  that  the  square  of  £  A  is  double  of  the  square  of  AC ; 
tiicrefoNre  the  squares  of  AE,  EG  are  double  of  the  squares  of 
AC,  CD :  and  the  square  of  AG  is  equal  ^  to  the  squares  of 
A£,  EG  ;  therefore  the  squai*e  of  AG  is  double  of  the  squares 
of  AC,  CD :  but  the  squares  of  AD,  CrD  are  equal '  to  the 
mparc  of  AG  ;  therefore  the  squares  of  AD,  DG  are  double  of 
the  iquaKS  of  AC,  CD  :  but  DG  is  equal  to  DB ;  therefore  the 
i|iiarea  of  AD,  DB  are  double  of  the  squares  of  AC,  CD. 
Wherefores  if  a  straight  line,  &c.    Q.  £•  D. 
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PR6p.  XL  PROB. 

TO  divide  a  given  straight  line  into  two  parts^  so 
that  the  rectangle  contained  by  the  v^hole  and  one  of 
the  parts  shall  be  equal  to  the  square  of  the  other 
part. 

Let  AB  be  the  given  straight  line;  it  is  required  to  divide  It 

into  two  parts,  so  that  the  rectangle  contained  by  the  whole  and 

one  of  the  parts  shall  be  equal  to  the  square  of  the  other  part. 

a 46. 1.        Upon  AB  describe*  the  square  ABDC;  bisect  ^  AC  in  E,  and 

blO.  1.    join  BE;  produce  CA  to  F,  and  make^  EF  equal  to  £B;  and 

c  3. 1.      upon  AF  describe*  the  square  FGHA  ;  AB  is  divided  in  H,  so 

thut  the  rectangle  AB,  BH  is  equal  to  the  square  of  AH. 

Produce  GH  to  K;  because  the  straight  line  AC  is  bisected 
in  E,  and  produced  to  the   point  F,  the  rectangle  CF,  FA,  to* 
d  6. 2.     gether  with  the  square  of  A  E,  is  equal  ^  to  the  square  of  EP: 
but  EF  is  equal  to  EB ;  therefore  the  rectangle  CF,  FA|  toge- 
ther with  the  square  of  AE,  is  equal  to  the  square  of  EB  :  and  the 
e4M.    squares  of  BA,  AE  are  equal  •  to  the         F  G 

square  of  EB,  because  the  angle  EAB 
is  a  right  angle;  therefore  the  rect- 
angle CF,  FA,  together  with  the  square 
of  AE,  is  equal  to  the  squares  of  BA, 
AE:  take  away  the  square  of  AE, 
which  is  common  to  both,  therefore 
the  remaining  rectangle  CF,  FA  is 
equal  to  the  square  of  AB  :  and  the  fi- 
gure FK  is  the  rectangle  contained  by 
CF,  FA,  for  AF  is  equal  to  FG ;  and 
AD  is  the  square  of  AB;  therefore 
FK  is  equal  to  AD :  take  away  the 
common  part  AK,  and  the  remainder 
FH  is  equal  to  the  remainder  HD :         C  K        D 

and  HD  is  the  rectangle  contained  by  AB,  BH,  for  AB  is  equal* 
to  BD  ;  and  FH  is  the  square  of  AH :  therefore  the  rectangle 
AB,  BH  is  equal  to  the  square  of  AH :  wherefore  the  straight 
line  AB  is  divided  in  H  so,  that  the  rectangle  AB,  BH  is  equal  to 
the  square  of  AH.     Which  was  to  be  done. 


« 1 
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PROP.  XII.  THEOR. 


IN  obtuse  angled  triangles,  if  a  perpendicular  be 
drawn  from  any  of  the  acute  angles  to  the  opposite 
side  produced,  the  square  of  the  side  subtending  the 
obtuse  angle  is  greater  than  the  squares  of  the  sides 
containing  the  obtuse  angle,  by  twice  the  rectangle 
contained  by  the  side  upon  which,  when  produced, 
the  perpendicular  fells,  and  the  straight  line  inter- 
cepted without  the  triangle  between  the  perpendicu- 
lar  and  the  obtuse  angle. 

Let  ABC  be  ao  ol^tuse  angled  triangle,  having  the  obtuse 
angle  ACB,  and  from  the  point  A  let  AP  be  drawn*  perpendi- a  12. 1. 
ctilar  to  BC  produced:  the  square  of  AB  is  greater  than  the 
squares  of  AC,  CB  by  twice  the  rectangle  BC,  CD. 

Because  the  straight  line  BD  is  divided  into  two  parts  in  the 
point  C,  the  square  of  BD  is  equal 
^  to  the  squares  of  BC,  CD,  and 
twice  the  rectangle  BC,  CD:  to 
each  of  these  equals  add  the  square 
•f  DA;  sAdthe  squares  of  BD,  DA 
are  equal  to  thesquares  of  BC,  C  D, 
DA»  and  twice  the  rectangle  BC, 
CD  :  but  the  square  of  B  A 1$  equal 
«to  the  squares  of  BD,  DA,  be- 
cause the  angle  at  D  is  a  right  B 
angle;  and  the  square  of  CA  is 

equal «  to  the  squares  of  CD,  DA :  therefore  the  square  of  BA 
is  equal  to  the  squares  of  BC,  CA,  and  twice  the  rectangle  BC, 
CD;  that  IS)  the  square  of  BA  is  greater  than  the  squares  of 
BC*  CA,  by  twice  the  rectangle  BC,  CD.  Therefore,  in  obtuse 
angled  trianglesi  &c.    Q.  £.  D. 


A  b  4. 2. 


c  4r.  1. 


THE  ELEMENTS 


PROP.  XIII.    THEOR. 


See  Note.  IN  evciy  triangle,  the  square  of  the  side  subtend- 
ing any  of  die  acute  angles  is  less  than  the  squares  of 
the  sides  containing  that  angle,  by  twice  the  rectangle 
contained  by  either  of  these  sides,  and  the  straight 
line  intercepted  between  the  perpendicular  let  fall  up- 
on it  from  the  opposite  angle,  and  the  acute  angle.  . 


a  12. 1. 


b  7. 12. 


c  4,7.  1. 


d  16. 1. 
c  1  J.  2. 


Let  ADC  be  any  triangle,  and  the  angle  at  B  one  of  its  acute 
angles,  and  upon  £C,  one  of  the  sides  containing  it,  let  fall  the 
perpendicular*  AD  from  the  opposite  angle :  the  square  of 
AC,  opposite  to  the  angle  B,  is  less  than  the  squares  of  CB,  BA, 
by  twice  the  iTCtanc^le  CB,  BD. 

First,  Let  AD  m\  within  the  triangle  ABC}  and  because 
the  straight  line  CB  is  divided  in- 
to two  parts  in  the  point  D,  the 
squares  of  CB,  BD  are  equal  >>  to 
twice  the  rectangle  contained  by 
CB,  BD,  and  the  square  of  DC : 
to  each  of  these  equals  add  the 
fiquare  of  AD ;  therefore  the 
squares  of  CB,  BD,  DA  are  equal 
to  twice  the  rectangle  CB,  BD, 
and  the  squares  of  AD,  DC : 
but  the  square  of  AB  is  equal 

^  to  the  squares  of  BD,  DA,  because  the  angle  BDA  is  a  right 
angle,  and  the  scjuare  of  AC  is  equal  to  the  squares  of  AD,  DC : 
therefore  the  squares  of  CB,  BA  are  equal  to  the  square  of  AC) 
and  twice  the  rectangle  CB,  BD,  that  is,  the  square  of  AC 
alone  is  less  than  the  squares  of  CB>  BA  by  twice  the  rectangle 
CB,  BD.  A 

Secondly,  Let  AD  (all  with- 
out the  triangle  ABC:  then,  bo- 
cause  the  angle  at  D  is  a  right 
angle,  the  angle  ACB  is  greater 
^  than  a  right  angle;  and  there- 
fore the  square  of  A  B  is  equal  •  to 
the  squares  of  AC,  CB,  and  twice 
the  rectangle  BC,  CD :  to  these  e- 
quals  add  the  square  of  BC,  and  the 
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tqtares  of  ABy  BC  are  equal  to  the  square  of  AC,  and  twice  Bm^  It 
the  square  of  BC,  and  twice  the  rectangle  BC,  CD :  but  be-  ^  •  "^ 
cwue  BD  is  divided  into  two  parts  in  C,  the  rectangle  DB,  BC 
is  equal' to  the  rectangle  BC,  CD  and  the  square  of  BCi  andfS-SL 
the  doubles  of  these  are  equal :   therefore  the  squares  of  AB, 
BC  are  equal  to  the  square  of  AC,  and  twice  the  rectangle    ' 
DB,  BC:   therefore  the  square  of  AC  alone  Is  less  than  the 
squares  of  AB,  BC  by  twice  the  rectangle  DB,  BC.  '  A 

Lastly,  Let  the  side  AC  be  perpendicukr  to 
BC;  then  is  BC  the  straight  line  between  the 
lieiliniitifinlar  and  the  acute  angle  at  B ;  and  it 
is  manifest  that  the  squares  of  AB,  BC  are  equal 
t  to  the  square  of  AC  and  twice  the  square  of  BC. 
Therefore,  in  every  triangle,  8cc.    O.  £.  D. 


g«r.L 


PROP.  XIV.    PROB. 


TO  describe  a  square  that  shall  be  equal  to  a  gi*  SceNote. 
yen  rectiUneal  figure. 

Let  A  be  the  given  rectilineal  figure ;  it  is  required  to  describe 
a  square  that  shall  be  equal  to  A. 

Describe*  the  rectangular  parallelogram  BCDE  equal  to  the  a  45. 1. 
lectilineal  figure  A.  If  then  the  sides  of  it  BE,  £D  are  equal 
to  one  another,  it 
is  a  square,  and 
wl|at  was  requir* 
ed  is  now  done: 
tutiftheyarenot 
coiial,produceone 
or  them  BE  to  F, 
sod  make  EFe- 
qual  to  ED,  and 
bisect  BE  b  G; 

and  from  the  centre  G,  at  the  distance  GB,  or  GF,  describe  the 
semicircle  BHF,  and  produce  DE  to  H,  and  join  GH ;  therefore, 
because  the  straight  line  BF  is  divided  into  two  equal  parts  in 
the  point  G,  and  into  two  unequal  at  E,  the  rectangle  BE, 
'EF,  together  with  the  square  of  EG,  is  equal  ^  to  the  square  of 
CF :  but  GF  is  equal  to  GH ;  therefore  the  rectangle  BE,  £F, 


%$  THE  ELEMENTS,  kc 

BMell^^'tDgBtlMr  with  the  square  of  EG,  is  equd  to  the  square  of  6H  % 
*■  "•■■•'bat  the  squares  of  HE,  EG  are  equal«  to  the  square  of  GHi . 
C47.1.  tberefare  die  rectangle  BE,  EF,  together  with  the  square  of 
£G^  is  equal  to  the  squares  of  HE,  EQ :  take  away  the  square 
of  EO,  which  is  common  to  both ;  and  the  remaining  reeU 
angle  BE,  £F  is  equal  to  the  square  of  EH :  but  the  vectan^ 
ccMtahied  by  BE,  EF  is  the  paralktogram  BD,  because  EF  ia 
equal  to  ED ;  therefore  BD  is  equal  to  the  square  of  EH ;  but 
BD  is  equal  to  the  rectilineal  figure  A ;  therefore  the  rectittneal 
figure  A  is  equal  to  the  square  of  EH:  wherefore  a  square  hae 
beieiir-made  equal  to  the  given  rectilineal  figure  Kf  Til*' the  sq^nre 
described  upon  EH.    Which  waste  be  dsnoi 
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DEFINITIONS. 

I. 

r^QUAL  qrdes  are  those  of.  which  the  diameters,  ore  equal,  or  Book  III. 

from  the  centres  of  which  the  stiaight  lines  to  the  circumferen- 
ces are  equal. 

*  This  not  a  definition  but  a  theorem^  the  truth  of  which  is 
( evident ;  for,  if  the  circles  be  applied  to  one  another)  so  that 
*  their  centres  coincide,  the  circles  must  likewise  coincide,  since 
<  the  straight  Unes  from  the  centres  are  equal.' 

II. 
A  sovght  tine  is  said  to  touch 

a  circle  when  it  meets  the 

circle,  and  being  produced 

dots  not  cat  it. 
III. 
Circles  are  said  to  touch  one 

another,  which  meet,  but  do 

not  cut  one  another. 

IV. 
Straight  lines  are  sud  to  equally  distant 

from  the  centre  of  a  circle,  when  the 

perpendiculars  drawn  to  them  from  the 

centre  are  equal. 

V. 
Aid  the  straight  Ime  on  which  the  greater 

perpendicular  fiJlsi  is  said  to  be  fiurther 

from  the  centre. 


-'■.t 
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Boofcnt  VI. 

A  segment  of  a  circle  is  the  figure  con* 

tained  by  a  straight  line  and  the  dr- 

cumference  it  cuts  off. 

VII. 
«  The  angle  of  a  segment  is  that  which  is  coQtuned  by  the 

^  straight  Upe  and  the  circumference.'* 

vni. 

An  angle  in  a  segment  is  the  angle  con* 

tainea  by  twQ  straight  lines   drawn 

from  any  point  in  the  circumference 

of  the  segmenti  to  the  extremities  of 

the  straight  line  which  is  the  base  of 

tbe  segment. 

IX. 
And  an  angle  is  said  to  insist  *or  stand 

upon   the   circumference  intercepted 

between  the  straight  lines  that  contain 

the  angle. 

X. 
The  sector  of  a  circle  is  the  figure  contain* 
ed  by  two  straight  lines  drawn  from  the 
centre,  and  the  circumference  between 
them« 


XI. 

Similar  segments  of  a  circle, 
are  those  in  which  the  an- 
gles are  equal,  or  which 
contun  equal  angles. 


^\i^ 


PROP.  I.    PROB. 


SesKotc.     TO  find  the  centre  of  a  given  ciitde^ 


m 

Let  ABC  be  the  given  circle  ;  It  is  required  to  find  its  oentie^. 
aiai        DvKW  within  it  any  straight  line  AB,  and  bisect »  it  in  D) 
bUit    from  the  point  D  draw^  DC  at  right  angles  to  AB,  and  prtH 
duce  it  to  E|  and  bisect  C£  in  F :  the  point  F  is  the  centre  of  tfa^  ^ 
circle  ABC.  ^ 
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cai. 


FoTyif  it  be  iiot»lct,  if  possible*  Gbe  the  centre,  and  join  Book  HI 
GA»  GDv  GB:  then,  because  DA  is  equal  to  DB,  and  DG 
common  to  the  two  triangles  ADG, 
BOGf  the  two  sides  AD,  DG  are  e-  C 

qua!  to  the  two  BD,  DG,  each  to 
each ;  and  the  base  G  A  is  equal  to 
the  base  GB,  because  they  are  drawn 
from  the  centre  G  * :  therefore  the 
angle  AOG  is  equal «  to  the  angle 
GDB :  but  when  a  straight  line  stand- 
ing upon  another  straight  line  makes 
the  adjacent  angles  equal  to  one  ano- 
ther, each  of  the  sngles  is  a  right  an- 
gle' :  therefore  the  angle  GDB  isjk  £ 
right  angle :  but  FDB  is  likewise  a 

right  angle ;  wherefore  the  angle  FDB  is  equal  to  the  angle 
GDB,  the  greater  to  th^  less,  which  is  impossible  t  therefore  G 
is  not  the  centre  of  the  circle  ABC :  in  the  same  manner  it  can 
be  shown,  that  no  other  point  but  F  la  the  centre ;  that  is,  F  is 
the  centre  of  the  circle  ABC«    Which  was  to  be  found. 

Cob.  From  this  it  is  manifest,  that  if  in  a  circle  a  straight 
line  bisect  another  at  right  angles,  the  centre  of  the  circle  is  in 
the  line  which  bisects  the  other. 


d  10.  del. 
1. 


PROP.  11.    THEOR. 


IF  any  two  points  be  taken  in  the  circumference  of 
a  ciide,  the  straight  line  which  joins  them  shall  fall 
within  the  circle. 

Let  ABC  be  a  circle,  and  A,  B  any  two  points  in  the  circum« 
fereoce ;  the  straight  line  drawn  from  C 

A  to  B  shall  &11  within  the  circle. 

For,  if  it  do  not,  let  it  fall,  if  possi- 
ble, without,  as  AEB ;  find^Dthe  cen- 
tre of  the  circle  ABC,  and  join  AD, 
OB,  and  produce  DF,  any  straight  line 
meeting  the  circumference  AB,  to  £ : 
then  because  DA  is  equal  to  DB,  the 
angle  DAB  is  equal^  to  the  angle  DBA ; 
nd  because  A£,  a  side  of  the  triangle         j^  E       B 


a  1.3. 


bS.U 


*  N.  B.  Whenever  ^tvt  expresilon  "  straight  lines  from  the  centre,"  or 
^ diawn  horn  the  ccntiti**  eccoiSi  it  is  to  be  tnylcrstood  that  they  are  drawn 
ts  tte  rircmofcwnBe* 
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B^fcllt  DAE,  is  produced  to  B,  the  angle  DEB  b  gre«tcr«  than  the 
angle  DAE :  tut  DAE  is  equal  to  the  angle  DBE ;  therefore 
ihc  angle  DEB  is  greater  than  the  angle  DBE :  hut  to  the  greats 
er  angle:  the  grtater  side  is  oppoate';  DB  b  therefore  greater 
than  OE:  but  DB  is  equal  to  DF;  wherefore  DF  is  greater 
than  DE,  the  less  than  the  greater,  which  is  impossible:  there* 
fore  the  straight  line  drawn  from  A  to  B  does  not  bll  without 
the  circle,  in  the  same  manner  it  may  be  demonstrated  that  it 
c^oes  not  fall  upon  the  circum£erence  ;  it  falls  therefore  within  it. 
Whereforet  if  any  t«-o  pointSi  kc.    Q.  E.  D» 


PROP.Al.     THEOR. 

IF  a  straight  line  draniii  throtigh  the  centre  of  a 
circle  bisect  a  strai|;ht  line  in  it  which  does  not  pass 
through  the  centre,  u  shall  cut  it  at  right  angles ;  and, 
if  it  cuts  it  at  right  angles^  it  shall  bisect  it. 

Let  ABC  be  a  circle ;  and  let  CD,  a  straight  line  drawn 
through  the  centre,  bisect  any  straight  line  AB»  which  does  not 
pass  through  the  centre,  in  the  ponit  F :  it  cuts  it  also  at  right 
angles. 

m  1 3.  Take  *  E  the  centre  of  the  circle,  and  jmn  EA,  EB.     Then, 

because  AF  is  equal  to  FB,  and  FE  common  to  the  two  tri- 
angles AFF^  BFE,  there  are  two  sides  in  the  one  equal  to  two 
sides  in  the  other,  and  the  base  EA  is  C 

equal  to  the  base  EB ;  therefore  the  angle 

k&L  AFE  is  equal  ^  to  the  angle  BFE:  but 
when  a  straight  line  standing  upon  ano- 
ther makes  the  adjacent  angles  equal  to 

c  la  def.  ^^^  another,  each  of  them  is  a  right «  an- 
1,  gle :  therefore  each  of  the  angles  AFE> 
BFE  is  a  right  angle;  wherefore  the 
straight  line  CD,  drawn  through  the  cen- 
tre bisecting  another  AB  that  does  not 
pass  through  the  centre,  cuts  the  sanie  at 
right  angles. 

But  let  CD  cut  AB  at  right  angles ;  CD  also  bisects  it,  that 
is,  AF  is  equal  to  FB. 

The  same  construction  being  madc«  because  EAj  EB  from 

^yi  the  centre  are  equal  to  one  anoiher,  the  angle  EAF  is  equal  * 
to  the  angrle  £BF ;  and  the  right  angle  AFE  is  equal  to  the 
right  angle  BFE;  therefore,  in  the  two  triangles  EAF,  EBF, 
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we  two  afigSes  in  one  equal  to  two  aneles  m  the  otheryBookUl. 

id  the  «de  EFy  which  is  opposite  to  one  ox  the  equal  angles  ^-'■^"■^ 
I  eachf  is  Anmnon  to  both ;  therefoce  the  other  sides  are  equal  ^ ;  e  26. 1.. 
JF  thmSDre  is  equal  to  FB.    Wherefore)  if  m  straight  line,  kc. 
t.  £.  D. 


PROP.  IV.    THEOR. 

IF  in  a  circle  two  str^ght  lines  cut  one  another 
iduch  do  not  both  pass  through  the  centre,  they  do 
D0t  bisect  each  other. 

Let  ABCD  be  a  circle,  and  AC,  BD  two  straight  lines  in  it 

irlBch  cut  one  another  in  the  point  £^  and  do  not  both  pass  through 

the  centre;  AC,  BD  do  not  bisect  one  another. 
For,  If  it  is  possible,  let  A£  be  equal  to  EC,   and  BE  to  ED : 

if  one  of  the  lines  pass  through  the  centre,  it  is  plain  that  it 

mBot  bebbected  by  the  other  which 

does  not  pass  through  the  centre:  but, 

if  oehher  of  them  pass  through  the 

aatrei  take*  Fthe centre  of  thecircle, 

sad  join  EF:    and  because  FE,  a 

ttiightliiMtlirou^h  the  centre,  bisects 

■odier    AC  which  does  not  pass 

Ihoagfa  the  centre,  it  shall  cut  it  at 

light  ^  angles;  whercfi3re  FEA  is  a 

i^angle :  again, because  the  straight 
ImFE  bisects  the  straight  line  BD  which  does  not  pass  through 
ie  centre,  it  shall  cut  it  at  right  ^  angles :  wherefore  FEB  is  a  right 
■lie:  and  FEA  was  shown  to  be  a  right  angle ;  therefore  FEA 
hc^oalto  the  angle  FEB,  the  less  to  the  greater,  which  is  ini* 
Mlrie :  therefore  AC,  BD  do  not  bisect  one  another.    Where- 

[iR^ifiDacircleyScc.    Q.  E.  D. 


a  1.1 


b3.1 


PftOP.  V.     THEOR. 

IF  two  circles  cut  one  another,  they  shall  not  have 
Jbe  same  centre. 


Let  the  two  circles  ABC,  CDG  cut  one  another  in  the  points 
its  they  have  not  Che  same  centre. 
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Booklll.     For,  if  it  be  ponible,  let  E  be  their  centre:  joiD 
*         ^  draw  any  straight  line  EFG  meet*  C   ^ 

ing  them  in  F  and  G ;  and  because 
£  is  the  centre  of  the  circle  ABC| 
CE  is  equal  to  £F:  again,  be- 
cause £  is  the  centre  of  the  circle 
CDG,  CE  is  equal  to  EG:  but 
CE  was  shown  to  be  equal  to  EF; 
therefore  EF  is  equal  to  EGt  the 
less  to  the  greater,  which  is  impoa- 
sible :  therefore  E  is  not  the  centre 
of  the  circles  ABC,  CDG.  Where- 
fore, if  two  circles,  fcc*    Q.  E.  D. 


PROP.VL    THEOR. 


IF  two  circles  touch  one  another  interfta%, 
shall  not  have  the  same  centre. 

Let  the  two  circles  ABC,  CDE  touch  one  another  intc 
in  the  point  C :  they  have  not  the  same  centre. 

For,  if  they  can,  let  it  be  F;  join  FC,  and  draw  any  st 
line  FEB  meeting  them  in  £  and  B ;  C 

and  because  F  is  the  centre  of  the 
cut:le  ABC,  CF  is  equal  to  FB; 
also,  because  F  is  the  centre  of  the 
circle  CDE,  CF  is  equal  to  FE  : 
and  CF  was  shown  equal  to  FB ; 
therefore  FE  b  equal  to  FB,  the  less 
to  the  greater,  which  b  impossible : 
wherefore  F  is  not  the  centre  of  the 
circles  ABC,  Ct)£.  Therefore,  if 
two  circles,  &c.    Q.  E.  D. 
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PROP.  VIL    THEOR. 


IF  any  point  be  taken  in  the  diameter  of  a  circle, 
which  is  not  the  centre,  of  all  the  straight  lines  which 
can  be  drawn  from  it  to  the  circumference,  the  greatest 
is  that  in  which  the  centre  is,  and  the  other  part  of 
that  diameter  is  the  least;  and,  of  any  others,  that 
which  is  nearer  to  the  line  which  passes  through  the 
centre  is  always  greater  than  one  'more  remote ;  and 
from  the  same  point  there  can  be  drawn  only  two 
straight  lines  that  are  equal  to  one  another,  one  upon 
each  side  of  the  shortest  line. 


Let  ABCD  be  a  circle,  and  AD  its  diactiQtcr,  in  ^vliich  let  any 
point  F  be  taken  which  is  not  the  centre ;  let  the  centre  be  E ; 
of  all  the  straight  lines  FB,  FC,  FG,  Sec.  that  6an  be  drawn  from 
F  to  the  ciixiimference,  FA  is  the  greatest,  and  FD,  the  othcx 
part  of  the  diameter  AD,  is  the  least:  and  of  the  others,  FB  is 
greater  than  FC,  and  FC  than  FG. 

Join  BE,  CE,  G£ ;  and  because  two  sides  of  a  triangle  arc 
greater*  than  the  third,  BE,  EF  are  greater  than  BF  ;  but  AE  a  20.  ?*. 
is  equal  to  £B;  therefore  AE,  EF, 
ditt  IS)  AF,  is  greater  than  BF: 
again,  because  BE  is  equal  to  CE, 
and  FE  cQmmon  to  the  triangles 
BEF,  CEF,  the  two  sides  BE,  EF 
are  equal  to  the  two  CE,  EE ;  but 
the  angle  BEF  is  greater  than  the 
angle  CEF ;  therefore  the  base  BF  is 
greater^  than  the  base  FC:  for  the 
.  same  reason,  CF  is  greater  than  GF : 
again,  because  GF,  FE  are  greater 
*  than    EG,    and    EG   is   equal   to 

ED ;  GF,  FE  are  greater  than  ED :  take  away  the  common 
part  FE,  and  the  Temainder  GF  is  greater  than  the  remainder 
FD:  therefore  FA  is  the  greatest,  and  FD  the  least  of  all  the 
straight  lines  from  F  to  the  circumference ;  and  BF  is  greater 
than  CF,  and  CF  than  GF. 

Also  there  can  be  drawn  only  two  equal  straight  lines  froip 
the  point  F  to  the  circumference)  one  upon  each  side  of  the 

K 
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Book  III.  shortest  line  FD:  at  the  point  E,  in  the  straight  line  £F,  make 
i-i.y— I  « the  angle  FEH  equal  to  the  angle  GEF,  and  join  Ftt :   then 
c23.  1.    hecause  GE  is  equal  to  EH>  and  EF  common  to  the  two  tri- 
angles GEF,  HEF ;  the  two  sides  GE,  EF  are  equal  to  the  two 
HE,  EF;  and  the  angle  GEF  is  equal  to  the  angle  HEF;  there* 
d  4. 1.      fore  the  base  FG  is  equal  *  to  the  base  FH :  but,  besides  FH,  no 
other  straight  line  can  be  drawn  from  F  to  the  circumference 
ec|ual  to  FG:    for,  if  there  can,  let  it  be  FK;    and  because 
FK  18  equal  to  FG,  and  FG  to  FH,  FK  is  equal  to  FH;  that  is, 
a  line  nearer  to^that  which  passes  through  the  centre,  is  equal  to 
one  which  is  more  remote ;  which  is  impossible.    Therefore,  if 
any  point  be  taken,  &c.    Q.  £•  D*  • 


» 


PROP-  VHL    THEOR. 


IF  any  point  be  taken  without  a  circle,  and  straight 
lines  be  drawn  from  it  to  the  circumference,  where- 
of  one  passes  through  the  centre,  of  those  which  fall 
upon  the  concave  circumference,  the  greatest  is  that 
which  passes  through  the  centre,  and,  of  the  rest,  that 
which  is  nearer  to  that  through  the  centre  is  always 
greater  than  the  more  remote  :  but  of  those  which  fell 
upon  the  convex  circumference,  the  least  is  that  be- 
tween the  point  without  the  circle  and  the  diameter ; 
and,  of  the  rest,  that  which  is  nearer  to  the  least  is 
always  less  than  the  more  remote :  and  only  two  equal 
straight  lines  can  be  drawn  from  the  point  unto  the 
circumference,  one  upon  each  side  of  the  least. 

Let  ABC  be  a  circle,  and  D  any  point  without  it,  from  which 
let  the  straight  lines  DA,  DE,  DF,  DC  be  drawn  to  the  cir- 
cumference, whereof  DA  passes  through  the  centre.  Of  those 
which  fail  upon  the  concave  part  of  the  circumference  AEFC, 
the  greatest  is  AD  which  pasj^es  through  the  centre ;  and  the 
nearer  to  it  is  always  greater  than  the  more  remote,  viz.  DE 
than  DF,  and  DF  than  DC ;  but  of  those  whicli  fall  upon  the 
4»DTex  circumference  HLKG,  the  least  is  DG  between  the 
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poiak  D  buH  the  diimeter  AG ;  and  the  nearer  to  it  is  always  Booklll. 
less  than  the  more  remote,  viz.  DK  than  DL,  and  DL  than  ^— ^"-^ 
DH. 

Take  »  M  the  centre  Af  the  circle  ABC,  and  join  ME,  MF,  "  1-  3- 
MC,  M£,  ML,  MH:    and  because  AM  is  equid  to  ME,  add     ' 
HD  t6  each,  therefore  AO  is  equal  to  EM,  MD  ;  but  LM,  MD 
tre  gnaVef  ■<  thati  ED ;   therefore  aho  AD  is  greater  than  ED  -.  b  20. 1. 
■gain,  because  ME  is  eqoal  t«  MP,  and  MD  common  lA  the 
trwnglea  £MD,  FMD;    EM.  MD  D 

are  equal  to  FM,  MD;  but  the 
angle  EMD  is  greater  than  the 
angle  FMU;  therefore  the  base 
ED  is  greater"  than  the  base  FD: 
in  like  manner  it  may  be  shown, 
that  FD  is  greater  than  CD  : 
therefore  DA  is  the  greatest :  and 
DE  greater  than  DF,  and  DF  than 
DC:  and  because  MK,  KD  are 
greater  6  than  MD,  and  MK  is 
equal  to  MG,  the  remainder  KD 
is  greater  ^  than  the  remainder 
GD,  that  is,  GD  is  less  than  KD : 
and  because  MK,  DK  are  drawn 
to  the  point  K  within  the  triangle 
MLD  from  M,  D,  the  extremi- 
ties o(  ita  side  MD  ;  MK,  KD  arc 
leaa  <  than  ML,  LD,  whereof  MK 
is  equal  to  ML ;  therefore  the  remainder  DK  is  less  than  the  re- 
nuindcr  DL:  in  like  manner  it  may  be  shown,  that  DL  is  less 
dum  DH  :  therefore  DG  is  the  least,  and  DK  less  than  DL,  and 
DLthan  DH:  also  there  can  be  drawn  only  two  equal  straight 
Imes  from  the  point  D  lo  the  circumference,  one  upon  each 
sid^of  the  least:  at  the  point  M,  in  the  straight  line  MD,  make 
the  angle  DMB  equal  to  the  angle  DMK,  and  join  DB:  and 
because  MK  is  equal  to  MB,  and  MD  common  to  the  triangles 
KMD,  BMD,  the  two  sides  KM,  MD  are  equal  to  the  two  BM, 
MD;  and  the  angle  KMD  is  equal  to  the  angle  BMD;  there- 
fore the  base  DK  is  equal  r  to  the  base  DU  :  but,  besides  DB,  f  *■  I\ 
there  can  be  no  straight  line  drawn  from  D  to  Ihc  circuniference 
equal  to  DK :  for,  if  (here  can,  let  it  be  DM ;  and  because  DK  is 
equal  to  DN,  and  also  to  DB ;  therefore  DB  is  equal  to  DN,  that 
is,  the  nearer  to  the  least  equal  lo  the  more  remote,  which  is 
ijapossihlc.     Tf,  therefore,  any  point*  he.    Q.  E.  D. 
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PROP.  IX.    THEOR. 


>»• 


IF  a  point  be  taken  within  a  circle,  from  which 
iall  more  than  two  equal  straight  lines  to  the  circumfe- 
rence, that  point  is  the  centre  of  the  circle. 

Let  the  point  D  be  taken  within  the  circle  ABC,  frotn 
which  to  the  ciixumference  there  fill  more  than  two  equal 
straip;ht  lines,  viz.  DA,  DB,  DC ;  the  point  D  is  the  centre  ot 

the  circle. 

Vovn  if  not,  let  E  be  the  centre, 
join  i)E,  and  produce  it  to  the  cir- 
cumference in  ]'\  G  i  then  FG  is 
a  (liamctcr  of  the  circle  ABC :  and 
because  in  FG,  the  diameter  of  the 
circle  AUC,  there  is  taken  the 
point  D  which  is  not  the  centre,  DG 
shall  l)c  the  p;reatest  line  from  it  to 
the  circumference,  and  DC  greater 
»  than  DB,  and  DB  than  DA  ;  but 
they  arc  likewise  equal,  which  is 

inj|X)ssil)k':  therefore  E  is  not  the  centre  of  the  circle  ABC:  in 
like  manner  it  may  be  demonstrated,  that  no  other  point  but  O 
ib  the  centre;  D  therefore  is  the  centre.  Wherefore,  if  a  point 
be  taken,  &c.     Q.  E.  D« 


PROP.  X.     THEOR- 

ONE  circumference  of  a  circk  cannot  cut  another 
in  more  than  t^vo  points. 

'  If  it  be  possible,  let  the  circumfe- 
rence I'AK  cut  the  circuni  fere  nee 
DEF  in  more  than  two  points,  viz.  ]j 
in  B.  G,  T;  take  the  centre  K  of  the 
circle  ABC,  and  join  KB,  KG,  KF; 
<lKU8e  within  the  circle  DEF 
taken    the    point'    K,    from 

)    the     ciKumference    DEF 

e    than    two    equal    strai^^ht 

I,  KG,  KFy  the  point  K  is' 
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ike  centre  of  tlie  circle  D£F:  but  K  is  also  the  centre  of  the  Booklll. 
isircle  ABC  ;  therefore  the  same  point  is  the  centre  of  two  cir-  ^  -y^ 
cles  that  cut  one  another,  which  is  impossible^*  -  Therefore  one  b  5. 3. 
circumference  of  a  circle  cannot  cut  another  in  more  than  two 
points.    Q.  £.  D. 


PROP.  XL    THEOR. 

IF  two  circles  touch  each  other  internally,  tte  straight 
fine  which  joins  their  centres  being  produced  shall  pass 
through  the  point  of  contact. 

Let  the  two  circles  ABC,  ADE  touch  each  other  internally 
in  the  point  A,  and  let  F  be  the  centre  of  the  circle  ABC,  and 
G  the  centre  of  the  circle  ADE :   the 
straif^ht  line   whi^h  joins  the  centres  .  A 

T,  G,  being  produced,  passes  through 
the  point  A* 

For,  if  not,  let  it  fall  otherwise,  if  pos- 
sible, as  FGDH,  and  join  AF,  AG: 
and  because  AG,  GF  are  greater  *  than 
FA,  that  is,  than  FH,  for  FA  is  equal  to 
FH,  both  being  from  the  same  centre ; 
take  away  the  common  part  FG ;  there- 
fore the  remainder  AG  is  greater  than 
the  remainder  GH :  but  AG  is  equal 
to  CD;  therefore  GD  is  greater  than  GH,  the  less  than  the 
greater,  which  is  impossible*  Therefore  the  straight  line  which 
joins  the  points  F,  G  cannot  fall  otherwise  than  upon  the  point 
A,  that  is,  it  must  pass  through  it.  Therefore,  if  two  circles, 
&c.    Q.  £•  D. 


a  sail 


PROP.  XIL    TUEOR. 

IF  two  circles  touch  each  other  externally,  the  straight 
line  which  joins  their  centres  shall  pass  through  the 
point  of  contact^ 

Let  the  two  circles  ABC,  ADE  touch  each  other  externally 
in  the  point  A ;  and  let  F  be  the  centre  of  the  circle  ABC,  and 
G  the  centre  of  ADE:  the  straight  line  which  joins  the  points 
F,  G  shall  pass  through  the  point  of  contact  A. 

For,  ff  noty  let  it  pass  other wrse,  if  possible j  as  FCOC.  ani 
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Bdoklll.  join  FA,  AG:  and  because  F  is  tbe  centre  of  the  circle  ABC, 
Uiy^  AF  is  equal  to  FC:  also,  ^.-~^  E 

because  G  b  the  centre  of 

tlie  circle  ADE,  AG  is 

equal  to  GD:    therefore 

FA,  AG  are  equal  to  FC, 

*DG;  wherefore  the  whole 

FG  is  greater  than  FA, 
a  20. 1.    AG :  but  it  is  also  less* ; 

which      is     impossible : 


\ 


therefore  the  straight  line  which  joins  the  points  F,  G  shall  not 
pass  otherwise  than  through  the  point  of  contact  A,  that  is,  It  must 
pass  through  it.    Therefore,  if  two  circles,  Sec.    Q.  E.  D. 


PROP.  XIII.    THEOR. 

SeeN.  ONE  circle  cannot  touch  another  in  more  points 
than  one,  wheth  r  it  touches  it  on  th  inside  or  out* 
side. 


For  if  it  be  possible,  let  the  circle  EBF  touch  the  circle  ABC 

in  .more  points  than  one,  and  first  on  the  inside,  in  the  points 

ulO.11.1.  Ij  D;  join  BD,  and  draW  »  GH  bisecting;:  ^D  at  right  angles: 

Therefore,  because  the  points  B,  D  are  ih  the  circumference  of 

H 


B 


^  2. 3.  ^ch  of  the  circles,  the  straight  line  BD  falls  within  each  *>  of 
ccor.  1.3.  them:  and  their  centres  are  «  in  the  straight  line  GH  which  bi- 
sects BD  at  right  angles ;  therefore  GH  passes  through  the  point 
of  contact^;  but  it  does  not  pass  through  it,  because  the  points 
B,  D  are  without  the  straight  line  GH,  which  is  absurd:  there- 
fore one  circle  cannot  touch  another  on  the  ii\side  in  more  points 
than  one. 


dll.S. 
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Nor  can  two  dreles  tcrach^  one  another  en  the  outside  in  Book  HI. 
more  than  one  point:   hr^  if  it  be  possiUef  let  t^e  circle  ACK 
touch  the  circle  ABC  in  the  points  A,  C,  and  join  AC:  there- 
fiare,  because  the  two  points  A,  C  are  in 
the  drcumfierence  of  the  circle  ACK,  the 
straight  line  AC  which  joins  them  shall 

&11  within  b  the  circle  ACK :  and  the  cir-  /  ^       b  2. 3< 

de  ACK  is  without  the  circle  ABC ;  and 
therefore  the  straight  line  AC  b  without 
this  last  circle ;  but^  because  the  points  A, 
C  are  in  the  circumference  of  the  circle 

ABC,  the  straight  line  AC  must  be  within^ 

the  same  circle,  which  is  absurd :  there- 

ibre  one  circle  cannot  touch  another  on 

the  outside  in  more  than  one  point:  and  it 

has  been  shown  that  they  cannot  touch  on 

the  inside  in  more  points  than  one.  There- 
fore one  circle,  &c«    Q«  £.  D. 

PROP.  XIV.    THEOR. 


EQUAL  straight  lines  in  a  circle  are.equally  distant 
from  the  centre ;  /»nd  those  which  are  equally  distani^ 
from  the  centre  are  equal  to  one  another. 

Let  the  straight  lines  AB,  CD,  in  the  circle  ABDC,  be  equal  to 
ooe  another :  they  are  equally  distant  from  the  centre. 

Take  E  the  centre  of  the  circle  ABDC,  and  from  it  draw  £F, 
EG  perpendiculars  to  AB,  CD :  then,  because  the  straight  line 
£F,  passing  through  the  centre,  cuts  the  straight  line  AB,  which 
does  not  pass  through  the  centre,  at  right 
angles,  it  also  oisects^it:  wherefore  AF 
IS  equal  to  FB,  and  AB  double  of  AF.  For 
the  same  reason,  CD  is  double  of  CG: 
and  AB  is  equal  to  CD ;  therefore  AF  is 
equal  to  CG:  and  because  A£  is  equal 
to  EC,  the  square  of  A£  is  equal  to  the 
square  of  EC ;  but  the  squares  of  AF,  FE 
are  equal  ^  to  the  square  of  AE,  because 
the  angle  AFE  b  a  right  angle ;  and,  for 
the  like  reason,  CD  is  double  of  CG: 
the  like  reason,  the  squares  of  EG,  GC  are  equal  to  the  square  of 
KC :  therefore  the  squares  of  AF,  FE  are  equal  to  the  squares  of 
CG,  GE,  of  which  the  square  of  AF  is  equal  to  tlie  square  of 
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Book  III'  CG,  because  AF  is  equal  to  CG ;  therefore  the  remaining  iquare 

y^^^-^r^  of  F£  18  equal  to  the  remaining  square  of  EG,  and  the  straight 

line  EF  is  therefore  equal  to  EG :  but  straight  lines  in  a  circle  are 

said  to  be  equally  distant  from  the  centre,  when  the  perpendiculars 

c  4.  dcf.  drawn  to  them  from  the  centre  are  equal* :  therefore  AB,  CD  are 

equ^ly  distant  from  the  centre. 

Next,  if  the  straight  lines  AB,  CD  be  equally  distant  from  the 
centre,  that  b,  if  F£  be  equal  to  EG,  AB  is  equal  to  CD :  fbry  the 
same  construction  being  made,  it  may,  as  before,  be  demoDstratedy 
that  AB  is  double  of  AF,  and  CD  double  of  CG,  and  that  thf 
squares  of  EF,  FA  are  equal  to  the  squax^s  of  EG,  GC ;  of  which 
the  square  of  FE  is  equal  to  the  square  of  EG,  because  FE  is 
equal  to  EG ;  therefore  the  remaining  square  of  AF  is  equal  to 
the  remaining  square  of  CG ;  and  the  straight  line  AF  is  there- 
fore equal  to  CG :  and  AB  is  double  of  AF,  and  CD  double  of  CG; 
wherefore  AB  is  equal  to  CD.  Therefore  equal  straight  lines^  &c. 
•Q.E.D. 


PROP.  XV.    THEOR. 


Sec  N.  THE  diameter  is  tlie  greatest  straight  line  in  a  circle ; 
and,  of  all  others,  that  which  is  nearer  to  the  centre  is 
always  greater  than  one  more  remote ;  and  tlie  greater 
is  nearer  to  the  centre  than  the  less. 


a  20.  1. 


Let  ABCD  be  a  circle,  of  which  the  A  B 

diameter  is  AD,  and  the  centre  £ ;  and 
let  BC  be  nearer  to  the  centre  than  FG ; 
AD  is  greater  than  any  straight  line  BC 
which  is  not  a  diameter,  and  BC  greater 
than  FG. 

From  the  cfcntre  draw  EH,  EK  per- 
pendiculars to  BC,  FG,  and  join  EB, 
EC,  EF;  and  because  AE  is  equal  to 
EB,  and  ED  to  EC,  AD  is  equal  to  EB, 
EC :  but  EB,  EC  are  greater  » than  BC ; 
wherefore  also  AD  is  greater  than  BC. 

And,  because  BC  i^  nearer  tb  the  centre  than  FG,  EH  is 
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leiB  ^  than  EK;^but»  as  was  demonstrated  in  the  preceding,  BC  Book  III. 
is  double  of  BH,  and  FG  double  of  FK,  and  the  squares  of  EH,  ^«j^^>o*^ 
HE  are  equal  the  squares  of  £K,  KF,  of  which  the  square  of  b  5.  def.  3. 
£H  is  less  than  the  square  of  £K,  because  £H  is  less  than  l^K; 
dierefore  the  square  of  BH  is  greater  than  the  square  of  FK, 
and  the  straight  line  BH  greater  than  FK;  and  therefore  BC  is 
greater  than  FG. 

Next,  let  BC  be  greater  than  FG;  BC  is  nearer  to  the  cen- 
tre than  FG,  that  is,  the  same  construction  beuig  made,  £H  is 
less  than  EK:  because  BC  is  greater  than  FA,  BH  likewise  is 
greater  than  KF:  and  the  squares  of  BH,  HE  are  equal  to  the 
squares  of  FK,  KE,  of  which  the  square  of  BH  is  greater  than 
the  square  of  FK,  because  BH  is  greater  than  FK;  therefore  the 
square'  of  EH  is  less  than  the  square  of  £K,  and  the  straight 
line  EH  less  than  EK.  Wherefore  the  diameter.  Sec.  Q.  E.  D. 


PROB.  XVI.  THEOR. 

THE  straight  line  drawn  at  right  angles  to  the  dia-  see  Note. 
meter  of  a  circle,  from  the^  extremity  of  it,  falls  with- 
out the  circle;  and  no  straight  line  can  be  dra\)m 
between. that  straight  line  and  9ie  circumference  from 
the  extremity,  so  as  not  to  cut  the  circle;  or,  which 
is  the  same  thing,  no  straight  line  can  make  so  great 
an  acute  angle  with  the  diameter  at  its  extremity,  or 
so  small  an  angle  with  the  straight  line  which  is  s^t 
right  angles  to  it,  as  not  to  cut  the  cifcle. 

Let  ABC  be  a  circle,  the  centre  of  which  is  D,  and  the  diame- 
ter AB;  the  straight  line  drawn  at  right  angles  to  AB  from  its 
extremity  A,  shall  fall  without  the  circle. 

For,  if  it  do  not,  let  it  fall,  if 
possible,  within  the  circle,  as  AC, 
and  draw  DC  to  the  point  C  where 
it  meets  the  circumference:  and 
because  DA  is  equal  to  DC,  the  B 
angle  DAC  is  equal  ^  to  the  angle 
ACD;  but  DAC  is  a  right  angle, 
therefore  ACD  is  a  right  angle, 
and  the  angles  DAC,  ACD  are 
therefore  equal  to  two  right  an- 
gles; which  is  impossible^:  therefore  the  straight  line  drawn  b  17. 1. 
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Book  IILfrom  A  at  right  angles  to  BA  does  not  fidl  within  the  circle: 

^^">^^i»^  in  the  same  manner,  it  maf  be  demonstratedi  that  it  does  not  bJl 
upon  the  circumference;  therefore  it  must  &U  without  the  circlei 
as  A£. 

And  between  the  straight  line  AE  and  the  circumference  no 
straight  line  can  be  drawn  from  the  point  A  which  does  not 
cut  the  circle:  fori  if  possible^  let  FA  be  between  themi  and 

c  12. 1.  from^  the  point  D  draw  ^  DG  perpendicular  to  FA»  and  let  it 
meet  the'' circumference  in  H:  and  because  AGD  is  a  right 

d  19. 1.  angle,  and  EAG  less  ^  than  a  right  angle:  DA  is  greater*^  than 
DG:  but  DA  is  equal  to  DH;    '  *" 

therefore  DH  is  greater  than  DG, 
the  less  than  the  greater,  which  is 
impossible:  therefore  no  straight 
line  can  be  drawn  from  the  point 
A  between  A£  and  the  circumfe- 
rence, which  does  not  cut  the  cir- 
cle; or,  which  amounts  to  the  same 
thing,  however  great  an  acute  an- 
gle a  straight  line  makes  with  the 
diameter  at  the  point  A,  or  how- 
ever small  an  angle  it  makes  with 
AE,  the  circumference  passes 
between  that  straight  line  and  the  perpendicular  AE.  ^  And  this 
^  is  all  that  is  to  be  understood,  when,^  in  the  Greek  text  and 
'  translations  from  it,  the  angle  of  the  semicircle  is  said  to  be 
^  greater  than  any  acute  rectilineal  angle,  and  the  remaining  an- 
^  gle  less  than  any  rectilineal  angle.' 

Cor.  From  this  it  is  manifest,  that  the  straight  line  which  is, 
drawn  at  nght  angltffe  to  the  diameter  of  a  circle  from  the  ex* 
tremity  of  it,  touches  the  circle;  and  that  it  touches  it  only  in 
one  point,  because,  if  it  did  meet  the  circle  in  two,  it  would 

e  2. 3.  fell  within  it  «.  *  Also  it  is  evident  that  there  can  be  but  one 
<  straight  line  which  touches  the  circle  in  the  same  point/ 


PROP.  XVII.  PROB. 


TO  draw  a  straight  line  from  a  given  point,  either 
without  or  in  the  circumference,  which  shall  touch  a 
given  circle. 

First,  Let  A  be  a  given  point  without  the  given  circle  BCD; 
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it  IB  required  to  draw  a  straight  line  from  A  which  shall  touch  Book  in. 
the  circle.  ^  v^^^v^>*/ 

Find  •  the  centre  E  of  the  circle,  and  join  AE;  and  from  the  a  1. 3. 
centre  Ey  at  the  distance  EA,  describe  the  circle  AFG;  from 
the  point  D  draw  ^  DF  at  right  angles  to  EA,  and  join  EBF,b  U.  1. 
AB.  AB  touches  the  drcle  BCD. 

Because  E  is  the  centre 
of  the  circles  BCD,  AFG, 
£A  is  equal  to  EF :  and 
ED  to  EB;  therefore  the  two 
aides  AE,  EB  are  equal  to 
the  two  FE,  ED,  and  they  G 
contain  the  angle  at  E  com* 
mon  to  the  two  triangles 
AEB,  FED;  therefore  the 
base  DF  is  equal  to  the  base 
AB,  and  the  triangle  FED 
to  the  triangle  AEB,  and  the  other  angles  tb  the  other  angles  ^i  c  4. 1. 
therefore  the  angle  EBA  is  equal  to  the  angle  EDF:  but  EDF 
is  a  right  angle,  wherefore  EBA  is  a  right  angle:  and  EB  is 
drawn  m>m  the  centre:  but  a  straight  line  drawn  from  the  ex- 
tremity of  a  diameter,  at  right  angles  to  it,  touches  the  circle  ^:  d  cof .  16.3. 
therefore  AB  touches  the  circle;  and  it  is  drawn  frt)m  the  given 
point  A.  Which  was  to  be  done. 

But,  if  the  given  point  be  in  the  circumference  of  the  circle, 
as  the  point  D,  draw  DE  to  the  centre  E  and  EF  at  right  angles 
to  DE;  DF  touches  the  circle  d. 


PROP.  XVni.  THEOR. 


IF  a  straight  line  touch  a  circle,  the  straight  line 
drawn  from  the  centre  to  the  point  of  contact,  shall  be 
perpendicular  to  the  line  touching  the  circle. 


Let  the  straight  line  DE  touch  the  circle  ABC  in  the  point 
C;  take  the  centre  F,  and  draw  the  straight  line  FC:  FC  is  per- 
pendicular to  DE. 

For,  if  it  be  not,  from  the  point  F  draw  FBG  perpendicular 
to  DE;  and  because  FOG  is  a  right  angle,  GCF  is  ^  an  acute  (,  ^7  i 
sngle;  and  to  the  greater  angle  the  greatest  c  side  is  opposite:  c  19. 1. 
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Book  IIL  therefore  FC  is  greater  than  FG; 
but  FC  is  equal  to  FB;  therefore 
FB  is  greater  than  FG,  the  less 
than  the  greater,  which  is  impos- 
sible ;  wherefore  FG  is  not  per- 
pendicular to  DE:  in  the  same  man- 
ner it  may  be  shown,  that  no  oth- 
er is  perpendicular  to  it  besides 
FC,  that  is  FC  is  perpendicular  to 
DE.  Therefore,  if  a  straight  line, 
&c.  Q.  E.  D. 


PROP.  XIX.  THEOR. 


aia3. 


IF  a  straight  line  touch  a  circle,  and  from  the 
point  of  contact  a  straight  line  be  drawn  at  right  an- 
gles to  the  touching  liite,  the  centre  of  the  pircle  shall 
be  in  that  line. 

L^t  the  straight  line  DE  touch  the  circle  ABC  in  C,  and  from 
C  let  C  A  be  drawn  at  right  angles  to  DE;  the  centre  of  the  cir- 
cle is  in  CA. 

For,  if  not,  let  F  be  the  centre,  if  possible,  and  j(un  CF: 
because  DE  touches    the   circle  A 

ABC,  and  FC  is  drawn  from  the 
centre  to  the  point  of  contact,  FC 
is  perpendicular*  to  DE;  tliere- 
fore  FCE  is  a  right  angle:  but  ACE 
is  also  a  right  angle  ;  therefore 
the  angle  FCE  is  equal  to  the  angle 
ACE,  the  less  to  the  greater, which 
is  impossible:  wherefore  F  is  not 
the  centre  of  the  circle  ABC:  in 
the  same  manner  it  may  be  shown,  jJ 
that  no  other  point  which  is  not  in 
CA,  is  the  centre;  that  is,  the  centre  is  in  CA.  Therefore)  if  a 
straight  line,  &c.  Q.  E.  D. 


PROP.  XX.  THEOR. 


See  Note.  THE  angle  at  the  centre  of  a  circle  is  double  of 
the  angle  at  the  circumference,  upon  the  same  base, 
that  is,  upon  the  same  part  of  the  circumference. 
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a  5. 1. 


b32.1. 


Let  ABC  be  a'  circle^  and  B£C  an  angle  at  the  centre,  and  Book  III. 
BAG  an  angle  at  the  circumference,  which  have  the  same  cir- 
cumference BC  for  their  base;  the  angle  A 
BEC  is  double  of  the  angle  BAG. 

First,  Let  £  the  centre  of  the  circle  be 
vithin  the  angle  BAG,  and  join  A£,  and 
produce  it  to  F:  because  EA  is  equal  to 
£B,  the  angle  £AB  is  equal »  to  the 
angle  £BA;  therefore  the  angles  £AB, 
£BA  are  doiible  of  the  angle  £AB;  but 
the  angle  B£F  is  equal  ^  to  the  angles  ^ 
£AB,  £B  A;  therefore  also  the  angle  B£F 

is  double  of  the  angle  £  AB:  for  the  same  F 

reison,  the  angle  F£G  is  double  of  the  angle  £AG:  therefore 

the  whole  angle  BEG  is  double  of  the  whole  angle  BAG. 
Again,  Let  £  the  centre  of  the  A 

circle  be  without  the  angle  BDG,  and 

join  DE  and  produce  it  to  G.  It 

may  be  demonstrated,  as  in  the  first 

case,  that  the  angle  G£G  is  double 

of  the  angle  GDG,  and  that  GEB  a 

part  of  the  first  is  double  of  GDB  a 

part  of  the  other;. therefore  the  re- 

mabing  angle  BEG  is  double  of  the 

remaining  angle  BDG.  Therefore 

the  angle  at  the  centre,  &c.  Q.  £.  D. 


PROP.  XXI.  THEOR. 


THE  angles  in  the  same  segment  of  a  circle  are  s^  Note, 
equal  to  one  another. 


Let  ABGD  be  a  circle,  and  BAD, 
BED  angles  in  the  same  segment 
BAED:  the  angles  BAD,  BED  are 
equal  to  one  another. 

Take  F  the  centre  of  the  circle 
ABGD:  and,  first,  jet  the  segment 
BAED  be  greater  than  a  simicircle, 
and  join  BF,  FD:  and  because  the 
angle  BFD  is  at  the  centre,  and  the 
vigle  BAD  at  the  circumference, 
and  that  they  have  the  aame  part  of 
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Book  III.  the  circumference,  viz.  BCD,  for  their  base;  therefore  the  an- 
gle BFD  is  double  '  of  the  angle  BAD:  for  the  same  reasoxit 
the  angle  BFD  is  double  of  the  angle  BED:  therefore  the  angle 
BAD  is  equal  to  the  angle  BED. 

But,  if  the  segment  B  AED  be  not  greater  than  a  seinicircle> 
let  BAD,  BED  be  angles  in  it;  these  *      " 

also  are  equal  to  one  another:  draw 
AF  to  the  centre,  and  produce  it  to 
C,  and  join  CE:  therefore  the  seg-  B 
ment  BADC  is  greater  than  a  semi- 
circle; and  the  angles  in  it  BAG, 
BEC  arc  equal,  by  the  first  case:  for 
the  same  reason,  because  CBED  is 
greater  than  a  semicircle,  the  angles 
CAD,  CED  are  equal:  therefoi*e  the 
whole   angle   BAD   is  equal   to  the 

whole  angle  BEID.  Wherefore  the  angles  in  the  same  aegmoitty 
&c.  Q.E.  D. 


PROP.  XXII.  THEOR. 


THE  opposite  angles  of  any  quadrilateral  figure  de- 
scribed in  a  circle,  are  together  equal  to  two  right 
angles. 

Let  ABCD  be  a  quadrilateral  figure   in  the  circle  ABCD; 

any  two  of  its  opposite  angles  are  together  equal  to  ti^o  right 

angles. 

Join  AC,  BD;  and  because  the  three  angles  of  every  tri- 
a  32. 1.      angle  are  equal  »  to  two  right  ^ngles,  the  three  angles  of  the 

triangle  CAB,  viz.  the  angles  CAB,  ABC,  BCA  are  equal  to 

two  right  angles:  but  the  angle  CAB  D 

b  21. 3.      is  equal  ^  to  the  angle  CDB,  because 

they  are  in  the  same  segment  BADC, 

and  the  angle  ACB  is  equal  to  the 

angle  ADB,  because  they  are  in  the 

same  segment  ADCB:  therefore  the  . 

whole  angle   ADC  is  equal  to  the 

angles  CAB,  ACB:  to  each  of  these 

equals  add  the  angle  ABC;  therefore 

the  angles  ABC,    CAB,  BCA    are 

equal  to  the  angles  ABC,  ADC:   but  ABC,  CAB,  BCA  are 

equal  to  two  right  angles;  therefore  also  the  angles  ABC,  ADC 

are  equal  to  two  right  angles:  in  the  same  manner>  the  angles 
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BAD,  DCB  may  be  shown  to  be  equal  to  two  right  angles.  BookUt 
Therefore  the  opposite  angles,  &c.  Q.  £.  D. 


PROP.  XXIIL  THEOR. 


UPON  the  same  straight  line,  and  upon  the  same  See  Kote. 
side  of  it,  there  cannot  be  two  similar  segments  of 
circles,  not  coinciding  with  one  another. 


If  it  be  pos^ble,  let  the  two  similar  segments  of  circles,  viz. 
ACB,  ABD  be  upon  the  same  side  of  the  same  straight  line 
AB,  not  coinciding  with  one  another:  then,  because  the  cir* 
de  ACB  cuts  the  circle  ADB  in  the  two 
points  A,  B,  they  cannot  cut  one  another  D 

many  other  point  •:  one  of  the  segments        >''^^>^'\*?.n        a  10. 3. 
most  therefore  faU  within  the  other;  let 
ACB  fall  within  ADB,  and  draw  the  straight 
fine  BCD,  and  join  CA,  DA:  and  because  __ 
the  segment  ACB  is  similar  to  the  segment  A  B 

ADB,  and  that  similar  segments  of  circles  contain^  equal  an-bll.def 
gles;  the  angle  ACB  is  equal  to  the  angle  ADB,  the  exterior  to 
the  interior,  which  is  impossible  *.  Therefore,  there  cannot  be  c  16. 1. 
two  linular  segments  of  a  circle  upon  the  same  side  of  the  same 
line,  which  do  not  coincide.  Q.  £.  D.    . 


PROP.  XXIV.  THEOR. 


SIMILAR  segments  of- circles  upon  equal  straight  Scc  Note, 
lines,  are  equal  to  one  another. 

Let  A£B,  CFD  be  similar  segments  of  circles  upon  the  equal 
straight  lines  AB,  CD;  the  segment  A£B  is  equal  to  the  seg« 
ncnt  CFD. 

For,  if  the  seg- 
moitAEBbeap- 
pfied  to  the  seg- 
neiit  CFD,  so  as 

the  point  A  be  on    

C^mdthestfaight    A  B        C  D 

line  AB  upon  CD,  the  point  B  s^all  coincide  with  the  point  D, 
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Book  III.  because  AB  is  equal  to  CD:  therefore  the  straight  line  AB  co- 

v^''^^^*^  inciding  with  CD,  the  segment  AEB  must  •  coincide  with  the 

fL  23. 3.      segment  CFD,  and  therefor^  is  equal  to  it.  Wherefore,  simiiw 

segments,  Sec.  Q.  £!  D.   ^ 


PROP.  XXV.  PROB.    - 

see  Note.      A  SEGMENT  of  a  circle  being  given,  to  describe 
the  circle  of  which  it  is  the  segment. 


a  10. 1. 
b  11. 1. 
c  6. 1. 


d9.3. 


Let  ABC  be  the  given  segment  of  a  circle;  it  is  required  to 
describe  the  circle  of  which  it  is  the  segment. 

Bisect  *  AC  in  D,  and  from  the  point  D  draw  *»  DB  at  right 
angles  to  AC,  and  join  AB:  first,  let  the  angles  ABD,  BAD, 
be  equal  to  one  another;  then  the  straight  fine  BD  is  equal « 
to  DA^  and  therefore  to  DC;  and  because  the  three  straight 
lines  DA,  DB,  DC,  are  all  equal;  D  is  the  centre  of  the  cir- 
cle ^:  from  the'  centre  D,  at  the  distance  of  any  of  the  three 
DA,  DB,  DC,  describe  a  circle;  this  shall  pass  through  the  other 
points;  and  the  circle  of  which  ABC  is  a  segment  is  described: 
and  because  the  centre  D  is  in  AC,  the  segment  ABC  is  a  se- 


micircle: but  if  the  angles  ABD,  BAD  are  not  equal  to  one 
e  23. 1.  another,  at  the  point  A,  in  the  straight  line  AB,  make  «  the  angle 
B  AE  equal  to  the  angle  ABD,  and  produce  BD,  if  necessary,  to 
£,  and  join  EC:  and  because  the  angle  ABE  is  equal  to  the  an- 
gle BAE,  the  straight  line  BE  is  equal  ^  to  EA:  and  because  AD 
is  equal  to  DC,  and  DE  common  to  the  triangles  ADE,  CDE, 
the  two  sides  AD,  DE  arc  equal  to  the  two  CD,  DE,  each  to 
each;  and  the  angle  ADE  is  equal  to  the  angle  CDE,  for  each 
f  4  1  of  them  is  a  right  angle;  therefore  the  base  AE  is  equal  ^  to 
the  base  EC:  but  AE  was  shown  to  be  equal  lo  EB,  where- 
fore also  BE  is  equal  to  EC:  and  the  three  straight  lines  A£ 
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EBy  EC  are  therefor^  equal  to  one  another;  wherefore  '  E  is  Book  III. 
the  centre  of  the  circle.  From  the  centre  £»  at  the  .distance  of^ 
any  of  the  three  AE,  EB,  EC,  describe  a  circle,  this  shall  pass  d  9. 3. 
through  the  other  points;  and  the  circle  of  which  ABC  is  a  seg- 
ment IS  described:  and  it  is  evident,  that  if  the  angle  ABD  be 
greater  than  the  angle  BAD,  the  centre  £  falls  without  the  seg- 
ment ABC,  which  therefore  is  less  than  a  semicircle:  but  if  the 
angle  ABD  be  less  than  BAD,  the  centre  E  falls  within  the  seg- 
ment A8C,  which  is  therefore  greater  than  a  semicircle:  where- 
fore a  segment  of  a  circle  being  given,  the  circle  is  described  of 
which  it  IS  a  segment.  Which  was  to  be  done. 


PROP.  XXVI.  THEOR. 

IN  equal  circles,  equal  angles  stand  upon  equal  cir- 
cumficrences,  whether  they  be  at  the  centres  or  circum- 
ferences. 

Let  ABC,  DKF  be  equal  circles,  and  the  equal  angles  BGC, 
£HF  at  their  centres,  and  BAC,  EDF  at  their  circumferences: 
the  circumference  BKC  is  equal  to  the  circumference  ELF. 

Join  BC,  EF;  and  because  the  circles  ABC,  DEF  are  equal, 
the  straight  lines  drawn  from  their  centres  are  equal:  there- 
fore the  two  sides  BG,  GC  are  equal  to  the  two  EH,  HF; 


D 


C  E 


and  the  angle  at  G  is  equal  to  the  angle  at  H;  therefore  the  base 

BC  is  equal  •  to  the  base  EF:  and  because  the  angle  at  A  is  equal  ^  4. 1. 

to  the  angle  at  D,  the  segment  BAC  is  similar »»  to  the  seg-bll.def.3. 

ment  EDF;  and  thev  arc  upon  equal  straight  lines  BC,  EF;  but 

umilar  segments  of  circles  upon  equal  straight  lines  are  equal 

•  to  one  another;  therefore  the  segment  BAC  is  equal  to  the  c  24. 3.. 

segment  EDF:  but  the  whole  circle  ABC  is  equal  to  the  whole 

M 
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Book  III.  DEF;  therefore  the  remaining^  segment  BKC  is  equal  to  the  rc- 
"^  "■"""'^  '  raaining  segment  ELF|  and  the  circumference  BKC  to  the  cir- 
cumference ELF.  Wherefore,  in  equal  circles,  Sec.  Q.  £.  D. 


a  ^.3. 


PROP.  XXVII.  THEOR. 

IN  equal  circles,  the  angles  which  stand  upon  equal 
circumferences  are  equal  to  one  another,  whether  uiejr 
be  at  the  centres  or  circumferences. 

Let  the  angles  BGC,  EHF  at  the  centres,  and  BAG,  EDF  at 
the  circumferences  of  the  equal  circles  ABC,  DEF  stand  upon 
the  equal  circumferences  BC,  EF:  the  angle  BGC  is  equal  to 
the  angle  EHF,  and  the  angle  BAG  to  the  angle  EDF. 

If  the  angle  BGC  be  equal  to  the  angle  EHF,  it  is  manifest 
*  that  the  angle  BAC  is  also  equal  to  EDF:  but,  if  notf  one  of 


them  is  the  greater:  let  BGC  be  the  greater,  and  at  the  point 
b  23.1.  G,  in  the  straight  line  BG,  make  ^  the  angle  BGK  eoual  to  the 
c  26. 3.  ^^^^  LHF;  but  equal  angles  stand  upon  equal  circumferences  «, 
when  ihey  are  at  the  centre;  therefore  the  circumference  BK  is 
equal  to  the  circumference  EF:  but  EF  is  equal  to  BC;  therefore 
also  BK  is  equal  to  BC,  the  less  to  the  greater,  which  is  impos- 
sible: therefore  the  angle  BGC  is  not  unequal  to  the  angle  EHF; 
that  is,  it'  is  equal  to  it:  and  the  angle  at  A  is  half  of  the  angle 
BGC,  and  the  angle  at  D  half  of  the  angle  EHF:  therefore  the 
angle  at  A  is  equal  to  the  angle  at  D.  Wherefore,  in  equal  cir- 
cles,  &c.  Q.  E.  D.  ^        i 


OF  EUCLID. 


.      PROP.  XXVIII.  THEOR. 

IN  equal  circles,  equal  straight^lines  cut  off  equal 
circumferences,  the  greater  equal  to  the  greater,  and 
the  less  to  the  less. 

Let  AfiC,  DEF  be  equal  circles,  and  BC,  EF  equal  straight 
lines  in  them,  which  cut  off  the  two  greater  circumferences 
BAC,  EDF,  and  the  two  less  BGC,  EHF;  the  greater  BAG 
it  equal  to  the  greater  EDF,  and  the  less  BGC  to  the  less  EHF. 

Take  »K,  L,  the  centres  oC  the  circles,  and  join  BK,  KC  al. 
£L,  LF:  and  because  the  circles  are  equal,  the  straight  lines 
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C       E 


G 
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from  their  centres  are  equal;  therefore  BK,  KC  are  equal  'to 
ELi  LF;  and  the  base  BC  is  equal  to  the  base  EF;  therefore 
the  angle  BKC  b  equal  ^  to  the  angle  ELF:  but  equal  angles  ^  ^.  1. 
itand  upon  equal  ^  circumferences,  when  they  are  at  the  cen-  c  36.  :i 
tres;  therefore  the  circumference  BGC  is  equal  to  the  circum- 
ference EHF.  But  the  whole  circle  ABC  is  equal  to  the  whole 
EDF;  the  remaining  part  therefore  of  the  circumference,  viz. 
BAG,  is  equal  to  the  remaining  part  EDF.  Therefore,  in  equal 
circles,  &c.  Q.  E.  D. 


PROP.  XXIX.  THEOR. 


IN  equal  circles  equal  circumferences  are  subtended 
by  equal  straight  lines. 

Let  ABC,  DEF  be  equal  circles,  and  let  the  circumferences 
BGC,  EHF  also  be  equal;  and  join  BC,  EF:  the  straight  Ki^ 
BC  b  equal  to  the  straight  line  EF. 
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B^J^^'  Take  •  K,  L,  the  centres  of  the  circles,  and  join  BK,  KC, 
^^"^^^^  EL,  LF:  and  because  the  circumference  BGC  is  equal  to  the 
a  1. 3. 

D 


C    E 


h  27. 3. 


C4.1. 


circumference  EHF,  the  angle  BKC  is  equal  ^  to  the  angle 
ELF:  and  because  the  circles  ABC,  DEF  are  equal,  the  straight 
lines  from  their  centres  are  equal:  therefore  BK^  KC  are  equal 
to  EL,  LF,  and  they  contain  equal  angles:  therefore  the  base 
BC  is  equal  ^  to  the  base  £F.  Therefore,  in  equal  circles^  &c. 
Q.  E.  D. 


PROP.  XXX.  PllOB. 

TO  bisect  a  given  circumference,  that  isy  to  divide 
it  into  two  equal  parts. 


Let  ADB  be  the  given  circumference;  it  is  required  to'bi- 

sect  it. 
II 10. 1.  Join  AB,  and  bisect*  it  in  C;  from  the  point  C  draw  CD 

at  rif^ht  angles  to  AB,  and  join  AD,  DB:  the  circumference 

ADB  is  bisected  in  the  point  D. 
Because  AC  is  equal  to  CBi  and  CD  common  to  the  triangles 

ACD,  BCD,  the  two  sides  AC,  CD 

are  equal  to  the  two  BC,  CD;   and  D    , 

the  angle  ACD  b  equal  to  the  angle 

BCD,  because  each  of  them  is  a  right 

angle;  therefore  the  base  AD  is  equal 
b  4. 1.        ^  to  the  base  BD:  but  equal  straight      A  C  B 

c28.  3.       lines  cut  off  equdl^  circumferences,  the  greater  equal  to  the 

greater,  and  the  less  to  the  less,  and  AD,  DB  are  each  of  them 
d  Cor.  1. 3,  less  than  a  semicircle;  because  DC  passes  through  the  centre^^: 

wherefore  the  circumference  AD  is  equal  to  the  circumference 

DB:  therefore  the  given  circumference  is  bisected  in  D.  Which 

was  to  be  done. 


pF  EUCLID. 


PROP.  XXXI.  THEOR. 
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IN  a  circle,  the  angle  in  a  semicircle  is  a  right  angle; 
but  the  angle  in  a  segment  greater  than  a  semicircle 
is  less  than  a  right  angle;  and  the  angle  in  a  segment 
less  than  a  semicircle  is  greater  than  a  right  angle. 


b  32. 1. 


Let  ABCD  be-  a  circle,  of  which  the  diameter  is  BC,  and 
centre  E;  and  draw  CA  cUviding  the  circle  into  the  segments 
ABC)  ADC,  and  join  BA,  AD,  DC;  the  angle  in  the  semicir- 
cle BAC  is  a  right  angle;  and  the  angle  in  the  segment  ABC, 
vUch  is  gi*eater  than  a  semicircle,  is  less  than  a  right  angle; 
and  the  angle  in  the  segment  ADC,  which  is  less  than  a  semi- 
circle, is  greater  than  a  right  »ngle. 

Join  A£,  and  produce    B  A   to  F;  and  because  BE  is  equal 
toEA,  the  angle  £AB  is  equal  •  to  £BA;  also,  because  AEaS.  i. 
11  equal  io  £C^  the  angle   EAC  is 
equal  to  ECA  ;  wherefore  the  whole 
ai^le  BAC  is  equal  to  the  two  angles 
ABC'ACB;  but  FAC,  the  exterior 
thglc  of  the  triangle  ABC,  is  equal »» 
to  the  two  ani^lcs  ABC,  ACB;  there- 
ftre  the  angle  0  AC  is  equal  to  the  an- 
gle FAC,  aiid  each  of  them  is  therefore 
a  right  «  angle:  wherefore  the  angle  B 
BAC  in  a  semicircle  is  a  right  angle. 
And  because  the  two  angles  ABC, 
BAC,  of  the  triangle   ABC  are  toge- 
ther less  '  than  two  right  angles,  and 

that  BAC  is  a  right  angle,  ABC  must  be  less  than  a  right  angle; 
and  therefore  the  angle  in  a  segment  ABC  greater  than  a  semi- 
circle, is  less  than  a  right  angle. 

And  because  ABCD  is  a  quadrilateral  figure  in  a  circle,  an^ 
two  of  its  opposite  angles  are  equal «  to  two  right  angles;  there- c  22.. >. 
ibre  (he  angles' ABC,  ADC  are  equal  to  two  right  angles;  and 
ABC  is  less  thion  a  right  angle;  wherefore  the  other  ADC  is 
g;itatcr  thnn  a  right  angle. 

Besides^  it  is  manifcHt,  that  the  circumference  of  the  greater 
segment  ABC  falls  without  the  right  angle  CAB^  but  the  circum- 
Imnce  of  the  less  segment  ADC  falls  within  the  right  angle 
CAF.  *  And  this  is  all  that  is  meant,  when  in  the  Greek  text. 


cl0.def.l. 


d  17.  1. 
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BookJII.  <  and  the  translations  from  it,  the  angle  of  the  greater  segment 
*  is  said  to  be  greater,  and  the  angle  of  the  less  segment  is  said  to 
<  be  less,  than  a  right  angle.* 

Cor.  From  this  it  is  manifest,  that  if  one  angle  of  a  triangle 
be  equal  to  the  other  two,  it  is  a  right  angle,  because  the  angle 
adjacent  to  it  is  equal  to  the  same  two;  and  when  the  adjacent 
angles  are  equal,  they  are  right  angles.  . 


PROP.  XXXII.  THEOR. 


aU.l. 


b  19.3. 
C31.3. 
d  32. 1. 


e22.3. 


IF  a  straight  line  touch  a  circle,  and  from  the 
point  of  contact  a  straight  line  be  drawn  cutting  the 
circle,  the  angles  made  by  this  line  with  the  line  touch- 
ing the  circle,  shall  be  equal  to  the  angles  which  are 
in  the  alternate  segments  of  the  circle. 

Let  the  straight  line  EF  touch  the  circle  ABCD  in  B,  and 
from  the  point  B  let  the  straight  line  BD  be  drawn,  cutting  the 
circle:  the  angles  which  DB  makes  with  the  touching  line  £F 
shall  be  equal  to  the  angles  in  the  alternate  segments  of  the 
circle:  thatas,  the  angle  FBD  is  equal  to  the  angle  which  is  in 
the  segment  DAB,  and  the  angle  DBE  to  the  angle  in  the  se^ 
ment  BCD. 

From  the  point  B  draw  *  BA  at  right  angles  to  EF,  and  take 
any  point  C  in  the  circumference  BD,  and  join  AD,  DC,  CB; 
and  because  the  straight  line  EF  touches  the  circle  ABCD  in 
the  point  B,  and  BA  is  drawn  at 
right  angles  to  the  touching  line 
from  the  point  of  ccmtact  B,  the 
centre  of  the  circle  is  ^  in  B  A; 
therefore  the  angle  ADB  in  a 
semicircle  is  a  rights  angle,  and 
consequently  the  other  two  an- 
gles BAD,  ABD  are  equal  ^  to 
a  right  angle:  but  ABF  is  like- 
wise a  right  angle;  therefore  the 
angle  ABF  is  equal  to  the  angles  E 
BAD,  ABD:  take  from  these 
equals  the  common  angle  ABD;  therefore  the  remaining  angle 
DBF  is  equal  to  the  angle  BAD,  which  is  in  ihe  alternate  seg- 
ment of  the  circle;  and  because  ABCD  is  a  quadrilaiend  figure 
h\  a  circle,  the  opposite  angles  BAD,  BCD  are  equal  «  to  two 
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Tight  angles;  therefore  the  angles  DBF,  DB£,  being  likewise  Book  UI. 
equal  f  to  two  right  angles,  are  equal  to  the  angles  BAD,  BCD; 
and  DBF  has  been  proved  equal  to  BAD:  therefore  the  remain- f  13. 1. 
ing  angle  DBE  is  equal  to  the  angle  BCD  in  the  alternate  seg- 
ment of  the  circle.  Wherefore,  if  a  straight  line,  &c.  Q.  E.  D. 


PROP.  XXXIII.  PROB. 


-    UPON  a  given  straight  line  to  describe  a  segment  See  Note. 
d  a  circle,  containing  an  angle  equal  to  a  given  rec- 
tilineal angle. 

Let  AB  be  the  given  straight  line,  and  the  angle  at  C  the 
9Tcn  rectilineal  angle;  it  is  required  to  describe  upon  the  given 
straight  line  AB  a  segment  of  a  circle,  containing  an  angle  equal 
to  the  angle  C. 

First,  Let  the  angle  at  C  be  a    

n^  angle,  and  bisect  ■  AB  in  F,    m  y^  ^^      a  10. 1. 

sod  from  the  centre  F,  at  the  dis- 
tawe  FB,  describe  the  semicir- 
cle AHB;  therefore  the  angle 
AHB  in  a  semicircle  is  ^  equal 
to  the  right  angle  at  C. 


BbSl.3. 


But,  if  the  angle  C  be  not  a  right  angle,  at  the  point  A,  in 
the  straight  line  AB,  make  "^  the  angle  BAD  equal  to  the  angle  c  23. 1. 
C,  and    from  the    point    A  H 

draw  d  AE  at  right  angles  to  ^ »*w  d  11. 1. 

AD;  bisect  *  AB  in  F,  and 

from  F   draw  ^  FGf  at   right 

angles  to  AB,  and  join  GB: 

and  because  AF  is  equal  to 

FB,  and  FG  common  to  the 

triangles    AFG,    BFG,    the 

two  sides  AF,  FG  are  equal 

to  the  two  BF,  FG;  and  the 

angle   AFG   is  equal  to  the 

angle    BFG;    therefore    the 

base  AG  is  equal  «  to  the  base  GB;  and  the  circle  described  e  4.  i. 

from  the  centre  G,  at  the  distance  GA,  shall  pass  through  the 

pobt   B;  let  this^be  the  circle  AHB:  and  because  from  the 

point  A  the  extremity  of  the  diameter  AE,  AD  is  drawn  at 
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Book  III.  rigrht  angles  to  A£,  therefore  AD  ^  touches  the  circle;  and  bc- 

Vi^"^*^^^^  cause  AB  drawn  from  the  point   c 

f  Cor.l6^.  of  contact  A  cuts  the  circle^  the 
angle  DAB  is  equal  to  the  angle 

g  32. 3.  in  the  alternate  segment  AHBs: 
but  the  angle  DAB  is  equal  to  the 
angle  C>  therefore  also  the  angle 
C  is  equal  to  the  angle  in  the  seg- 
ment AHB:  wherefore,  upon  the 
given  straight  line  AB  the  seg- 
ment AHB  of  a  circle  is  describ- 
ed which  contains  an  angle  equal  to  the  given  angle  at  C.  Which 
was  to  be  done. 


PROP.  XXXIV.  PROB. 


TO  cut  off  a  segment  from  a  given  circle  which 
shall  contain  an  angle  equal  to  a  given  rectilineal 
angle. 

Let  ABC  be  the  given  circle,  and  D  the  given  rectilineal  an- 
gle; it  is  required  to  cut  off  a  segment  from  the  circle  ABC 
that  shall  contain  an  angle  equal  to  the  given  angle  D. 

a  ir.  3.  Draw  •  the  straight  line  EF  touching  the  circle  ABC  uk  ikit 

point  B,  and  at  the  point  B, 
m    the    straight    line    BF> 

b23. 1.  make  ^  the  angle  FBC  equal 
to  the  angle  D;  therefore, 
because  Uie  straight  line 
EF  touches  the  circle  ABC, 
and  BC  is  drawn  from  the 
point  of  contact  B,  the  angle 

c  32. 3.  FBC  is  equal  ^  to  the  angle 
in  the  alternate  segment 
BAC  of  the  circle:  but  the 

angle  FBC  is  equal  to  thr  angle  D;  therefore  the  angle  in  the 
segment  BAC  is  equal  to  the  angle  D:  wherefore  the  segmeiit 
BAC  is  cut  off  from  the  given  circle  ABC  contsdning  an  angle 
equal  to  the  given  angle  D.  Which  was  to  be  done. 


OF  EUCLID. 


PROP.  XXXV-  THEOR. 


IF  two  straight  lines  within  a  circle  cut  one  ano-  sec  Note, 
ther,  the  rectangle  contained  by  the  segments  of  one 
of  them  is  equal  to  the  rectangle  contained  by  the 
segments  of  the  other. 

Let  the  two  straight  lines  AC,  BD,  within  the  circle  ABCD) 

cat  one  another  in  the  point  £:  the  rectangle  contained  by  AEt 

EC  is  equal  to  the  rectangle  contained  by 

SE,£p. 
If  AC)  BD  pass  each  of  them  through 

tlie  centre,  so  that  E  is  the  centre;  it  is 

Mdent,  that  AE,  EC,  BE,  ED,  being  all 

equal,  the  rectangle  AE,  EC  is  likewise 

equal  to  the  rectangle  BE,  ED. 
But  let  one  of  tl^m  BD  pass  through  the  centre,  and  cut  the 

other  AC,  which  does  not  pass  through  the  centre,  at  right  an- 
gles, in  the  point  E:  tiien,  if  BD  be  bisected  in  F,  F  b  the 

centre  oi  the  circle  ABCD;  join  AF:  and  because  BD,  which 

ptsses  through  the  centre,  cuts  the  straight  line  AC^  which 

does  not  pass  through  the  centre,  at 

right  angles  in  E,  AE,  EC  are  equal* 

to  one    another:   and    because    the 

Mnu^t  line  BD  is  cut  into  two  equal 

JNtfts  in  the  point  F,  and  into  two 

unequal  in  tlie  point  E,  the  rectangle 

BE,  ED  together  with  the  square  of 

£F,  is  equal  ^  to  the  square  of  FB; 

that  is,  to  the  square  of  FA;  but  the 

squares  of  AE,  EF  are  equal  ^  to  the 

square  of  FA;  therefore  the  rectan- 

^  BE,  ED,  together  with  the  square 

of  £F,  is  equal  to  the  squares  of  AE,  EF:  take  away  the  com- 

1B0D  square  of  EF,  and  the  remaining  rectangle  BE,  ED  is  equal 

to  the  remaining  square  of  AE;  that  is,  to  the  rectangle  AE, 

EC 

Next,  Let  BD,  which  passes  through  the  centre,  cut  the 
other,  AC,  which  does  not  pass  through  the  centre,  in  E,  but 
not  at  right  angles:  then,  as  bef:>re,  if  BD  be  bisected  in  F,  F 
b  the  centre  m  the  circle.  Join  AF,  and  from  F  draw  *  f  G  j  jo.  x, 

N 


D 


a  3.  3. 


b  5.  2. 


c  47.  1. 
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a  3.  3. 
b5.2. 


c4r.l. 


Book  lit  perpendicular  to  AC;  therefore  AG  is  equal  •  to  GC;  where- 
/  fore  the  rectangle  A£,  EC,  together  with  the  square  of  £G,  ii 

equal  ^  to  the  square  of  AG:  to  each  of  these  equals  ttdd  tlie 

square  of  GF;  therefore  the  rectangle  AE,  EC»  together  ynk^ 

the  squares  of  EG,  GF|  is  equal  to       jy 

the   squares  of  AG«  GF:  but  the 

squares  of  £G»  GF  are  equal «  to  the 
*  square  of  £F;  and  the  squares  of 

AG,  GF  are  equal  to  the  square  of 

AF:    therefore    the  rectangle   AE|  ^ 

EC)  together  with  the  square  of  EF,  . 

is  equal  to  the  square  of  AF;  that 

isy  to  the   square   of  FB:  but   the 

square  of  FB  is  equal  b  to  the  rectangle  BE,  ED,  together  nith 

the  square  of  EF:  therefore  the  rectangle  AE,  EC,  togeCber 
.  with  the  square  of  EF>  is  equal  to  the  rectangle  BE,  ED,  lOr 

gether  with  the  square  of  £F:  take  away  the  common  square  of 

EF,  and  the  remaining  rectangle  AE,  EC  is  there|bre  «qiial  to 

the  remaining  rectangle  BE,  tl). 
Lastly,  Let  neither  of  the  straight  tihes  AC,  BD  pass  tfammgh 

the  centre:  take  the  centre  F,  and 

through  E«  the  intersection  of  the 

straight  lines  AC,  DB,  draw  the 

diameter  GEFH:  and  because  the 

r 

rectangle  A£,  EC  is  equal,  as  has 

heeii  shovm,  to  the  rectangle  GE, 

EH;  and,  for  the  same  reason,  the 

rectangle  BE,  £D  is  equal  to  the 

same  rectangle  G£,  £H;  therefore 

the  rectangle  AE,  £C  is  equal  to 

the  rectangle  BE,  ED.  Wherefore,  if  two  straight  lines  flee.  Q. 

E.  D. 


PROP.  XXXVL  THEOR. 


IF  from  any  point  without  a  circle  two  straight 
be  drawn,  one  of  which  cuts  the  circle^  and  the  other 
touches  it;  the  rectangle  contained  by  the  whole  line 
which  cuts  the  circle,  and  the  part  of  it  without  the 
circle,  shall  be  equal  to  the  square  of  the  line  which 
touches  it. 
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Let  Dl  be  any  point  without  the  circle  ABC,  and  DCA,  DB  Book  III. 
two  straight  lines  drawn  from  it,  of  which  DCA  cuts  the  circle, "  — -*-■  ^ 
and  DB  touches  the  same:  the  rectangle  AD,  DC  is  equal  to  the 
square  of  DB. 

Either  DCA  passes  through  the  centre,  or  it  does  not;  first, 
let  it  pass  through  the  centre  E,  and  join  EB;  therefore  the 


D 


a  18. 


c.  47. 1 . 


angle  EBD  is  a  tight  *  angle:  and  be- 
cause the  straight  line  AC  is  bisected 
m  E,  and  produced  to  the  point  D,  the 
rectangle  AD,  DC,  together  with  the 

square  of  EC,  b  equal  *»  to  the  square  /  *      c  b  6.  2. 

of  ED,  and  CE  is  equal  to  £B:  there- 
fore the  rectangle  AD,  DC,  together 
with  the  square  of  EB,  is  equal  to  the 
square  of  ED:  but  the  square  of  ED  is 
equal  ^  to  the  squares  of  EB,  BDj  be- 
ctuse  EBD  is  a  right  angle:  therefore 
the  rectangle  AD,  DC,  together  with 
the  square  of  EB,  is  equal  to  the  squares 
of  EB,  BD:  take  away  the  common 
square  of  EB;-  therefore  the  remain- 
ing rectangle  AD,  DC  is  equal  to  the 
square  of  the  tangent  DB. 

But  if  DCA  do  not  pass  through  the  centre  of  the  circle 
ABC,  take  ^  the  centre  E,  and  draw  EF   perpendicular*    tod  1.3. 

AC,  and  join  EB,  EC,  ED:  and  because  the  straight  line  EF,e  12.  l. 
which  passes  through  the  centre,  cuts  the  stndght  line  AC, 
which  does  not  pass  through  the  centre,  D 

at  right  angles,  it  shall  likewise  bfsect  ^  A  f  3. 3. 

it ;  therefore  AF  is  equal  to  FC  :  and 
because  the  straight  line  AC  is  bisected 
inF,  and  produced  to  D,  the  rectangle 

AD,  DC,  together  with  the  square  of 
FC,  is  equal  ^  to  the  square  of  FD : 
to  each  of  these  equals  add  the  square 
of  FE;  therefore  the  rectangle  AD,  DC, 
together  with  the  squares  of  CF,  FE, 
is  equal  to  the  squares  of  DF,  FE  :  but 
the  square  of  ED  is  equal « to  the  squares 
of  DF,  FE,  because  EFD  is  a  right  an- 
^le;  and  the  square  of  EC  is  equal  to 
the  squares  of  CF,  FE;  therefore  the  rectangle  AD,  DC,  togetlier 
with  the  square  of  EC,  is  equal  to  the  square  of  ED:  and  CE  is 
equal  to  KB;  therefore  the  rectangle  AD,  DC,  together  with  the 
square  of  EB,  is  equal  to  the  square  of  ED:  but  the  squares  of 

£B,  BD  are  equal  to  the  square  ^  of  ED,  because  EBD  is  a  right  c  47. 1. 


\\ 
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l^^ekm.  ingle  ;.them&>re  tto  icctan^  AD,  DC,  tog#tli«r  irfth  ihe 
"^  ^square  of  EB,  is  equal  to  the  iquares  of  EB,  BD:  takiB  awiy  tht 

com^mon  square  of  £B;  therefore  the  remaining  rectaoBli  AS» 

DC  is  equal  to  the  square  of  DB.  Wherefore^  if  fiom  muf-ndt^ 

8CC.Q.E.D. 
^  Con.  If  from  anf  point  without  a 

circlef  there  be  drawn  two  straight 

lines  cutting  ity  as  AB,  AC,  the  rect* 

angles  contained  by  the  whok  linos 

and  the  parts  of  them  without  the 

circle,  are  equal  to  one  another,  tIs. 

the  rectangle  BA,  ^.C  to  the  rectan- 

^e  CA}  AF:  for  each  of  them  is 

equal  to  the  square  of  the  straight  line 

AD  which  touches  the  circle. 


PROP.  XXXVIL  THEOR. 

Sec  Note.  IF  from  a  point  without  a  circle  there  be  drawn 
two  straight  lines,  one  of  which  cuts  the  circle,  and 
the  other  meets  it;  if  the  rectangle  contained  by  the 
whole  line  which  cuts  the  circle,  and  the  part  c^  it 
without  the  circle  be  equal  to  the  square  of  the  line 
which  meets  it,  the  line  which  meets  shall  touch  the 
circle. 


a  ir.  3. 
b  18.  3. 


c  36.  3. 


Let  any  point  D  be  taken  without  the  circle  ABC,  and  from 
it  let  two  straight  lines  DCA  and  DB  be  drawn,  of  which  DCA 
cuts  the  circle,  &nd  DB  meets  it;  if  the  rectangle  AD,  DC  be 
equal  to  the  square  of  DB;  DB  touches  the  circle. 

Draw*  the  straight  line  DE  touching  the  circle  ABC,  find' 
its  centre  F,  ai)d  join  F£,  FB,  FD;  than  FED  is  a  right  ^  an- 
gle: and  because  DE  touches  the  circle  ABC,  and  DCA  cuts 
it,  the  rectangle  AD,  DC  is  equal «  to  the  square  of  DE:  but 
the  rectangle  AD,  DC  is,  by  hypothesis,  equal  io  the  square  of 
DB:  therefore  the  square  of  DE  is  equal  to  the  square  of  DB; 
and  the  straight  line  DE  equal  to  the  straight  line  DB;  and 
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F£  is  equil  to  FB,  wherefore  DE,  EF  an  equal  to  OB,  BFj  I 
■od  the  hue  FD  is  common  to  the  I> 

two  truDfcles  DEF,  DBF;  therefore 
Aengle  DEFisequal^  to  the  angle 
DBF;  but  DEF  ikarightaDgle,  there- 
lore  also  DBF  is  a  right  angle:  and 
FB,  if  produced,  is  a  diameter,  and  the 
straight  line  which  is  drawn  at  right 
angles  to  a  diameter,  from  the  extre- 
mity of  it,  touches  >  the  circle:  there- 
fore DB  touches  the  circle  ABC. 
Wherefore,  if  from  a  point,  kc.  Q. 
E.  D. 


■f 


»  . 
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BOOK  IV. 


DEFINITIONS. 


I. 

See  Note.  A  RECTILINEAL  figure  is  said  to  be  inscribed  in  another 

rectilineal  fipuret  when  all  the  angles  of  the  inscribed  figure  are 

upon  the  aides  <rf  the  figure  in  which  it  is 

'  inscribed}  each  upon  each. 

II. 
In  like  manner,  a  figure  is  said  to  be  described 
about  another  figure^  when  all  the  bides  of 
the  circumscribed  figure  pass  through  the  an- 
gular points  of  the  figure  about  which  it  is  described,  each 
trough  each. 

III. 

A  rectilineal  figure  is  said  to  be  inscribed 
in  a  circle,  when  all  the  angles  of  the  in- 
scribed figure  are  upon  the  circumference 
of  the  circle. 

IV. 

A  rectilineal  figure  is  said  to  be  described  about  a  circle,  when 
each   side  of  the    circumscribed    figure 
touches  the  circumference  of  the  circle. 

V. 
.    In  like  manner,  a  circle  is  said  to  be  inscrib- 
ed in  a  rectilineal  figure,  when  the  cir- 
cumference of  the  circle  touches  each  side 
of  the  figure. 
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VI. 
A  circle  is  said  to  be  described  about  a  rec- 
ttlineal  figuret*  wben  the  circumference  of 
the  .circle  Dasses  through  all  the  angular 
points  of  me  figure  about  which  it  is  de- 
scribed. 

VII. 

A  straight  line  is  said  to  be  placed  in  a  circle,  when  the  extre- 
mities of  it  are  in  the  circumference  of  the  circle. 


Book  IV. 


PROP.  I.  PROB. 


IN  a  given  circle  to  place  a  straight  line,"  equal  to 
a  given  strai^t  line  not  greater  than  the  diameter  of  * 
the  circle. 


Let  ABC  be  the  given  circle,  and  D  the  given  straight  line, 
not  greater  than  the  diameter  of  the  circle. 

Draw  BC  the  diameter  of  the  circle  ABC;  then,  if  BC  be 
equal  to  D,  the  thing  required  is  done;  for  in  the  circle  ABC 
a  straight  line  BC  is  placed  e- 
qual  to  D;  but,  if  it  be  not,  BC 
IB  gpreater  than  D;  make  C£ 
equal  *  to  D,  and  from  the  cen- 
tre C,  at  the  distance  CE,  de- 
scribe the  circle  A£F,  and  join 
CA:  therefore,  because  C  is 
the  centre  of  the  circle  AEF, 
CA  b  equal  to  CE;  but  D  is 
equal  to  CE;  therefore  D  is  e-  ^ 
qua]  to  CA:  wherefore,  in  the 
circle  ABC,  a  straight  line  is  placed  equal  to  the  given  straight 
line  D  which  is  not  greater  than  the  diameter  of  the  circle. 
Which  was  to  be  done. 


a  3.1. 


PROP.  II.  PROB. 


IN  a  given  circle  to  inscribe  a  triangle  equiangular 
to  a  given  triangle. 
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Book  IV.      Let  ABC  be  the  given  circle,  and  DEF  the  given  triangle;  it 
Vi^v^/  is  required  to  inscribe  in  the  circle  ABC  a  triangkt  equiangiilar 

to  the  triangle  DEF. 
k  o^'  \  Draw  *  the  straight  line  GAH  touching  the  circle  in-the  point 

^  ^'  ^  A,  and  at  the  point  A,  in  the  straight  line  AH,  make  ^  the  angle 
HAC  equal  to  the  angle  DEF;  and  at  the  point  A  in  the  etni^t 
line  AG,  make  the  an- 
gle GAB  equal  to  the  ^  ^^^"^^^^A 
angle  DFE,  and  join  D  ^ —  ytV-i^ 
BC:  therefore  because 
HAG  touches  the  cir- 
cle ABC,  and  AC  is 
drawn  from  the  point 
of  contact,  the  angle 
c  32. 3.  HAC  is  equal  «  to  the 
angle  ABQ  in  the  alter- 
nate segment  of  the  cir- 
cle: but  HAC  is  equal  to  the  »igle  DEF,  therefore  also  tke  aa- 
gle  ABC  is  equal  to  DEF;  for  the  same  reason,  the  angle  ACB 
is  equal  to  the  angle  DFE;  therefore  the  remaining  angle  BAG 
is  equal  ^  to  the  remaining  angle  EDF:  wherefore  the  triangle 
ABC  is  eqtuangular  to  the  triangle  DEF,  and  it  is  tnacribed  in 
the  circle  ABC.  Which  was  to  be  done. 


d  32. 1. 


PROP.  in.  PROB. 


ABOUT  a  given  circle  to  describe  a  triangle  equi- 
angular to  a  given  triangle. 

Let  ABC  be  the  given  circle,  and  DEF  the  given  tran^le;  k 
is  required  to  describe  a  triangle  about  the  circle  ABC  eqiiiiB»> 
guiar  to  the  triangle  DEF. 

Produce  EF  both  ways  to  the  points  O,  H,  and  find  tbe 
centre  K  of  the  circle  ABC,  and  from  itdraiw  any  stndgiht  Ikie 

A  23. 1.  KB;  at  the  point  K  in  the  straight  line  KB,  make  «  the  angle 
BKA  equal  to  the  angle  DEG,  and  the  angle  BKC  equal  to  the 
angle  DFH;  and  through  the  points  A,  B,  C  draw  the  straight 

h  ir.  3.  lines  LAM,  MBN,  NCL  touching  *  tlie  circle  ABC:  there- 
fore because  LM,  MN,  NL  touch  the  circle  ABC  in  the  points 
A,   B,  C,  to  which  from  the  centre  are  drawn  KA,  KB,  KC, 

c  18. 3.  the  tf^les  at  the  points  A,  B,  C  are  right  ^  angles:  and  be- 
cause the  four  angles  of  the  quadrilateral  figure  AMBK  are 
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equal  to  four  tight  angles,  for  it  can  be  divided  into  two  tri-BooklV. 

ailgles:  and  that  two  of  them  KAM>  KBM  are  right  angles,  the 

other  two    AKB,  L 

AMB  are  equal  to  • 
two  ri^ht  angles: 
bnt     the     angles 

DEG,    DEF   are  i^ ^  C 

likewise  equal  *  to     4 
two  right  angles; 


D 


dUL 


H 


therefore  the  an- 
gles AKB,  AMB 
are  equal  to  the 
angles  DEG,DEF 
of  which  AKB  is    M  B  N 

equal  to  DEG;  wherefore  the  remaining  angle  AMB  is  equal 
|o  the  remaining  angle  DFE:  in  like  manner,  the  angle  LNM 
may  be  demonstrated  to  be  equal  to  DFE;  and  therefoife  the 
remaining  angle  MLN  is  equal  ^  to  the  remaining  angle  EDF:  ^  32  x 
wherefore  the  triangle  LMN  is  equiangular  to  the  triangle 
DEF:  and  it  is  described  about  the  circle  ABC.  Which  was  to 
be  done. 


PROP.  IV.  PROB. 


TO  inscribe  a  circle  in  a  given  triangle- 


See  Note. 


A 


Let  the  given  triangle  be  ABC;  it  is  required  to  inscribe  a 
circle  in  ABC.  / 

Bisect  •  the  angles  ABC,  BCA  by  the  straight  lines  BD,  CD  a  9. 1. 
meeting  one  another  in  the  point  D,  from  which  draw  »»  DE,bl2.^. 
DF,  DG  perpendiculars  to  AB, 

BC,  CA:  and  because  the  angle 
EBD  is  equal  to  the  angle  FBD, 
for  the  angle  ABC,  is  bisected  by 

BD,  and  that  the  right  angle 
BED  is  equal  to  the  right  angle 
BFD,  the  two  triangles  EBD, 
FBD  have  two  angles  of  the  one 
equal  to  two  angles  of  the  other, 
and  the  side  BD,  which  is  oppo- 
site to  one  of  the  equal  angles  in 
ettch,  is  common  to  both;  there- 
fore their  other  sides  shall  be  e- 

O 


1» 
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Bo6fcIV. 


cS6. 1. 


d.  16.  3. 


qual  «;  wherefore  DE  is  equal  to  DFt  fbr  the  same  reaaoiH 
DG  18  equal  to  DF;  therefore  the  three  straig^ht  linea  DE,  DF, 
DG  are  equal  to  one  another,  and  the  ciixle  described  from  the 
centre  D,  at  the  distance  of  any  of  them,  shall  pass  through  the 
extremities  of  the  other  two,  and  touch  the  straight  lines  ABf 
BC,  CA,  because  the  angles  at  the  poinu  E,  F,  G  are  ri^ 
atigles,  and  the  straight  line  which  is  drawn  from  the  extremity 
of  a  diameter  at  right  angles  to  it,  touches  ^  the  circle:  there* 
fore  the  straight  lines  AB,  BC,  CA  do  each  of  them  touch  the 
circle,  and  the  circle  EFG  is  inscribed  in  the  triangle  ABC. 
Which  was  to  be  done. 


PROP.  V.  PROB. 


Ste  Note. 


TO  describe  a  circle  about  a  given  triangle. 


alO.  1. 
b  11. 1. 


Let  the  given  triangle  be  ABC;  it  is  required  to  describe  a 
circle  about  ABC. 

Bisect  *  AB,  AC  in  the  points  D,  E,  and  from  these  points 
draw  DF,  EF  at  right  angles  ^  to  AB,  AC;  DF,  EF  produced 


B 


C  B 


c4. 1. 


meet  one  another:  for,  if  they  do  not  meet,  they  are  parallel, 
wherefore  AB,  AC,  which  are  at  right  angles  to  them,  are  pa- 
rallel, which  is  absurd:  let  them  meet  in  F,  and  join  FA;  also',  if 
the  point  F  be  not  in  BC,  join  BF,  CF:  then,  because  AD  is  equal 
to  DB,  and  DF  common,  and  at  right  angles  to  AB,  the  base 
AF  is  equal  ^  to  the  base  FB:  in  like  manner,  it  may  be  shown, 
that  CF  is  equal  to  FA;  and  therefore  BF  is  equal  to  FC;  and 
FA,  FB,  FC  are  equal  to  one  another;  wherefore  the  circle  de- 
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scribed  from  the  centre  F,  at  the  distance  of  one  of  them,  shall  ^^^  IV* 
pass  through  the  extremities  of  the  other  two,  and  be  described 
aboot  the  triangle  ABC.  Which  was  to  be  done. 

Con.  And  it  is  manifest,  that  when  the  centre  of  the  circle 
fiJls  within  the  triangle,  each  of  its  angles  is  less  than  a  right  an- 
gle, each  of  them  being  in  a  segment  greater  than  a  semicircle; 
hot,  when  the  centre  is  in  one  of  the  sides  of  the  triangle,  thfi 
angle  opposite  to  this  side,  being  in  a  semicircle,  is  a  right  angle; 
and,  if  the  centre  falls  without  the  triangle,  the  angle  opposite 
to  the  side  bejrond  which  it  is,  being  in  a  segment  less  than  a 
semicircle,  is  greater  than  a  right  angle:  wherefore,  if  the  given 
triangle  be  acute  angled,  the  centre  of  the  circle  fklls  within  it; 
if  it  be  a  right  angled  triangle,  the  centre  is  in  the  side  opposite 
to  the  right  angle;  and,  if  it  be  an  obtuse  angled  triangle,  the 
centre  fiiSs  without  the  triangle,  beyond  the  side  opposite  to  the 
obtuse  angle. 


PROP.  VI.  PROB. 


TO  inscribe  a  square  in  a  given  circle. 

Let  ABCD  be  the  given  circle;  it  is  required  to  inscribe  ^ 
square  in  ABCD. 

Draw  the  diameters  AC,  BD  at  right  angles  to  one  another; 
and  join  AB,  BC,  CD,  DA;  because  BE  is  equal  to  £D,  for 
£  is  the  centre,  and  that  £  A  is  com-  A 

moo,  and  at  right  angles  to  BD;  the 

baae  BA  U  equal*  to  the  base  AD;  /^  /       \  \         a4. 1. 

and*  for  the  same  reason,  BC,  CD 
are  each  of  them  equal  to  BA  or 
AD;  therefore  the  quadrilateral  fi- 
gure ABCD  is  equilateral.  It  is  al- 
so rectangular;  for  the  straight  line 
BD,  being  the  diameter  of  the  circle 
ABCD,  BAD  is  a  semicircle;  where- 
fore the  angle  BAD  is  a  right  ^  angle;  for  the  same  reason  each  b  31.^ 
of  the  angles  ABC,  BCD,  CD  A  is  a  right  angle;  therefore  the  v 
quadrilateral  figure  ABCD  is  rectangular,  and  it  has  been  shown 
to  be  equilateral;  therefore  it  is  a  square;  and  it  is  inscribed  in 
the  circle  ABCD.  Which  was  to  be  done. 


D 
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6  38.1. 


d  34. 1. 


PROP.  VII.  PROB. 

TO  describe  a  square  about  a  given  circle* 

Let  ABCD  be  the  given  circle;  it  is  required  to  describe  a 
square  about  it. 

Draw  two  diameters  AC,  BD  of  the  circle  ABCD,  at,  right 
angles  to  one  another,  and  through  the  poinu  A,  fi,  Cy  D 
draw »  FG,  GH,  HK,  KF  touching  the  circle;  and  because 
FG  touches  the  circle  ABCD,  and  E  A  is  drawn  from  the.  ceajbre 
£  to  the  point  of  contact  A,  the  angles 'at  A  are  right  ^  ani^ei;. 
for  the  same  reascm,  the  angles  at  the  pcunts  B,  C,  D  are  f^j^t 
ah^les;  and  because  the  angle  A£B  is        G  .  ^  -,         ^ 

a  nght  angle,  as  likewise  is  EBG,  GH  '  ^^  •'"■■'^ 
is  parallel  ^  to  AC;  for  the  same  rea- 
son, AC  is  parallel  to  FK,  and  in  like 
manner  GF,  HK  may  each  of  them  be 
demonstrated  to  be  parallel  to  BED; 
therefore  the  figures  GK,  GC,  AK, 
lFB,  BK  are  parallelograms;  and  GF 
is  therefore  equal  ^  to  HK,  and  GH 
to  FK;  and  because  AC  is  equal  to 
BD,  and  that  AC  is  equal  to  each  of  the  two  GH,  FK;  and  BD 
to  each  of  the  two  GF,  HK:  GH,  FK  are  each  of  them  equal 
to  GF  or  HK;  therefore  the  quadrilateral  figure  FGHK  is  equi- 
lateral. It  is  also  rectangular;  for  GBEA  being  a  parallelogram, 
and  AEB  a  right  angle,  AGB  ^  is  likewise  a  right  angle:  in  the 
same  manner,  it  may  be  shown  that  the  angles  at  H,  K,  F  are 
light  angles;  therefore  the  quadrilateral  figure  FGHK  is  rect* 
angular,  and  it  was  demonstrated  to  be  equilateral;  therefore  it 
is  a  square;  and  it  is  described  about  the  circle  ABCD.  WMch 
was  to  be  done. 


PROP.  VHL  PROB. 


a  10. 1. 
b  31. 1. 


TO  incribe  a  circle  in  a  given  square. 

"  Let  ABCD  be  the  given  square;  it  is  required  to  inscribe  a 
circle  in  ABCD. 

Bisect  *  each  of  the  sides  AB,  AD,  in  the  points  F,  E,  and 
through  E  draw  ^  EH  parallel  to.AB  or  DC,  and  through  F 
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draw  FK  parallel  to  AD  or*BC;  therefore  each  of  the  figures  AK,  Book  IV. 
KB,  AH,  HD,  AG,  GC,  BG,  GD  is  a  parallelogram,  and  their  s>^^>rsmt 
opposite  sides  are  equal<;  and  because  AD  is  equal  to  AB,  and  c  34. 1. 
that  A£  is  the  half  of  AD,  and  AF  the  half  of  AB,  A£  is  equal 
to  AF;  wherefore  the    sides  opposite    A  ,  £  D 

to  these  are  equal,  viz.  FG  to  GE;  in 
the  same  manner,  it  may  be  demon- 
strated that  GH,  GK  are  each  of  them 
equal  to  FG  or  GE;  thei'efore  the  four 
suidght  lines  GE,  GF,  GH,  GK,  are  F 
equal  to  one  another;  and  the  circle  de- 
scribed from  the  centre  G,  at  the  dis- 
tance of  one  of  them,  shall  pass  through 
the  extremities  of  the  other  three,  and 
touch  the  straight  lines  "AB,  BC,  CD, 

DA;  because  the  angles  at  the  points  E,  F,  H,  K  are  right^  an-d29. 1. 
glcs,  and  that  the  straight  line  which  is  drawn  from  the  extremity 
of  a  diameter,,  at  right  angles  to  it,  touches  the  cii*cle«;  therefore  e  16. 3: 
each  of  the  straig:ht  lines  AB,  BC,  CD,  DA  touches  the  circle, 
which  therefore  is  inscribed  in  the  square  ABCD.  Which  was 
to  be  done. 


m 
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PROP.  IX.  PROB. 


TO  describe  a  circle  about  a  given  square. 

Let  ABCD  be  the  given  square;  it  is  required  to  describe  a 

cincle  about  it. 
Join  AC,  BD  cutting  one  another  in  E;  and  because  DA  is 

equal  to  AB,  and  AC  common  to  the  triangles  DAC,  BAC, 

the  two  sides  DA,  AC  are  equal  to  the 

two  BA,  AC;  and  the  base  DC  is  equal 

to  the  base  BC;  wherefore   the  angle 

DAC  is  equal*  to  the  angle  BAC,  and 

the  angle  DAB  is  bisected  by  the  straight 

line  AC:  in  the  same  manner,  it  may  be 

demonstrated  that  the  angles  ABC, BCD, 

CD  A  are  severally  bisected  by  the  straight   ^ 

lines  BD,  AC;   therefore,   because  the 

angle  DAB /is  equal  to  the  angle  ABC,  and  that  the  angle 

£AB  is  the  half  of  DAB,  and  EBA  the   half  of  ABC;  the 

angle  EAB  is  equal  to  the  angle  EBA;  wherefore  the  side 

&A  is  equal^  to  the  side  EB:  in  the  same,  manner,  it  may  be  b  6.  i 
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Book  IV.  demonstrated  that  the  straight  lines  EC,  ED  are  each  of  them 
equal  to  EA  or  EB;  therefore  the  four  straight  lines  EAf  EBi 
EC9  ED  are  equal  to  one  another;  and  the  circle  described  from 
the  centre  E9  at  the  distance  of  one  of  them^  shall  pass  through 
the  extremities  of  the  other  three,  and  be  described  about  the 
square  ABCD.  Wluch  was  to  be  done. 


PROP.  X.  PROB. 


•  11.2. 

I1I.4. 
v  5.  4. 


•a  37. 3. 


e  32.  3. 


32.1. 


TO  describe  an  isosceles  triangle,  having  each  of 
the  angles  at  the  base  double  of  the  third  angle*  * 

Take  any  straight  line  AB,  and  divide  *  it  in  the  point  C,  so 
that  the  rectangle  AB,  BC  be  equal  to  the  square  of  CA;  and 
from  the  centre  A,  at  the  distance  AB,  describe  the  circle  BDE, 
in  which  place  ^  the  straight  line  BD  equal  to  AC,  which  is  not 
greater  than  the  diameter  of  the  circle  BDE;  join  DA,  DC,  and 
about  the  triangle  ADC  describe  c  the  circle  ACD;  the  triangle 
ABD  is  such  as  is  required,  that  is,  each  of  the  angles  ABD, 
ADB  is  double  of  the  angle  BAD. 

Because  the  rectangle  AB,  BC  is  equal  to  the  square  of  AC, 
and  that  AC  is  equal  to  BD,  the  rectangle  AB,  BC  is  equal  to 
the  square  of  BD;  and  because  E 

from  the  point  B  without  the 
circle  ACD,  two  straight  lines 
BCA,  BD  ai*e  drawn  to  the  cir- 
cumference, one  of  which  cuts, 
and  the  other  meets  the  circle, 
and  that  the  rectangle  AB,  BC 
contained  by  the  whole  of  the 
•cutting  line,  and  the  part  of  it 
without  the  circle  is  equal  to  the 
square  of  BD  which  meets  it; 
the  straight  line  BD  touches  <* 
the  circJ.*  ACD ;  '  and  because 
BD  touches  the  circle,  and  DC 
is  drawn  from  the  point  of  con- 
tact D,  the  angle  BDC  is  equal  c  to  the  angle  DAC  in  the 
alternate  segment  of  the  circle;  to  each  of  these  add  the  angle 
CDA;  therefore  the  whole  angle  BDA  is  equal  to  the  two 
angles  CDA,  DAC;  but  the  exterior  angle  BCD  is  equal  ^to 
the  angles  CDA,  DAC;  therefore  also  BDA  is  equal  to  BCD; 
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but  BDAis  equals  to  the  angle  CBD,  because  th'e  wde  AD  Book IV. 
18  equal  to  the  side  AB;  therefore  CBD,  or  DBA  is  equal  to  ^^^^"^"^^^ 
BCD;  and  consequently  the  three  angles  BDA,  DBA,  BCDIT^*^- 
are  equal  to  one  another;  and  because  the  angle  DBC  is  equal 
to  the  angle  BCD,  the  side  BD  is  equal  ^  to  the  side  DC;  but  h  6. 1. 
BD  was  made  equal  to  CA;  therefore  also  CA  is  equal  to  CD^ 
and  the  angle  CDA  equal  s  to  the  angle  DAC;  therefore  the 
angles  CDA,  DAC  together,  are  double  of  the  angle  DAC: 
but  BCD  is  equal  to  Uie  angles  CDA,  DAC;  therefore  also 
BCD  is   double  of  DAC,  and  BCD  is  equal  to  each  of  the 
angles  BDA,  DBA;  each  therefore  of  the  angles  BDA,  DBA 
is  double  of  the  angle  DAB;  wherefore  an  isosceles  triangle 
ABD  is  described,  having  each  of  the  angles  at  the  base  double 
of  the  third  angle.  Which  was  to  be  done. 


PROP.  XI.  PROB. 


TO  inscribe  an  equilateral  and  equiangular  penta- 
gon in  a  given  circle. 

Let  ABCDE  be  the  given  circle;  it  is  required  to  inscribe  an 
equilateral  and  equiangular  pentagon  in  the  circle  ABCDG. 

Describe  »  an  isosceles  triangle  FGH,  having  each  of  the  a  10. 4i 
angles  at  G,  H,  double  of  the  angle  at  F;  and  in  the  circle 
ABCDE  inscribe  *>  the  triangle  ACD  equiangular  to  the  tri-bS.*. 
angle  FGH,  so  that  the  angle  A 

CAD  be  equal  to  the  angle 
at  F9  and  each  of  the  angles 
ACD,  CDA  equal  to  the  an- 
^  at  G  or  H;  wherefore  each 
of  the  angles  ACD,  CDA  is 
double  of  the  angle  CAD.  Bi- 
sect «  the  angles  ACD,  CDA 
by  the  straight  lines  C£,  DB; 
and  join  AB,  BC,  D£,  £A. 
ABODE  is  the  pentagon  re-^ 
quired. 

Because  each  of  the  angles  ACD,  CDA  is  double  of  CAD, 
and  are  bisected  by  the  straight  lines  CE,  DB,  the  five  angles 
DAC,  ACE,  ECD,  CDB,  BDA  are  equal  to  one  another;  but 
•qua]  angles  stand  upon  equal  ^  circumferences;  therefore  the  d  26.  3. 
tve  ciiconifeiences  AB,  BC,  CD,  D£,  EA  are  equal  to  one 
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1^*  tnother:  and  equal  circumferences  are  tub^^nded  bf  «qaaL* 
*^^  straight  lines;  therefore  the  fire  straight  lines  AB|  BGyCEIb 

e39. 3.  D£y  £A  are  equal  to  one  another.  Wherefore  the  peDtagSfi 
.  ABODE  is  equilateral  It  is  also  equiangular;  because  tlM  div 
cumference  AB  is  equal  to  the  circumference  DE:  if  to  eidi  be 
added  BCD,  the  whole  ABCD  is  equal  tothe\dM^^>OAi 
antl  the  angle  AED  stands  on  the  circumference  ABCD^uii 
the  angle  BAE  on  the  circumference  EDCB;.  therefore  tbe 

f  27. 3.  angle  BAE  is  equal  ^  to  the  af^gle  AED:  for  the  same  reemii 
each  of  the  angles  ABC,  BCD,  CDE  is  equal  to  the  an|^e  BAfii 
or  AED:  therefore  the  pentagon  ABCDE  is  eouianp;ukur;  and  Jt 
has  been  shown  that  it  is  equilateral.  Wherelore,  m  the  giJiB 
circle,  an  equilateral  and  equiangular  pentagon  haa  bJMil^r 
scribed.  Which  was  to  be  done.  ^ .  v a 


PROP.  XI L  PROB. 


TO  describe  aii  equilateral  and  equiangular  penta- 
gon Aout  a  given  circle. 


Let  XbCDE  be  the  given  circle;  it  is  required  to  describe  an 

equilateral  and  equiangular  pentagon  about  the  circle  ABODE* 

Let  the  angles  of  a  pentagon,  inscribed  in  a  circle,  by  the 

last  proposition,  be  in  the  points  A,  B,  C,  D,  E,  s»  dmt  the 

a  11  4.  circumferences  AB,  BC,  CD,  DE,  EA  are  equal  •;  and  through 
the  points  A,  B,  C,   D,  E  draw  GH,  UK,  KL,  LM,  MG* 

b  17'.  3.  touching  *»  the  circle;  take  the  centre  F,  and  join  FB,  FK»  FCt 
FL,  FD:  and  because  the  straight  line  KL  touches  the  cirele 
ABCDE   in  the  point  C,  to  which  FC  is  drawn  ftonA  the 

c  18.3,  centre  F,  FC  is  perpendicular  «  to  KL;  therefore  each  oF  the 
angles  at  C  is  a  right  angle:  for  the  same  reason,  the  anglea  at 
the  points    B,   D,  are   right  angles:  and  because  FCK   is  a 

a  47. 1 .  right  angle,  the  square  of  FK  is  equal  «*  to  the  squares  <^  FC, 
CK:  for  the  same  reason,  the  square  of  FK  is  equal  to  the  squares 
of  FB,  BK:  therefore  the  squares  of  FC,  CK  are  equal  to  the 
squares  of  FB,  BK«  of  which  the  square  of  FC  is  equal  to  the 
square  of  FB;  the  remaining  -square  of  CK  is  therefore  equal  to 
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the  remaining  square  of  BK,  and  the  strught  line  CK  equal  to  > 
BK:  and  because  FB  is  equal  to  FC,  and  FK  common  to  the  ^ 
triangles  BPK,  CFK,  the  two  BF,  FK  are  equal  to  the  ttro  CF, 
FK;  and  the  base  BK  is  equal  to  the  base  KC;  therefore  the 
angle  BFK  is  equal'  to  the  angle  KFC,  and  the  angle  B&Ftoe 
FKC;  wherefore  the  angle  BFC  is  double  of  the  angle  KFC, 
and  BKC  double  of  FKC;  for  the  same  reason,  the  angle  CFD 
■a  dotd>le  of  the  angle  CFI^,  and  OLD  double  of  CLF:  and  be- 
cause the  circumference  BC  is  equal  to  the  circumference  CD* 
the  angle  BFC  is  equal' to  the  G  f: 

angle  CFD;  and  BFC  is  dou- 
ble of  the  angle  KFC,  and 
CFD  double  of  CFL;  there- 
fore the  angle  KFC  is  equal  lo 
the  angle  CFL;  and  the  right 
angle  FCK  is  equal  to  the  right 
angle  FCL:  therefore,  in  the 
tifo  triangles  FKC,  FLC,  there 
arc  two  angles  of  one  equal  to 
two  angles  of  the  other,  each 
to  each,  and  the  side  FC,  which 
is  adjacent  to  the  equal  angles  in  *-  (J  L 

each,  is  common  to  both;  therefore  the  other  sides  shall  be 
equal  i  to  the  other  sides,  and  the  third  angle  to  the  third  angle:  g36. 1, 
therefore  the  straight  line  KC  is  equal  to  CL,  and  the  angle  FKC 
to  the  angle  FLC:  and  because  K.C  is  equal  to  CL,  KL  is  dou- 
ble of  KC:  in  the  same  manner,  it  may  be  shown  that  HK  is 
double  of  BK:  and  because  BK  is  equal  to  KC,  as  was  demon- 
strated, and  that  KL  is  double  of  KC,  and  HK  double  of  BK,  HK 
shall  be  equal  to  KL:  in  like  manner,  it  may  be  shown  that  GH, 
GM,  ML  are  each  of  them  equal  to  HK  or  KL:  therefore  the 
pentagon  GHKLM  i%  equilateral.  It  is  also  equiangular,  fori 
since  tbe  angle  FKC  is  equal  to  the  angle  FLC,  and  that  the  an- 
gle HKL  is  double  of  the  angle  FKC,  and  KLM  double  of  FLC, 
as  was  before  demonstrated,  the  angle  HKL  is  equal  to  KLM: 
and  in  like  manner  it  may  be  shown,  that  each  of  the  angles 
X0G,  HGM,  GML  is  equal  to  the  angle  HKL  or  KLM:  there- 
fore the  five  angles  GHK,  HKL,  KLM,  LMG,  MGH  being 
equal  to  one  another,  the  pentagon  GHKLM  is  equiangular: 
and  it  is  equilateral,  as  was  demonstrated;  and  it  is  described 
Hxnt  the  circle  ABCDE.  Which  was  to  be  done. 


lU 
nook  iw* 


THE  ELEMENTS 


PROP.  XIII.  PROB. 


TO  inscribe  a  circle  in  a  g^ven  equilateral  and 
equiangular  pentagon. 

I^t  ABCDE  be  the  given  equilateral  and  equiangular  penta« 
gon;  it  is  required  to  inscribe  a  circle  in  the  pentagon  ABCDE. 

a  9. 1.  Bisect  «  the  angles  BCD,  CDE  by  the  straight  lines  CF,  DF, 

and  from  the  point  F,  in  which  they  meet,  draw  the  straight  linM 
FB,  FA,  FE:  therefore,  since  BC  is  equal  to  CD,  ard  OF  com- 
mon to  the  triangles  BCF,  DCF,  the  two  sides  BC,  CF  are  equal 
to  the  two  DC,  CF;  and  the  angle  BCF  is  equal  to  the  angle 

b  4. 1.  DCF;  therefore  the  base  BF  is  equal  ^  to  the  base  FD,  and  the 
other  angles  to  the  other  angles,  to  which  the  equal  sides  are  op* 
posite;  therefore  the  angle  CBF  is  equal  to  the  angle  CDF:  and 
because  the  angle  CDE  is  double  of  CDF,  and  that  CDE  is  equd 
to  CBA,  and  C*DF  to  CBF;  CBA  A 

is  also  double  of  the  angle  CBF; 
therefore  the  angle  ABF  is  equal 
to  the  angle  CBF;  wherefore  the 
angle  ABC  is  bisected  by  the  ^ 
straight  line  BF:  in  the  same 
manner,  it  may  be  demonstrated, 
that  the  angles  BAE,  AED  are 
bisected  by  the  straight  lines  AF, 

c  12. 1.  FE:  from  the  point  F  draw  « 
FG,  FH,  FK,  tX,  FM  perpen- 
diculars to  the  straight  lines  AB, 
BC,  CD,  DE,  EA:  and  be- 
cause the  angle  HCF  is  equal  to 

KCF,  and  the  right  angle  FHC  equal  to  the  right  angle  FKC; 
in  the  triangles  FHC,  FKC  there  are  two  angles  of  one  equal 
to  two  angl<is  of  the  other,  and  the  side  FC,  which  is  opposite 
to  one  of  the  equal  angles  in  each,  is  common  to  both;  therefore 

d26. 1.  the  other  sides  shall  be  equal  «>,  each  to  each;  wherefore  the 
perpendicular  FH  is  equal  to  the  perpendicular  FK:  in  the  same 
manner  it  may  be  demonstrated  that  FL,  FM,  FG  are  each  of 
them  equal  to  FH  or  FK;  therefore  the  five  straight  lines  FG, 
FH,  FK,  FL,  FM  are  equal  to  one  another:  wherefore  the  cir- 
cle described  from  the  centre  F,  at  the  distance  of  one  of  these 
live,  shall  pass  through  the  extremities  of  the  other  four,  and 
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Ibuch  the  straight  lines  AB,  BC,  CD,  DE,  EA,  because  the  Book  IV. 
angles  at  the  points  G,  H,  K,  L,  M  are  right  angles;  and  that  n^^^v^^ 
a  straight  Hne  drawn  firom  the  extremity  of  the  diameter  of  a 
circle  at  right  angles  to  it,  touches  •  the  circle:  therefore  each  e  16.  ^. 
of  the  straight  lines  AB,  BC,  CD,  DE,  £A  touches  the  circle; 
wherefore  it  is  inscribed  in  the  pentagon  ABCDE.  Which  was 
tb  be  done.  ^ 


PROP.  XIV.  PROB. 


TO  describe  a  circle  about  a  given  equilateral  and 
equiangular  pentagon. 

Let  ABCDE  be  the  given  equilateral  and  equiangular  penta- 
goiu  it  is  required  to  describe  a  circle  about  it. 

Bisect » the  anp;les  BCD,  CDE  by  the  straight  lines  CF,  FD,  a  9. 1. 
and  firam  the  pomt  F,  in  which  they  meet,  draw  the  straight 
lines  FB,  FA,  FE,  to  the  points  B,  A 

Ay  E.  It  may  be  demonstrated,  in 
the  same  manner  as  in  the  preceding 
prc^wsition,  that  the  angles  CBAi 
BAE,  AED  are  bisected  by  the 
straight  lines  FB,  FA,  FE:  and 
because  the  angle  BCD  is  equal  to 
the  angle  CDE,  and  that  FCD  is 
the  half  of  the  angle  BCD,  and  CDF 
the  half  of  CDE;  the  angle  FCD  is 
equal  to  FDC;  wherefore  the  side 
CF  is  equal^  to  the  side  FD:  in  like  manner  it  may  be  demon- b&  I' 
strated  that  FB,  FA,  FE  are  each  of  them'  equal  to  FC  or  FD: 
therefore  the^ve  straight  lines  FA,  FB,  FC,  FD,  FE  are  equal 
to  one  another;  and  the  circle  described  from  the  centre  F,  at 
the  distance  of  one  of  them,  shall  pass  through  the  extremities 
of  the  other  four,  and  be  described  about  the  equilateral  and  equi- 
angular pentagon  ABCDE.  Which  was  to  be  done 
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PROP.  XV.  PROB. 


See  Note.  I'O  inscribe  ail  equilateral  and  equiangular  hexa- 
gon in  a  g^ven  circle. 

Let  AjBCDEF  be  the  given  circle;  it  is  required  to  inscribe 
an  equilateral  and  equiangular  hexagon  in  it. 

Find  the  centre  G  of  the  circle  ABCDEF,  and  draw  the  dia- 
meter AGD;  and  from  D  as  a  centre,  at  the  distinco  DG,  de- 
scribe the  circle  EGCH,  join  EG,  CG,  and  produce  them  to  the 
points  B,  F;  and  join  AB,  BC,  CD,  DlB,  £F,  FA:  the  hexagon 
ABCDEF  is  equilateral  and  equiangular. 

Because  G  is  the  centre  of  the  circle  ABCDEF,  GE  ia  equal 
to  GD:  and  because  D  is  the  centre  of  the  circle  EGCH,  D£ 
is  equal  to  DG;  wherefore  GE  is  equal  to  ED,  and  the  tri- 
angle EGD  is  equilateral;  and  therefore  its  three  angles  EGD, 
GDE,  DEG  are  equal  to  one  another,  because  the  angles  at 

a  5. 1.        the  base  of  an  isosceles  triangle  are  equal  *;  and  the  three  angles 

b .  32.1  of  a  triangle  are  equal  ^  to  two  right  angles;  therefore  the 
angle  EGD  is  the  third  part  of  two  right  angles:  in  the  same 
manner  it  may  be  demonstrated,  that 
the  angle  DGC  is  also  the  third  part  ^ 
of  two  right  angles:  and  because  the^'' 
straight  line  GC  makes  with  EB  the 

c  13. 1.      adjacent  angles   EGC,    CGB  equal  ^ 
to   two    right  angles ;    the  remaining  I 
angle  CGB  is  the  third  part  of  two 
right    anirles  ;    therefore    the    anglesE^ 
EDG,   DGC,  CGB  arc  equal  to  one 

d  15.  1-  anothen  and  to  these  arc  equal  ^  the 
vertical  opposite  angles  BGA,  AGF, 
FGE:  therefore  the  six  angles  EGD, 
DGC,  CGB,  BGA,  AGF,  FGE  arc 
equal   to   one  another:    but  equal  an- 

c26. J.  gics  stand  upon  equals  circumferen- 
ces; therefore  the  six  circumferences 
AB,  BC,  CD,  DE,  EF,  FA  are  equal  to  one  another:  and  equal 

f  29.  3.  circumferences  are  subtended  by  equal  f  straight  lines;  therefore 
the  six  straight  lines  ure  equal  to  one  another,  and  the  hexagon 
ABCDEF  is  equilateral.  It  is  also  equiang\ilar;  for,  since  the 
circumference  AF  is  equal  to  ED,  to  each  of  these  add  the  cir- 
cumference ABCD:  therefore  the  whole  circumference  FABCD 
shall  be  equal  to  the  whole  EDCBA:  and  the  angle  FED  stands 
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u^B  the  ctrcnttfoireBce  FABCD9  and  tke  Mi^ie  AFE  upon  Book  IV. 
BDCBA;  therdbre  the  angle  AFE  is  equal  to  FEDt  in  the 
same  manaer  it  niBf  be  demofisCtBted  that  the  othev  angles  ef 
the  hexaRQQ  ABCDEF  are  each  of  thcna  equal  to  the  angle 
AFE  or  F£D^  thecefore  the  hegugoa  is  equiangular;  aad  it  ib 
equilateral*  aa  waa  shown;  and  it  is  macnbedr  in  the.gi?cii>  ciircle 
ABCDEF.  Which  was  to  be  done. 

Cor.  From  this  it  is  manifest,  that  the  side  of  the  hexagon 
is  equal  to  the  straight  line  from  the  centre,  that  is,  to  the  semi- 
diameter  of  the  circle. 

And  if  through  the  points  A,  B,  C,  D,  £,  F  there  be  drawn 
straight  lines  touching  the  circle,  an  equilateral  and  equiangular 
hexagon  shall  be  described  about  it,  which  may  be  demonstrat- 
ed from  what  has  been  said  of  the  pentagon;  and  likewise  a  cir- 
cle may  be  inscribed  in  a  given  equilateral  and  equiangular 
hexagon,  and  circumscribed  about  it,  by  a  method  like  to  that 
used  for  the  pentagcxi. 


PROP.  XVI.  PROB. 


TO  inscribe  an  equilateral  and  equiangular  quinde-  see  Note. 
cagon  in  a  given  circle. 

Let  ABCD  be  the  given  circle;  it  is  required  to  inscribe  an 
equilateral  and  equiangular  quindecagon  in  the  circle  ABCD. 

Let  AC  be  the  side  of  an  equilateral  triangle  inscribed  <^  in  &  2.  4. 
the  circle,  and  AB  the  side  of  an  equilateral  and  equiangular 
pentagon  inscribed  ^  in  the  same;  therefore,  if  such  equal  parts"  ^^'  ^ 
as  the  whole  circumference  ABCDF  contains  fifteen,  the  cir- 
cumference ABC,  bein^   the  third  A 
part  of  the  whole,  contains  five;  and 
the  circumference  AB,  which  is  the 
fifth    part  of   the   whole,    contains 
three;  therefore  BC  iheir  difference  B 
contains  two  of  the  same  parts:  bi-     ll 
sect «  BC  in  E;  therefore  BE,  EC  E 
are,  each  of  them,  the  fifteenth  part 
of  the  whole  circumference  ABCD:  C 
therefore,  if  the  straight  lines  BE, 
EC  be  drawn,  and  straight  lines  e- 

qual  to  them  be  placed**  around  in  the  whole  circle,  an  equila-d  1.4. 
teral  and  equiangular  quindecagon  shall  be  inscribed   in   it. 
Which  was  to  be  done. 


c30. 
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Book  IV.      And  in  the  same  manner  as  was  done  in  the  penta^^on*  if 
^  through  the  points  of  division  made  by  inscribing  ^e  qumdeca* 

gon,  stndght  lines  be  drawn  touching  the  circle,  an  equilateral 
and  equiangular  quindecagon  shall  be  described  about  it:  and 
likewise,  as  in  Uie  pentagon,  a  circle  may  be  inscribed  in  a  fffea 
equilateral  and  equiangular  quindeci^on,  and  circumscribed 
about  it. 
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BOOK  V, 


DEFINITIONS. 

I. 

A.  LESS  xnagmtude  is  said  to  be  a  part  of  a  greater  magni-» 
tude,  when  the  less  measures  the  greater,  that  is,  *  when  the  less 
^  is  contained  a  certain  number  of  times  exactly  in  the  greater/ 

n. 

A  greater  magnitude  is  said  to  be  a  multiple  of  a  less,  when  the 
greater  is  measured  by  the  less,  that  is,  <  when  tlie  greater 

<  contains  the  less  a  certain  number  of  times  exactly.' 

III. 

*  Ratid  is  a  mutual  relation  of  two  magnitudes  of  the  same  kind  See  Nbte. 

<  to  one  another,  in  respect  of  quantity.' 

IV. 

Magmtades  are  said  to  have  a  ratio  to  one  another,  when  this 
leas  can  be  multiplied  so  as  to  exceed  the  other. 

V. 

The  first  of  four  magnitudes  is  said  to  have  the  same  ratio  to 
the  second,  which  the  third  has  to  the  fourth,  when  any  equi- 
multiples whatsoever  of  the  first  and  third  being  taken,  and 
any  equimultiples  whatsoever  of  the  seconds  and  fourth; 
if  the  multiple  of  the  first  be  l(ess  than  that  of  the  seconds 
the  multiple  of  the  third  is  also  less  than  that  of  the  fourth; 
OT}  if  the  muldple  of  the  first  be  equal  to  that  of  the  second, 
fiw  multiple  of  the  third  is  also  equal  to  that  of  the  fourth^ 
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Book  V.  or,  if  the  multiple  of  the  first  be  greater  than  that  of  the 
second,  the  multiple  of  the  third  is  also  greater  than  that  of 
the  fourth. 


« the  fourth.' 

VII. 

When  of  the  equimultiples  of  four  magnitudes  (taken  as  in  the 
the  fifth  definidon)  the  multiple  of  the  first  is  greater  than  that 
of  the  second,  but  the  multiple  of  the  third  is  not  greater  than 
the  multiple  of  the  fourth;  then  the  first  is  said  to  have  to  the 
second  a  greater  ratio  than  the  third  magnitude  has  to  the 
fourth;  and,  on  the  contrary,  the  third  is  said  to  have  to  the 

fourth  a  less  ratio  than  the  first  has  to  the  second. 

» 

VIII. 
<<  Analogy,  or  proportion,  is  the  similitude  of  ratios." 

IX. 
Proportion  consists  in  three  terms  at  least. 

X. 

When  three  magnitudes  are  proportionals,  the  first  is  said  to 
have  to  the  third  the  duplicate  ratio  of  that  which  it  h*s  to  the 
second. 

XI. 

Sec  Note.  When  four  magnitudes  are  continual  proportionals,  the  first  is 
said  to  have  to  the  fourth  the  triplicate  ratio  of  that  which  it 
has  to  the  second,  and  so  on,  quadruplicate^  Sec.  increasing  the 
denomination  still  by  unity,  in  any  number  of  proportionals. 

Definition  A,  to  wit,  of  compound  ratio. 

When  there  are  any  number  of  magnitudes  of  the  same  kind, 
the  first  is  said  to  have  to  the  last  of  them  the  ratio  com- 
pounded of  the  ratio  which  the  first  has  to  the  second,  and 
of  the  ratio  which  the  second  has  to  the  third,  and  of  the  ratio 
which  the  third  has  to  the  fourth,  and  so  on  unto  the  last  mag- 
nitude. 

For  example,  if  A,  B,  C,  D  be  four  magnitudes  of  the  same 
kind,  the  first  A  is  said  to  have  to  the  last  D  the  ratio  com- 
pounded of  the  ratio  of  A  to  B,  and  of  the  ratio  of  B  to  C, 
and  of  the  ratio  of  C  to  D;  or,  the  ratio  of  A  to  D  is  said  to 
be  compounded  of  the  ratios  of  A  to  B,  B  to  C,  and  C  to  D: 


/ 
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And  if  A  have  to  B  the  same  ratio  which  £  has  to  F;  and  B  Book  V.  ^ 
-to  C,  the  same  ftitio  that  G  has  to  H;  and  C  to  D,  the  same  ^^'^^"^ 
that  K  has  to  L;  then,  by  this  definition,  A  is  said  to  have 
to  D  the  ratio  compounded  of  ratios  which  are  the  same  with 
the  ratios  of  £  to  F,  G  to  H,  and  K  to  L:  and  the  same 
thing  is  to  be  understood  when  it  is  more  briefly  expressed, 
by  saying  A  has  to  D  the  ratio  compounded  of  )he  ratios  of 
£  to  F}  G  to  H,  and  K  to  L. 

In  like  manner,  the  same  things  being  supposed,  if  M  have  to 
N  the  same  ratio  which  A  has  to  D;  then,  for  shortness' 
sake,  M  is  said  to  have  to  N,  the  ratio  compounded  of  the 
niios  of  £  to  F,  G  to  H,  and  K  to  L. 

XII. 
In  proportionals,  the  antecedent  terms  are  called  homologous  to 

one  another,  as  also  the  consequents  to  one  another. 
«  Geometers  make  use  of  the  following  technical  words  to  sig- 

<  nify  certain  ways  of  changing  either  the  order  or  mag^- 

<  tude  of  proportionals,  so  as  that  they  continue  still  to  be 
*  proportionals.' 

XIII. 

Permutando,  oraltemando,  by  premutation,  or  alternately;  this  See  Note, 
word  is  used  when  there  are  four  proportionals,  and  it  is 
inferred,  that  the  first  has  the  same  ratio  to  the  third,  which 
the  second  has  to  the  fourth;  or  that  the  first  is  to  the  third, 
«s  the  second  to  jpie  fourth:  as  is  shown  in  the  16th  prop,  of 
this  5th  book. 

XIV. 

lovertendo,  by  inversion:  when  there  are  four  proportionals, 
and  it  is  inferred,  that  the  second  is  to  the  first,  as  the  fourth 
ID  the  third.  Prop.  B,  book  5. 

XV. 
Componendo,  by  composition;  when  there  are  four  proportion- 
als, and  it  is  inferred,  that  the  first,  together  with  the  se«> 
cond,  is  to  the  second,  as  the  third  together  with  the  fourth, 
is  to  the  fourth.  1 8th  prop,  book  5. 

XVI. 
fiividendo,  by  division;  when  there  are  four  proportionals,  and 
it  is  inferred,  that  the  excess  of  the  first  above  second,  is  to 
the  second,  as  the  excess  of  the  third  above  the  fourth,  is  to 
the  fourth.  17th  prop.  Book  5.  ^ 

XVII. 
Coorertendo,  by  conversion;  when  there  are  four  proportion - 
aby  and  it  is  inferred,  that  the  first  is  to  its  excess  above  the 

Q 
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^g^^*  spcfsoAi  aft  the  third  to  its  excess  above  the  fourth.   Prop.  E» 
'books. 

XVIIL 

Bx  aequali  (sc.  distantia),  or  ex  asquo^  from  equality  of  dttstttice; 
wheD  there  is  any  number  of  magnitudes  more  than  two,  wad 
as  many  others,  so  that  they  are  proportionals  when  taken 
two  and  two  of  each  rank^  and  it  is  indferred,  that  the  first  la 
to  the  last  of  the  first  rank  of  magnitudes,  as  the  first  isto  llie 
last  of  the  others:  <  Of  this  there  are  the  two  foUowmg  kinds, 
<  which  arise  from  the  different  order  in  which  th^  magm* 
^  tades  are  taken  two  and  two/ 

XIX. 

Ex  aequali,  from  equality;  this  term  is  used  umply  by  itael^ 
when  the  first  magnitude  is  to  the  second  of  the  first  rank, 
as  the  first  to  the  second  of  the  other  rank:  and  as  the  se- 
cond is  to  the  third  of  the  first  rank,  so  is  the  second  to  the 
third  of  the  other;  and  so  on  in  order,  and  the  inference  is 
as  mentioned  in  the  preceding  definition;  whence  this  is  called 
ordinate  proportion.  It  is  demonstrated  in  33d  prop,  book  S. 

XX. 

Ejc  aequali,  in  proportione  perturbata,  seu  inordinata;  from  Equa- 
lity, in  perturbate  or  disordcriy  proportion*;  this  term  is  used 
when  the  first  magnitude  is  to  the  second  of  the  first  rank,  as 
the  last  but  one  is  to  the  last  of  the  second  rank:  and  as  the 
second  is  to  the  third  of  the  first  rank,  so  is  the  last  but  two  to 
the  last  but  one  of  the  second  rank;  and  as  the  third  isto  the 
fourth  of  the  first  rank,  so  is  the  third  from  the  last  to  the  last 
but  two  of  the  second  rank:  and  so  on  in  a  cross  order:  and  the 
inference  is  as  in  the  18th  definition.  It  is  demonstrated  in  the 
33d  prop,  of  book  5. 


AXIOMS. 


I. 


EQUIMULTIPLES  of  the  same,  or  of  equal  magnitudes}  ai-e 
equal  to  one  another. 

*  4.  Prop.  lib.  2.  Arcbimedis  de  sphaera  et  cylindro. 
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II.  Book  v. 

Those  magnitudes  of  which  the  same>  or  equal  magnitudes,  are 
equimultiples,  are  equal  to  one  anAher. 

III. 
A  muMple  of  a  greater  magnitude  is  greater  than  the  same 
multiple  of  a  less. 

IV. 

That  mi^nitude  of  which  a  multiple  is  greater  than  the  same 
multiple  of  another,  is  greater  than  that  other  magnitude. 


PROP.  I.  THEOR. 


IF  any  number  of  magnitudes  be  equimultiples  of 
as  many,  each  of  each;  what  multiple  soever  any  one 
of  them  is  of  its  part,  the  same  multiple  shall  all  the 
first  magnitudes  be  of  all  the  other. 

IjcI  any  number  of  magnitudes  AB,  CD  be  equimultiples  of) 
aa  many  others  £,  F,  each  of  each;  whatsoever  multiple  AB  is 
of  £,  the  same  multiple  shall  AB  and  CO  together  be  of  £  and 
F  together. 

Bramse  AB  is  the  same  multiple  of  £  that  CD  is  of  F,  as 
maiif  magnitudes  as  are  in  AB  equal  to  £,  so  many  are  there 
ih  CD  equal  to  F.  Divide  AB  into  magni- 
tndes  equal  to  £,  viz.  AG,  GB;  and  CD  into 
CH,  HD  equal  each  of  them  to  F:  the  num- 
ber therefore  of  the  magnitudes  CH,  HD  shall 
be  equal  to  the  number  of  the  others  AG,  GB: 
and  because  AG  is  equal  to  E,  and  CH  to 
F,  therefore  AG  and  CH  together  are  equal 
to  *E  and  F  together:  for  the  same  reason, 
because  GB  is  equal  to  £,  and  HD  to  F;  GB 
and  HD  togetlier  are  equal  to  £  and  F  together. 
Wherefore,  as  many  magnitudes  as  are  in  AB 
equal  to  £,  so  many  are  there  in  AB,  CD  to- 
gether equal  to  E  and  F  together.  There- 
fore, whatsoever  multiple  AB  is  of  £,  the  same 
multiple  is  AB  and  CD  together  of  £  and  F 
together. 

Therefore,  if  any  magnitudes,  how  many  soever,  be  equi-* 
multiples  of  as  many,  each  of  each,  whatsoever  multiple  any 
one  of  them  is  of  its  part,  the  same  multiple  shall  all  the  iirst 
magnitudes  be  of  all  the  other:  <  For  the  same  demonstration 


B 


E 


a  Ax.  2.  5. 


H— 


D 


\u 


THE  ELEM£^^^S 


Book  V.  i  holds  in  any  number  of  magnitudes,  which  was  here  applied 
-•^■>^Vi/ « to  two.'  Q.  E.  D. 


E-- 


PROP.  II.  THEOR. 

IF  the  first  magnitude  be  the  same  multiple  of  the 
second  that  the  third  is  of  the  fourth,  and  the  fifth  the 
same  multiple  of  the  second  tiiat  the  sixth  is  of  the 
fourth;  then  shall  the  first  together  with  the  fifth  be  the 
same  multiple  of  the  second,  that  the  third  tc^ether 
with  the  sixth  is  of  the  fourth. 

Let  AB  the  first,  be  the  same  multiple  of  C  the  second,  that 
D£  the  third,  is  of  .f  j(he  fourth;  and  BG  the  fifth,  the  same 
multiple  of  v'  -:he   second,  that  £H  D 

the  sikth  is  l.*^^?  the  fourth:  Len 
is  AG  the  list,  together  with  the 
fifth,  the  same  multiple  of  C  the  se« 
cond,  that  DH  the  third,  together  with 
the  sixth,  is  of  F  the  fourth.  q 

Because  AB^  is  the  same  multiple 
of  C,  that  DK  is  of  F;  there  are  as 
many  magnicudes  in  AB  equal  to  C, 
as  there  are  in  DE  equal  to  F:  in  like  G 
manner,  as  many  as  there  arc  in  BG  equal  to  C,  so  many  are 
there  in  EH  equal  to  F:  as  many,  then,  as  are  in  the  whole 
AG  equal  to  C,  so  many  are  there  in  the  whole  DH  equal  to 
F:  therefore  AG  is  the  same  multiple  of  C,  that  DH  is  of  F; 
that  is,  AG  the  first  and  fifth  together,  is 
the  same  multiple  of  the  second  C,  that 
DH  the  third  and  sixth  together,  is  of  the 
fourth  F.  If,  therefore,  the  first  be  the  same 
multiple,  &c.  Q.  E.  D. 

CoK.  ^  From  this  it  is  plain*,  that,  if  any 

*  number  of  magnitudes  AB,  BG,  GH, 
^  be  multiples  of  another  C;  and  as  many 
^  DE,  EK,  KL  be  tl)e  same  multiples  of 

*  F,  each  of  each;  the  whole  of  the  first, 
^  viz.   AH,  is  the   same    multiple   of  C, 

*  that  the  whole  of  the  last,  viz.  DL,  is 
«  of  F,' 
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PROP.  III.  THEOR. 


IF  the  first  be  the  same  multiple  of  the  second^ 
\vhic^  the  third  is  of  the  fourth;  and  if  of  the  first 
and  third  there  be  taken  equimultiples^  these  shall  be 
equimultiples,  the  one  of  the  second,  and  the  other  of 
the  fourth. 


Let  A  the  first,  be  the  same  multiple  of  B  the  second,  that 
C  the  third  is  of  O  the  fourth;  and  of  A,  C  let  the  equimul- 
tiples EF,  GH  be  taken:  then  EF  is  the  same  multiple  of  B, 
tbatGHisofO. 

Because  £F  is  the  same  multiple  of  A,  that  GH  is  of  C, 
there  are  as  many  magnitudes  in  £F  equal  to  Ay  a^  are  in  GH 
cciual  to  C:  let  EF  be  di-      jj 
vided  into  the   .i.*.gnitudes    "^ 
EKy  KF9  eqich  equal  to  A, 
and  GH    into   GL,    LH, 
each  equal  to  C:  the  num- 
ber therefore  of  the  mag- 
nitudes EK,  KF,  shall  be         _  | 
equal  to  the  number  of  the      K           |                 LT^ 
others  GL^  LH:  and  be- 
cause A  is  the  same  multi- 
ple oi  B,  that  C  is  of  D> 
and  that  £K  is  equal  to  A, 
and  GL  to  C;.  therefore 

£K  b  the  same  multiple  of         j         1       j.  jl 

B,  that  GL  is  of  D:   for  E      A      B  G 

the  same  reason,  KF  is  the  same  niultiple  of  B,  that  LH  is  of 
D;  and  so,  if  there  be  more  parts  in  EF,  GH  equal  to  A,  C: 
because,  therefore,  the  first  ER  is  the  same  multiple  of  the  se« 
cond  B,  which  the  third  GL  is  of  the  fourth  O,  and  that  the 
fifth  KF  is  the  same  multiple  of  the  second  B,  which  the  sixth 
LH  is  of  the  fouith  D;  EF  the  first,  together  with  the  fifth,  is 
the  same  multiple  •  of  the  second  B,  which  GH  the  third,  toge-^^  2. 5. 
ther  with  the  sixth,  is  of  the  fourth  D.  If,  therefore,  the  first, 
&c.  Q.  E.  D. 
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PROP.  IV.  THEOR. 

« 

See  Note.  IF  the  first  of  foiir  magnitudes  have  the  same  ratio 
to  the  second  which  the  third  hath  to  the  fourth,  then 
any  equimultiples  whatever  of  the  first  and  third  sliall 
have  the  same  ratio  to  any  equimultiples  of  the  second 
and  fourth,  viz.  ^  the  equimultiple  of  the  first  shaD 
'  have  the  same  ratio  to  that  of  ^e  second,  which  the 
*  equimultiple  of  the  third  has  to  that  of  the  fi^urtii.' 

Let  A  the  first,  have  to  B  the  second,  the  same  ratio  which 
the  third  C  has  to  the  fourth  O;  and  of  A  and  C  let  there  bd 
taken  any  equimultiples  whatever 
£,  F;  and  of  B  and  D  any  equi- 
multii^es  whatever  G,  H:  then 
£  has  the  same  ratio  to  G,  which 
F  has  to  H. 

Take  of  £  and  F  any  equimul- 
tiples whatever  K,  L,  and  of  G, 
H,  any  equimultiples  whatever  M, 
N:  then,  because  £  is  the  same 
multiple  of  A,  that  F  is  of  C; 
and  of  £  and  F  have  been  taken 
equimultiples  K,  L;  therefore  K 
is  the  same  multiple  of  A,  that  L 

a  3.  5.  is  of  C»:  for  the  same  reason,  M 
is  the  same  multiple  of  B,  that  N 
is  of  D:  and  because,  as  A  is  to 

h  Hypoth.  B,  so  is  C  to  D\  and  of  A  and 
C  have  been  taken  certain  equi- 
multiples K,  L;  and  of  B  and  D 
have  been  taken  certain  equimul- 
tiples M,  N;  if  therefore  K  be 
greater  than  M,  L  is  greater  than 
N;  and  if  equal,  equal;  if  less, 

e  5.  def.5.J^ss«.  And  K,  L  are  any  equi- 
multiples whatever  of  E,  F;  and 
M,  N  any  whatever  of  G,  H: 
as  therefore  E  is  to  G,  so  is*  F 
to  H.  Therefore,  if  the  first,  8cc. 
Q.  £.  D. 

Cor.  Likewise,  if  the  first  have  the  same  ratio  to  the  second, 
which  the  third  has  to  the  fourth,  then  also  any  equimultiples 
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whatever  of  the  first  and  third  have  the*  same  ratio  to  the  sc-  ^^^J^\ 
cond  and  fourth:  and  in  like  manner,  the  first  and  the  third  ^'^'^''^■^ 
have  the  same  ratio  to  any  equimultiples  whatever  of  the  second 
and  fourth. 

Let  A  the  first,  have  to  B  the  second,  the  same  ratio  which 
tlie  third  C  has  to  the  fourth  D,  and  of  A  and  C  let  £  and  F  be 
anjr  equimultiples  whatever;  then  £  is  to  B,  as  F  to  D., 

Take  of  £,  F  any  equimultiples  whatever  K,  L,  and  of  B, 
D  any  equimultiples  whatever  G,  H;  then  it  may  be  demon- 
strated, as  before,  that  K  is  the  same  multiple  of  A,  that  L  is 
of  C:  and  because  A  is  to  B,  as  C  is  to  D,  and  of  A  and  C 
ccrtdn  equimultiples  have  been  taken,  viz.  K  and  L*;  and  Of 
B  and  D  certain  equimultiples  G,  H;  therefore  if  K  be  greater 
thaa  G,  L  is  greater  than  H;  and  if  equal,  equal;  if  less,  less^:  c  5.  deC  .5. 
md,  K,  L  are  sLny  equimultiples  of  £,  F,  and  G,  H  any  what- 
ever of  B,  D;  as  therefore  £  is  to  B,  so  is  F  to  D:  and  in  the 
nme  way  the  other  case  is  demonstrated. 


PROP.  V.  TH£OR. 


IF  one  magnitude  be  the  same  multiple  of  another,  see  N^^e. 
which  a  magnitude  taken  from  the  first  is  of  a  mag- 
nitude taken  from  the  other;  the  remainder  shall  be 
the  same  multiple  of  the  remainder,  that  the  whole 
is  of  the  whole. 


Let  the  ma^itude  AB  be  the  same  multiple 
•f  CD,  that  A£  taken  from  the  first,  is  of  OF 
taken  from  the  other;  the  remainder  £B  shall 
be  the  same  multiple  of  the  remainder  FD,  that 
the  whole  AB  is  of  the  whole  CD. 

Take  AG  the  same  multiple  of  FD,  that 
A£  is  of  CF:  therefore  A£  is  »  the  same  mul- 
tiple of  CF,  that  EG  is  of  CD:  but  AE,  by 
the  h3rpothesis,  is  the  same  multiple  of  CF,  that 
AB  is  of  CD:  therefore  EG  is  the  same  mul- 
tiple of  CD  that  AB  is  of  CD;  wherefore  !  :G 
is  equal  to  AB^.  Take  from  them  the  common 
magnitude  A£;  the  remainder  AG  is  equal  to 
the  remainder  £B.  Wherefore,  since  AE  is 
the  same  multiple  of  CF,  that  AG  is  of  FD, 
and  that  AG  is  equal  to  EB;  therefore  A£  is  the  same  multiple 
ef  CFy  that  £B  is  of  FD:  but  AE  is  the  same  multiple  of  CF, 
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B«*V.  that  AB  is  of  ^^  CBlrefore  EB  is  the  same  multiple  of  FD, 
that  AB  is  of  CD.  Therefore,  if  any  magnitude,  &c.  Q.  £.  D. 


PROP.  VI.  THEOR. 


c— 


See  Note.  IF  two  magnitudes  be  equimultiples  of  two  others^ 
and  if  equimultiples  of  these  be  taken  from  the  first 
two,  the  remainders  are  either  equal  to  these  others, 
or  equimultiples  of  them. 

Let  the  two  magnitudes  AB,  CD  be  equimultiples  of  the  tvro 
£,  F,  and  AG,  CH  taken  from  the  first  two  be  equimuldples 
of  the  same  E,  F;  the  remainders  GB,  HD  are  either  equal  to 
E,  F,  or  equimultiples  of  them. 

First,  Let  GB  be  equal  to  E;  HD  is  a 

equal  to  F:  make  CK  equal  to  F;  and  be- 
cause AG  is  the  same  multiple  of  E,  that 
CH  is  of  F,  and  that  GB  is  equal  to  E, 
and  CK  to  F;  therefore  AB  is  the  same 
multiple  of  E,  that  KH  is  of  F.  But  AB, 
by  the  hypothesis,  is  the  same  multiple  of 
E  that  CD  is  of  F;  therefore  KH  is  the 
same  multiple  of  F,  that  CD  is  of  F; 
a  1.  Ax.  5.  wherefore  KH  is  equal  to  CD:  •  take 
away  the  common  magnitude  CH,  then  the 
remainder  KC  is  equal  to  the  remainder 
HD:  but  KC  is  equal  to  F;  HD  therefore  is  equal  to  F. 

But  let  GB  be  a  multiple  of  £;  then 
HD  is  the  same  multiple  of  F:  make  CK 
the  same  multiple  of  F,  that  GB  is  of  E: 
and  because  AG  is  the  same  multiple  of  E, 
that  CH  is  of  F;  and  GB  the  same  multi- 
ple of  E,  that  CK  is  of  F:  therefore  AB  is 
the  same  multiple  of  E,  that  KH  is  of  F*>: 
but  AB  is  the  same  multiple  of  E,  that  CD 
is  of  F;  therefore  KH  is  the  same  multi- 
ple of  F,  that  CD  is  of  it;  wherefore  KH  is 
equal  to  CI)»:  take  away  CH  from  both; 
therefore  the  remainder  KC  is  equal  to  the 
remainder  HD:  and  because  GB  is  the 
same  multiple  of  E,  that  KC  is  of  F,  and  that  KC  is  equal  to  HD; 
therefore  HD  is  the  same  multiple  of  F,  that  GB  is  of  E.  If 
therefore  two  magnitude's  &c.  Q.  E.  D. 
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PROP.  A.  THEOR. 


IF  the  first  of  four  magnitudes  have  to  the  second  the  See  nou. 
same  n(6o'  which  the  third  ha^  to  the  fourth;  then,  if 
iht  first  hte  greater  than  the  second,  the  third  is  also 
greatef^  thto  t!i^  fourth;  ahft,  if  eqttal,  equal;  if  less, 
less. 

Take  any  eqbimultiplba  of  each  of  them^  as  the  douUea  of 
each;  then,  by  def.  5th  of  this  book,  if  the  double  of  the  first  be 
greattjr  thdn  th^  double  of  jthe  second,  the  double  of  the  third  is 
^tatcr  thsm  the  double  of  the  fourth;  but,  if  the  first  be  greater 
nan  the  second,  the  double  of  the  first  is  greater  than  the  double 
of  the  second;  wherefore  also  the  douMe  of  the  third  is  greater 
tlvia  the  double  of  the  fourth;  therefore  the  third  is  greater  than 
die  fourth:  in  like  manner,  if  the  first  be  equal  to  the  second, 
orless  than  it,  the  third  can  be  proved  to  be  equal  to  the  fourth, 
of  lesaf  than  it.  Therefore,  if  the  first,  8cc.  Q.  £.  O. 


PROP.  B.  THEOR. 

IF  four  magnitudes  be  proportionals,  they  are  pro- 
porti(mls  also  when  taken  inversely. 

If  the  magnitude  A  be  to  B,  as  C  is  to  D,  then  also  inversely 
Bisto  A,asD  toC. 

Take  of   B   and  D  any  equimultiples 
whatever  E  and   F;  aAd  of  A  and  C  any 
equimultiples  whatever  Gaiid  H.  First)  Let 
E  be  greater  than  G,  then  G  b  less  than  E; 
and,  because  A  is  to  B,  as  C  is  to  D,  and 
of  A  and  C,  the  first  and  third,  G  and  H 
are  equimultiples;  and  of  B  and  D,  the  se- 
cond and  fourth,  E  and  F  are  equimulti- 
ples; and  that  G  is  less  than  E,  U  is  also 
Mess  thah  F;.that  is,  F  is  greater  than  H; 
if  therefore  E  be  greater  than  G,  F  is  great- 
er than  H:  in  like  manner,  if  E  be  equal 
to  G,'  F  may  be  shown  to  be  equal  to  H; 
and,  if  less,  less;  and  E,  F  are  any  equi- 
multiples whatever  of  B  and  D,  and  G,  H 
any  whatever  of  A  and  C;  therefore,  as  B 
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ia  to  A,  so  is  D  to  C.  I(  then,  four  magnitudes,  Ice.  Q.  E.  9. 


PROP.  C.  THEOR. 
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See  Note.  IF  the  firet  be  the  same  multiple  of  the  second,  or 
the  same  part  of  it,  that  the  third  is  of  the  fourth;  die 
first  is  to  the  second,  as  the  third  is  to  die  fourth. 

Let  the  first  A  be  the  same  multiple  of  B 
the  second,  th«t  C  the  third  ia  of  the  fourth 
D:  Ais  toBuCiato  D. 

Take  of  A  and  C  any  e<]uimu]tiples  what- 
ever E  and  F;  and  of  B  and  D  any  equi> 
multiples  whatever  G  and  H:  then,  because 
A  is  the  same  multiple  of  B  that  C  is  of  D; 
and  that  E  is  the  some  multiple  of  A,  that 
F  is  of  Ci  E  is  the  same  multiple  of  B,  that 

■  3.  5.  p  jg  jjf  jj  ,.  therefore  E  and  F  arc  the  same 
multiples  of  B  and  D:  but  G  and  H  are  equi- 
multiples of  B  and  D;  therefore,  if  E  be  a 
greater  multiple  of  B,  than  G  is,  F  ia  a  great- 
er multiple  of  D,  than  H  is  of  D;  that  is, 
if  E  be  greHLci-  than  G,  F  is  greater  than  H: 
in  like  manner,  if  E  he  equal  to  G,  or  less; 
F  is  equal  to  H,  or  less  than  it.  But  E,  F 
arc  any  equimultiples  whatever,  of  A,  (',  and 
G,  H  any  equimultiples  whatever  of  fi,  D. 

li  S-  def.  5.  Therefore  A  is  to  B,  as  C  is  to  Dt, 

Next,  Let  the  first  A  be  the  same  part 
of  the  second  B,  that  the  third  C  is  of 
the  Iburth  D:  A  is  to  B,  as  C  is  to  D: 
for  B  is  the  same  multiple  of  A,  that  D 
is.  of  C;  wherefore,  by  the  preceding 
case,  B  is  to  A,  as  D  is  to  C;  and  in-  I 
o  B.  5.  versely  '  A  is  to  B,  as  C  is  to  D.  There- 
fore, if  the  first  be  the  ume  multiple,  Sec. 
q.  E.  D.  A 
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PROP.  D.  THEOR. 


IF  the  first  be  to  the  second  as  the  third  to  the 
finuth,  and  if'the  first  be  a  multiple,  or  part  of  the 
second;  the  third  is  the  same  multiple,  or  the  same 
part  of  the  fourth. 

» 

Let  A  be  to  B,  as  C  is  to  D;  and  first  let  A  be  a  multiple  of 
B;  C 18  the  same  multiple  of  O. 

Take  £  equal  to  A,  and  whateyer  mul- 
tiple A  or  £  is  of  B)  make  F  the  same  mul- 
tiple of  D:  them  because  A  is  to  B^  as  C  is 
fo  D;  and  of  B  the  second,  and  D  the  fourth 
equimultiples  have  been  taken  E  and  F; 
A  is  to  £,  as  C  to  F  *:  but  A  is  equal  to 
E,  therefore  C  is  equal  to  F  ^  and  F  is 
the  same  multiple  of  D,  that  A  is  of  B. 
Wherefore  C  is  the  same  multiple  of  D, 
that  A  is  of  B. 

Next,  Let  the  first  A  be  a  part  of  the  se- 
cond B;  C  the  third  is  the  same  part  of  the 
IburthD.. 

Because  A  is  to  B,  as  C  is  to  O;  then, 
ioTersely,  B  is  «  to  A,  as  D  to  C:  but  A  is 
a  part  of  B,  therefore  B  is  a  multiple  of  A; 
and*  b)r  the  preceding  case,  D  is  the  same 
multiple  of  C,  that  is,  C  is  the  same  part  of 
Dy  that  Ab  of  B:  therefore,  if  the  first,  &c. 
Q.  E.  D. 


See  Note: 


a  Cor.  4. 5. 
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PROP.  VII.  THEOR. 


EQUAL  magnitudes  have  the  same  ratio  to  tlie 
same  magmtude;  and  the  same  h^  the  same  ratio  to 
equal  magnitudes. 

Lfet  A  and  B  be  equal  magnitudes,  and  C  any  other.  A  and 
B  have  each  of  them  the  same  ratio  to  C,  and  C  has  the  same 
ratio  to  each  of  the  magnitudes  A  and  B. 

Take  of  A  and  B  any  equimultiples  whatever  D  ;(nd  E,  and 
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BookV.  of  C  nny  multiple  whatever  F:  then,  because  D  is  the  same 

y^y^"^  multiple  of  A,  that  £  is  of  B,  and  that  A  is 

a  1.  Ax.  5.  equal  to  D;  D  is  •  equal  to  E:  therefore,  if 

'  D  be  greater  than  F,  £  is  greater  than  F;  and 

if  e(][ual,  equal;  if  less,  less:  and  D,  E  are 

any  equimultiples  of  A,  B,  and  F  is  any  mul- 

b  5.  def.  5.  tiple  of  C.  Therefore  \  as  A  is  to  C,  so  is  B 
toC. 

Likewise  C  has  the  same  ratio  to  A,  that  it 
has  to  B:  for,  having  made  the  same  con- 
struction, D  may  in  like  manner  be  shown 
equal  to  E:  therefpre,  if  F  be  greater  than  D, 
it  is  likewise  greater  than  £;  and  if  equal, 
equal;  if  less,  less:  and  F  is  any  multiple 
whatever  of  C,  spd  D,  E  are  any  equimulti- 
ples whatever  of  A,  B.  Therefore  C  }s  to  A, 
as  C  is  to  B  ^.  Therefore  equal  magnitudes, 
&c.  Q.  ^.  D. 
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See  note. 


PROP.  Vin.  TFJEOR. 

OF  unequal  magnitudes,  the  greater  has  a  gi^eater 
ratio  to  the  same  than  the  less  has;  and  the  same 
magnitude  has  a  greater  ratio  to  the  less,  jthan  it  has 
to  the  greater. 

Let  AB,  BC  be  unequal  magnitudes,  of  which  AlB  is  the 


greater,  and  let  D  be  any  magnitude 
whatever:  AB  has  a  greater  ratio  to  D, 
than  BC  to  I):  and  D  has  a  greater  ratio 
to  BC  than  to  AB. 

If  the  magnitude  which  is  not  the 
greater  of  the  two  AC,  CB,  be  not  less 
than  D,  take  EF,  FG,  the  doubles  of 
AC,  CB,  as  in  Fig.  1 .  But,  if  that  which 
is  not  the  greater  of  the  two  AC,  CB 
be  less  than  D  (as  in  Fig.  2.  and  3.)  this 
magnitude  can  be  multiplied,  so  as  to 
become  greater  than  D,  whether  it  be 
AC,  or  CB.  Let  it  be  multiplied,  until 
it  become  greater  than  D,  and  let  the 
other  be  multiplied  as  often;  and  let  EF 
be  the  multiple  thus  taken  of  AC,  and 
FG  the  same  multiple  of  CB:  therefore 
EFand  FG  are  each  of  thiem  greater  than 
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D:  and  in  ereiy  one  of  the  cases,  take  H  the  double  of  D,  K  9ppk  V. 
its  triple,  and  so  on,  till  the  multiple  of  D  be  that  which  first  < 
becomes  greater  than  FG:  let  L  be  that  multiple  of  D  which 
is  first  greater  than  FG,  and  K  the  multiple  of  D  which  is  next 
lesa^luqiL. 

t*hieB|  becausjp  L  i^  the  multiple  of  D,  which  is  the  fir^t  that 
becomes  greater  tbui  FQ,  tjie  pest  preceding  midtipie  K  is 
not  ereater  than  FG;  that  is,  FG  is  not  less  than  K:  and  since 
£F  IS  the  same  multiple  of  AC,  that  FG  is  of  CB;  FG  k  the 
oone  multiple  of  CB,  tl)at  EG  is  of  AB*;  wherefore  EG  and  a  1. 5. 
PG  are  equimultiples  of  AB  and  CB:  and  it  was  shown,  that 
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FG  waJi  not  less  than  K, 
Slid,  by  the  construe-  £ 
dot,  £F  is  greater  than 
1);  therefore  the  whole 
EG  is  greater  than  K  and 
D  to^;ethen  but*  K  to- 
gs^er  with  D,  is  equal 
10  L;  therefore  EG  is 
gitatf  r  than  L;  but  FG 
is  ix^  greater  than  L; 
and  EG}  FG  are  equi- 
mohiples  of  AB,   BC, 

Sd  L  is  a  mul^ple  of 
, }  tl{erefore  ^  AB  has 
to  D  a  grefiter  ratio  than 
4Chf8  toD. 

Alap  D  has  to  BC  a 
gitatir  ratio  than  it  has 
to  AH:  for,  having  made 
the  same  construction, 
it  ma}  be  shown,  in  like 
manner,  that  L  is  great- 
er than  FG,  but  that  it 
ia  not  greater  than  EG:  and  L  is  a  multiple  of  D;  and  FG,  EG 
are  equimultiples  of  CB  AB;  therefore-  D  has  to  CB  a  greater 
ratio  k  than  it  has  to  AB.  Wherefore,  of  unequal  magnitudes, 
kc.  Q.  E.  D. 
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^^""^^^  PROP.  IX.  THEOR. 

See  Note.  MAGNITUDES  which  liave  the  same  ratio  to  the 
same  magnitude  are  equal  to  one  another;  and  those 
to  which  the  same  magnitude  has  the  same  ratio  are 
equal  to  one  another. 

Let  Ay  B  have  each  of  them  the  same  ratio  to  C:  A  it  equal 
to  B:  for,  if  they  be  not  equals  one  of  them  is  greater  than  the 
other;  let  A  be  the  greater;  then,  by  what  was  shown  in  the 
preceding  proposition,  there  are  some  equimultiples  of  A  and  fi| 
and  some  multiple  of  C  such}  that  the  multiple  of  A  is  greater 
than  the  multiple  of  C,  but  the  multiple  of  fi  is  not  greater  ibam 
that  of  C.  Let  such  multiples  be  taken,  and  let  D,  £»  be  the 
equimultiples  of  A,  B,  and  F  the  multiple  of  C9  so  that  D  nuw 
be  greater  than  F,  and  £  not  greater  than  F:  butf  because  A  b- 
to  C,  as  B  is  to  C,  and  of  A,  B,  are  taken 
equimultiples  D,  £,  and  of  C  is  taken  a 
jnultiple  F:  and  that  D  is  greater  than  F; 
«5.  def.  5.  E  shall  also  be  greater  than  F  •;  but  E  is 

not  greater  than  F,  which  is  impossible;     A 
A  therefore  and  B  arc  not  unequal;  that  is, 
they  are  equal. 

Next,  Let  C  have  the  same  ratio  to  each 
of  the  magnitudes  A  and  B;  A  is  equal  to 
B:  for,  if  they  be  not,  one  of  them  is  B 
greater  than  the  other;  let  A  be  the 
greater;  therefore,  as  was  shown  in  Prop. 
8th,  there  is  some  multiple  F  of  C,  and 
some  equimultiples  £  and  D,  of  B  and  A 
such,  that  F  is  greater  than  £,  and  not  greater  tlian  D;  but  be- 
cause C  is  to  B,  as  C  is  to  A,  and  that  F,  the  multiple  of  the 
first,  b  greater  than  £,  the  multiple  of  the  second;  F  the  mul- 
tiple of  the  third,  is  greater  than  D,  the  multiple  of  the  fourth  *: 
but  F  is  not  greater  than  D,  which  is  impossible.  Thereiore  A 
is  equal  to  B.  Wherefore  magnitudes  which,  &c.  Q.  £.  D. 


OF  EUCLID. 


PROP.  X.  THEOR. 

THAT  magnitude  which  has  a  greater  ratio  than  s«c  Note. 
another  has  unto  the  same  magnitude  is  the  greater 
of  the  two:  and  that  magnitude,  to  which  the  same 
has  a  greater  ratio  than  it  has  unto  another  magnitude 
bthe  lesser  of  the  two. 

Let  A  have  to  C  a  greater  ratio  than  B  has  to  C:  A  is  great- 
er than  B:   for,  because  A  has  a  greater  ratio  to  C,  than  B 
his  to  C9  there  are  *  some  equimultiples  of  A  and  fi>  and  ^  7".  def.  5. 
mne  multiple  of  C  such,  that  the  multiple  of  A  is  greater  than 
the  multiple  of  C,  but  the  multiple  of  B  is  not  greater  than  it: 
let  them  be  taken,  and  let  D,  £  be  equi- 
multiples of  A,  B|  and  F  a  multiple  of  C 
lochy  that  D  is  greater  than  F,  but  £  is 
not  greater  than  F:  therefore  D  is  greater 
than  £:  and,  because  D  and  £  are  equi-  A 
multiplea  of  A  and  B,  and  D  is  greater 
than  £;  therefore  A  is  ^  greater  than  B. 

Nexti  Let  C  have  a  greater  ratio  to  B 
than  it  has  to  A;  B  is  less  than  A:  for  ^ 
tftere  is  some  multiple  F  of  C,  and  some 
equimultiples  £  and  D  of  B  and  A  such, 
that  F  is  greater  than  £,  but  is  not  greater 
than  D:  £  therefore  b  less  than  U;  and  B 
because  £  and  D  are  equimultiples  of  B 
and  A}  therefore  B  is  i>  less  than  A.  That 
magiiitttdey  therefore^  &c.  Q.^£.  D. 


b  4.  Ax.  5. 


PROP.  XI.  TH£OR. 

RATIOS  that  are  the  same  to  the  same  ratio,  are 
the  same  to  one  another. 

Let  A  be  to  B  as  C  is  to  D;  and  as  C  to  D,  so  let  £  be  to 
F;  A  is  to  B,  as  £  to  F.      « 

Take  of  A,  C>  £,  any  equimultiples  whatever  G,  H>  K ;  and 
of  B|  Dy  F,  any  equimultiples  whaterer  L,  M,  N.  Therefore, 
since  A  is  to  By  aa  C  to  D,  and  G,  H  are  taken  equimultiples  of 
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Book  V.  A,  C,  and  L,  M  of  B,  D;  if  G  be  greater  than  L,  H  is  greater 
^^^^''^^'^  than  M;  and  if  efjual,  equal;  and  if  less^  less  *.    A^n,  because 
a  5.  del.  j.  C  is  to  D,  as  £  is  to  F9  and  H,  K  are  taken  equimultiples  of 
C,  £:  and  M,  N,  of  D,  F:  if  H  be  greater  than  M,  K  is  great- 
er than  N;  and  if  eqbaly  equal;  and  if  less,  less:  but  if  G-be 


H -. 


_*£* 


A- 


B      ■  D- 


M N- 


greater  than  L,  it  has  been  shown  that  H  is  greater  than  M; 
and  if  equal,  equal;  and  if  less,  less;  therefore,  u  G  be  greater 
than  L,  K  is  greater  than  N;  aiid  if  equal,  equal;  and  if  leiSi 
less:  add  G,  K  are  any  equimultiples  whatever  of  A,  C;  and 
L,  N  any  whatever  of  B,  F:  therefpre,  as  A  is  to  B|  so  is'  E  to 
F  «.  Wherefore  ratios  that,  fcc.  Q.  E.  D. 


PROP.  XII.  THEOR. 

IF  any  number  of  magnitudes  be  proportionals,  as. 
one  of  the  antecedents  is  to  its  consequent,  so  shall  all 
the  antecedents  taken  together  be  to  all  the  consequents. 

Let  any  number  of  magnitudes  A,  B,  C,  D,  E,  F  be  proper* 
tionals;  that  is,  as  A  is  to  B,  so  is  C  to  D,  and  E  to  F:  as  A  is 
to  B,  so  shall  A,  C,  E  together  be  to  B,  D,  F  together. 

Take  of  A,   C,   E  any  equimultiples  whatever  G,  H,  K; 


H- 


A ^  C E — 

B D F- 

L M ^  N- 


and  of  B,  D,  F  any  equimultiples  whatever  L,  M,  N:   then, 
because  A  is  to  B,  as  C  is  to  D,  and  as  E  to  F;  and  thiat  G,  H 
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IL  are  equimultiples  of  A^  C,  £,  and  Li  M,  N  equimultiples  of  Book  V. 
By  D)  F ;  if  G  be    greater  than  L,  H  is  greater  than  M«  and  K  ^  ▼  '-?' 
greater  than  N;  and  if  equal»  equal;  and  if  less,  lessv    Where- aS.dcf.df. 
fore,  if  G  be  greater  than  1^  then  G«  H,  K  together  are  greater 
thin  L9  My  N  together ;  and  if  equal,  equal ;  and  if  less,  less. 
And  Gy  and  G,  Ri  K  together  are  any  equimultiples  of  A,  and 
A,  Cf  £  together;  because,  if  there  be  any  number  of  magni- 
tudes equimultiples  of  as  many,  each  of  each,  whatever  multi* 
pie  one  of  them  is  of  its  part,  the  same  multiple  is  the  whole 
of  the  whole^:  for  the  same  reason  L,  and  L,  M,  N  are  anybL/lf. 
equimultiples  of  B,  and  B,  D,  F:  as  therefore  A  is  to  B,  so 
ire  A,  C9  £  together  to  B,  Dy  F  together.     Wbereforey  if  any 
ttunber,  &c.    Q.  E.  D. 


PROR  XIIL    THEOR. 

IF  the  first  has  to  the  second  the  same  ratio  which  See  if. 
Ae  third  has  to  the  fourth,  but  the  third  to  the  fourth 
a  greater  ratio  than  the  fifth  has  to  the  sixth ;   the 
first  shall  also  have  to  the  second  a  greater  ratio  than 
the  fifth  has  to  the  sixth. 

Let  A  the  first  have  the  same  ratio  to  B  the  second,  which  C 
Ae  Uiird,  has  to  D  the  fourth,  but  C  the  third  to  D  the  fourthi 
a  greater  ratio  than  £  the  fifth  to  F  the  sixth :  also  the  first  A 
linn  have  to  the  second  B  a  greater  ratio  than  the  fifth  £  to  the 
sithF. 

Because  C  has  a  greater  ratio  to  D,  than  £  to  F,  there  are 
some  equimultiples  of  C  and  £,  and  some  of  D  and  F  such, 
that  the  multiple  of  C  is  greater  than  the  multiple  of  D,  but 


M**^— — — ■  ■■    ■   m       G— — — — ^'         '         ■  H* 


B- 


N K^ 


the  multiple  of  £  is  not  greater  than  the  multiple  of  F*;  ]eta7.det3 
such  be  taken,  and  of  C,  £  let  G,  H  be  equimultiples,  and  K,  L 
equimultiples  of  D,  F,  so  that  G  be  greater  than  R,  but  H  not 
greater  than  L ;  and  whatever  multiple  G  is  of  C,  take  M  the 
same  multiple  of  A ;  and  whatever  multiple  K  is  of  D,  take  N  the 
same  multiple  of  B :  then,  because  A  is  to  B,  as  C  to  D,  and 

S 
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Book V. of  A  and  C,  M  and  G  are  equimultiples:  and  of  B  and  D,  N 

^=^^^^  and  K  are  equimultiples;  if  M  be  greater  than  Ni  G  is  greater 

bJ^4^£5.than   K;   and  if  equals  equal;  and   if  le^St  less^;  but  G    ii 

greater  than  K,  therefore  M  is  greater  than  N :  but  H  is  not 

greater  than  L;  and  My  H  are  equimultiples  of  A»  £;  and 

N,  L  equimultiples  of  B,  F :  therefore  A  has  a  greater  ratio  to 

cr.def.5.  B,  than  E  has  to  F^     Wherefore,  if  the  first,  &c.    Q.  E.  D. 

Cor.  And  if  the  first  have  a  greater  ratio  to  the  accgiidt  than 
the  third  has  to  the  fourth,  but  the  third  the  same  ratio  tp  the 
^urth,  which  the  fifth  has  to  the  sixth ;  it  may  be  demonstratec^ 
in  like  manner,  that  the  first  ha^  a  greater  ratio  to  the  second 
ihan  the  fiith  has  to  tl^  sixth. 


PROP.  XIV.    THEOR. 

See  N.  IF  the  first  has  to  the  second,  the  same  ratio  which 
the  third  has  to  the  fourth ;  then,  if  the  first  be  greats - 
er  than  the  third,  the  second  shall  be  greater  than  Ac 
fourth ;  and  if  equal,  equal ;  and  if  less,  less.^ 

Let  the  first  A  have  to  the  second  B,  the  same  ratio  wtilBk 
the  third  C  has  to  the  fourth  D ;  if  A  be  greater  than  C,  B  it 
greater  ^t^^a  ^< 


a8.5.    A 


Because  A  is  greater  than  C,  and  B  is  any  other  magnitude 
has  to  B  a  greater  ratio  than  C  to  B*;  but,  as  A  is  to  ft  ^ 


I 


A  B  C  D 


A  B  C  D 


A  B 


is  C  to  D ;  therefore  also  C  has  to  D  a  greater  ratio  than  C  has 
b  13.5.    to  E^i  but  of  two  magnitudes,  that  to  which  the  same  haa  tbf  f- 
clO.  5.     greater  ratic^is  the  lesser «:  wherefore  D  is  Jess  than  B;  that 
is,  B  is  greater  than  D. 

Secondly,  If  A  be  equal  to  C,  B  is  equal  to  D :  for  A  is  to 
'  9  ^.    B»  as  C,  that  is  A,  to  D;  B  therefore  is  equal  to  D^, 

Thirdly,  If  A  be  less  than  C,  B  shall  be  less  than  D:  fcr 
C  is  greater  than  A,  and  because  C  is  to  D,  as  A  is  to  B,  D  if 
greater  than  B,  by  the  first  case;  wherefore  B  is  less  than  jX 
Therefore^  if  the  first)  kc.  Q.  £.  D. 


OF  EUCUD. 


PROP.  XV.    THEOft. 


MAGNITUDES  have  the  same  tatio  to  one  an- 
la  dier  which  their  equimultiples  have. 


Let  AB  be  the  same  muitipie  of  C»  that  DE  is  of  F :  C  ia  la 

P,  as  AB  to  DE. 
Because  AB  is  the  same  multiple  of  C,  that  DE  is  of  F :  there 

lit  aa  many  magnitudes  in  AB  equal  to  Ci         /^ 

n  there  are  in  DE  equal  to  F :  let  AB  be 

fifided  into  tnagnitucks,  each  equal  to  C9 

via.  AG|  GM9  HB;  and  DE  into  roagni- 
dcsi  each  equal  to  F9  via.  DRf  KL,  Lr. : 

thcB  the  number  of  the  first  AG,  OH,  HB, 
shall  be  equal  to  the  number  of  the  last  DK, 
KL,  LE:  and  because  AG,  GH,  HB  are 
aD  cqnalt  and  that  DK,  KL,  LE  are  also 
equal  to  one  another:  therefore  AG  is  to 
DK«  as  GH  to  RL,  and  as  HB  to  LE^: 
and  aa  one  of  the  antecedents  to  its  conse- 
quent* ae  are  all  the  antecedents  together  to  all  the  consequents 
ttgfether^;  wherefore,  as  AG  is  to  DK,  so  is  AB  to  DE:  but 
AG  ia  cqtnd  to  C,  and  DR  to  F:  therefore,  as  C  is  to  F,  so  is 
AB  to  DE.    Therefore-magnitudeS}  8cc.    Q.  E.  D. 
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bis.  ft 


PROP.  XVI.     THEOft. 


IF  four  mi^itudes  of  the  same  kind  be  propoN 
tionalft,  they  ^all  also  be  proportionals  when  taken 
alfcefnately. 


•  Let  Che  bur  magnitudes  A,  B,  C,  D  be  proportionals,  viz.  as 
A  to  Bt  ao  C  to  D:  they  shall  also  be  proportionals  when  taken 
ahmaHly ;  that  is,  A  is  to  C,  as  B  to  D. 

Take  of  A  and  B  any  equimultiples  whatever  E  and  F ;  and 
M  C  and  D  take  any  equimultiples  whatever  G  and  Hs  and 
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Book  V.  because  E  is  the  same  multifile  of  A,  that  F  is  of  B 
^■■■v**^  magnitudes  have  the  same  ratio  to  one  another  m\ 
a  15^5.  eqmmukiples  have*;  therefore  A  is  to  B|  as  £  is  to 

A  is  to  By  80  is  C  to 

D:  wherefore,  as  C     E/  G 

b  11.  5.  is  to  D«  so^  is  £  to 

F:  agaiDf  because  G,     A' 

H  are  equimultiples 

ofCfD,  asCistoD,     B 

so  is  G  tD  H  • ;  but  as 

C  is  to  D,  so  is  £  to     F H- 

^.    Wherefore,  as  £ 
^  is  to  F,  so  is  G  to  H^.  But,  when  four  magnitudes  ai 

tionals,  if  the  first  be  greater  than  the  third,  the  secoi 
cl4  5.  greater  than  the  fourth;  and  if  equal,  equal;  if  I< 

Wherefore,  if  £  be  greater  than  G,  F  likewise  is  gr 

H;  and  if  equal,  equal;  if  less,  less;  and  E,  F  are 

multiples  whatever  of  A,  B;  and  G,  H  any  whatever 
d5.dcfJf.  Therefore  A  is  to  C,  as.  B  to  D^.    If  then  four  m 

tec.    Q.  E.  D. 


PROP.  XVII.    THEOR. 

s^i^.  IF  magnitudes,  taken  jointly,  be  prop< 
they  shall  ;iiso  be  proportionals  when  taken  se 
that  is,  if  two  magnitudes  together  have  to  one 
the  same  ratio  which  two  others  have  to  one  • 
the  remaining  one  of  the  first  two  shall  hav 
other  the  same  ratio  which  the  remaining  or 
last  two  has  to  the  other  of  these. 


Let  AB,  BE,  CD,  OF  be  the  magnitudes  taken  joii 
are  proportionals ;  that  is,  as  AB  to  BE,  so  is  CD  to 
shall  also  be  proportionals  taken  separately,  viz.  as  A£ 
CF  to  FD. 

Take  of  AE,  EB,  CF,  FD  any  equimultiples  wha 
HK,  LM,  MN ;  and  again,  of  EB,  FD,  take  any  equ 
whatever  KX,  NP:  and  because  GH  is  the  same  n 
a  1. 5-  AE,  that  HK  is  of  EB,  wherefore  GH  is  the  same  m 
AE,  that  GK  is  of  AB :  but  GH  is  the  same  multlp 
that  LM  is  of  CF;  wherefore  GK  is  the  same  muhif 
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ttet  LM  it  of  CF.    Again,  bedtuse  LM  U  the  same  multiple  of  ^°^  V. 
CF,  thai  MN  is  of  FD ;  therefore  LM  ia  the  same  multiple'  of  *— v— ' 
CF,  that  LN  is  of  CD:  but  LM  was  shown  to  be  the  same^^*'- 
multiple  of  CF,  that  GK  is  of  AB;  GK  therclure  Is  the  saiue 
multiple  of  AB.  that  LN  is  of  CD ;  that  is,  GK,  LN  are  equi- 
Bultipks  of  AB,  CD.    Next,  because  HK.  is  the  same  multiple 

ol  EB,  that  MN  is  of  FDj  and  that  KX  is 

tlM  the  same  multiple  of  EB,  that  NP  is 

of  FD ;  therefure  HX  is  the  same  multiple 

kof  EB,  that  MP  is  of  FD.     And  because  b  %p. 

h&'nVo  BE,  as  CD  is  to  DP,  and  that  of 

AB  and  CD,  GK.  and  LN  are  equimul- 

tifin,  and  of  EB  and  FD,  HX  and  MP  are  '^^  . 

tqmmultiplcs  i  if  GK  be  greater  than  HX, 

flJEO  LN  is  greater  than  MP;  and  if  equal, 

fquill   and  if  leu,  less*:  but  if  GH  bej^ c  S.ia. 

grnter  than  KX,  hy  adding  the  common 

pn  HK  to  both,  GK  is  greater  than  UX ; 

wbodbre  also  LN  is  greater  than  MPi 

«d  if  taking  away  MN  from  both,  LM 

b  grutcr  than  NP:  therefore,  if  GH  be 

riter  than  KX,  LM  is  greater  than  NP. 
like  manner  it  may  be  demoitst rated, 
that  if  GH  be  equal  to  KX,  LN  likewise  is  equal  to  NP ;  and 
If  teis,  less:  and  GH,  LM  are  any  equimultiples  whatever  of 
AE,  CF,  and  KX,  NP  ai-e  any  whatever  of  EB,  FD.  Therc- 
btf,  as  AE  is  to  EB,  so  is  CF  to  FD.  If  then  magnitudes, 
ke.    Q.E.D. 


PROP.XVHL   THEOR. 


N— 


M-- 


L 


I        IF  magnitudes,  taken  separately,  be  proportionals,  sceHd^t^ 
1     &ty  shall  also  be  proportionals  when  taken  jointly, 
I     dnt  is,  if  the  first  be  to  the  second,  as  the  third  to 
I     die  fourth,  the  first  and  second  together  shall  be  to 

die  aec<Hid,  as  the  third  and  fourUi  together  to  the 

fbunh. 

'         Let  AE,  EB,  CF,  FD  be  proportionals;  that  is,  aa  AE  to  EB, 
n  is  CF  to  FD ;  they  shall  siso  be  proportionals  when  taken 

I      jtintly  ;  that  is,  as  A B  to  BE,  so  CD  to  OF. 

Take  of  AB,  BE,  CD,  DF  any  equimul  iples  whatever  GH, 
HK,  LM,  MN ;  and  again,  of  BE,  DF,  take  any  whatever  equi- 
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Book  V.  multiples  KO,  NP  t  and  because  KG,  NP  are  eqUitmlMi^ 
^  "V  "^  of  BE,  DF;  and  that  KH,  NM  are  Cfiuimultiples  likewtse  of 

BE,  DF,  if  K(),  the  multiple  of  EL,  be  g;reater  than  RH,  whidi 

18  a  multiple  of  the  same  BE,  NP,  likewise  the  multiple  of  DFf 

shall  be  greater  than  NM,  the  multiple 

of  the  same  DF ;  and  if  KG  be  equui  H  I 

to  KH,  NP  shaU  be  equal  to  NM;^  | 

and  if  less,  less. 

First,  Let  KG  not  be  greater  than 
•    KH,  therefore  NP  is  not  greater  than 

NM ;  and  t>ecause  GH,  HK  are  equi- 
multiples of  AB,  BE,  and  that  AB  is 

greater  than  BE)   therefore  GH  is 
a  a  Ax.  5.  greater*  than  HK ;  but  KG  is  not 

greater  than  KH,  wherefore  GH  is 

greater  than  KG.     In  like  manner  it 

may  be  shown,  that  LM  is  greater  than  ~ 

NP.    Therefore  if  KG  be  not  greater 

than  KH,  then  GH,  the  multiple  of 

AB.  is  always  greater  than  KG,  the 

multiple  of  BE ;  and  likewise  LM,  the 

multiple  of  CD,  greater  than  NP,  the  ^ 

multiple  of  DF. 
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Next,  Let  KG  be  greater  than  KH:  therefore,  as  has  bees 
shown,  NP  is  greater  than  NM :  and  because  the  whc^e  GH  is 
'^  the  same  multiple  of  the  whole  AB,  that  HK  is  of  BE^  the  r^ 
mainder  GK  is  the  same  multiple  of  H 
b  5.  the  remainder  AE  that  GH  isof  ABb : 
which  is  the  same  that  LM  is  of  CD. 
In  like  maner,  because  LM  is  the 
same  multiple  of  CD,  that  MN  is  of 
DF,  the  remainder  LN  is  the  same 
multiple  of  the  remainder  CF,  that 
the  whole  LM  is  of  the  whole  CD^ : 
but  it  was  shown  that  LM  is  the  same 
multiple  of  CD,  that  GK  is  of  AE ; 
therefore  GK  is  the  same  multiple  of 
AE,  that  LN  is  of  CF ;  that  is,  GK, 
LN  are  equimultiples  of  AE,  CF: 
and  because  KG,  NP  are  equimul- 
tiples of  BE,  DF,  if  from  KG,  NP 
there  be  taken  KH,  NM,  which  are  likewise  equimultiples 
of  BE,  DF,  the  remainders  HO,  MP  are  either  equal  to  BE| 
cC5.  DF,  or  equimultiples  of  theme,  pirst.  Let  HG,  MP,  be 
equal  to  Bli^  DF;  and  because  AE  is  to  EB>  as  CF  to  FD^  tad 
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that  G](,  LN  «ve  equiiimlii|de«  of  AG,  CF;  GK  shall  be  to 
EB«  as  LN  to  FD^:  but  HO  is  equal  to  £B,  and  MP  to  FD; 
wherefore  GK  m  to  HO,  as  LN  to  MP      If  therefore  GK. bed  Cor.  4. 
{reiiter  than  HO,  LN  is  greater  than  MP ;  and  if  equal,  equal ;      ^* 

iii4  if  less*,  less.  c  Ax.  S. 

But  let  HQ,  MP  be  equimultiples  of  EB,  FD;  and  because 

Al^  is  to  EBt  as  CF  to  FD,  and  that  of  AE,  CF  are  taken  equi- 

ottiuplts  GK,  LN  ;  and  of  EB,  FD,  the  equimultiples  HO» 

MP :  if  GK  be  grt:ater  than  HO,  LN     ^ 

ii  g;reat^r  than  MP ;  and  if  equal, 

eqiisl;  and  if  less,  less^;  which  was  |  f5Lde£5. 


N 


likewise  shown  in  the  preceding 
^sie.  If  therefore  GH  be  greater 
thsQ  ]LO,  taking  KH  from  both,  GK 
b greater  tlian  HO;  wherefore  also 
LN  is  greater  than  MP ;  and,  conse- 
qocoUy,  adding  NM  to  both,  LM  is 
greater  than  NP:  therefore,  if  GH 
be  greater  than  KO,  LM  is  great- 
er than  NP  In  like  manner  it 
msf  be  shown,  that  if  GH  be  equal 
Id  K(>,  LM  is  equal  to  NP  ;  and  if 
hi,  km.  And  in  the  case  in  which 
(U-^  qol  greater  than  l^H,  it  has 
bttQ  shown  that  GH  is  always  greater  than  KO,  and  likewise 
LMthan  NP:  but  GH,  LM  are  any  equimultiples  »f  AB,  CD, 
and  KO«  NP  are  any  whatever  of  BE,  DF  ;  therefore ^  as  AB  is 
to  BE,  so  is  CD  to  DF.    If  then  magnitudes,  &c.    Q.  E.  D« 


B 
£ 


D 

c 


PROP.  XIX.    THEOR. 


IF  a  whole  ma^itude  be  to  a  whole,  as  a  magnitude  see  Note. 
talKn  firom  the  first,  is  to  a  magnitude  taken  from 
the  other ;  the  reminder  shall  be  to  the  remainder, 
as  the  whole  to  the  whole. 


Let  the  whole  AB  be  to  the  whole  CD,  as  AE,  a  magnitude 
Hksft  from  AB,  to  CF,  a  magnitude  taken  from  CD ;  the  re- 
minder £B  shall  be  to  the  remainder  FD,  as  the  whole  AB  to 
the  whole  CO 

Because  AB  14  to  CD)  as  AE  to  CF ;  likewise,  alternately  •,  a  16. 6. 


U4 


THE  ELEMENTS 


Book  V.  BA  is  to  AE,  as  DC  to  CF :  and  because,  if  nia|^ 
*^"v^^  nitudes,  taken  jointly,  be  proportionals,  they  are 
bir.5.  also  proportionals  ^  when  taken  separately;  there- 
fore, as  BE  is  to  DF,  so  is  £A  to  FC ;  and  alter- 
nately, as  BE  is  to  £A,  so  is  DF  to  FC :  but.  as 
AE  to  CF,  so,  by  the  hypothesis,  is  \U  to  CD  ; 
therefore  also  BE,  the  remainder,  shall  be  to  the 
remainder  DF«  as  the  whole  AB  to  the  whole  CD : 
Wherefore,  if  the  whole,  &c.    Q.  E   D. 

Cor    If  the  whole  be  to  the  whole,  as  a  mag^ 
nitude  taken  from  the  first,  is  to  a  magnitude  taken 
from  the  other;  the  remainder  likewise  is  to  the 
remainder,  as  the  magnitude  taken  from  the  first  to  that 
fit>m  the  other:    the  demonstratfon  is  contained  in  the 
ding. 


i 


B 


D 

tak«i 


PROP.  E.    THEOR. 

IF  four  magnitudes  be  proportionals,  they  are  dm 
proportionals  by  conversion,  that  is,  the  first  is  to  its 
excess  above  the  second,  as  the  third  to  its  excess 
above  the  fourth. 


I^t  AB  be  to  BE,  as  CD  to  DF ;  then  BA  is  to 
AE,  as  DC  to  CF. 

Because  AB  is  to  BE,  as  CD  to  DF,  by  divi- 

al7. 5.    sion  »,  AE  is  to  EB,  as  CF  to  FD;   arid  by  inver- 

b  B.  5.     sion  S  BE  is  to  EA,  as  DF  to  FC.     Wherefore,  by 

c  18. 5.    composition  <=,   BA  is  to  AE,  as  DC  is  to  CF.    If, 

therefore,  four,  &c.     Q.  E.  D. 


f4- 


i 


PROP.  XX.    THEOR. 


Sec  N.  IF  there  be  three  magnitudes,  and  other  three,  which 
taken  two  and  two,  have  the  same  ratio ;  if  the  firs 
be  greater  than  the  third,  the  fourth  shall  be  greate! 
than  the  sixth ;  and  if  equal,  equal ;  and  if  less,  less. 


OF  EUCLID. 


US 


A 
O 


B 
£ 


c 

F 


Let  Ar  Bt  C  be  three  magnitudes,  and  Dt  E^  F  tither  tlireef 
whicii*  taken  two  and  iwot  have  the  tame  ratio,  via.  aa  A  is  to 
B,  so  is  D  to  C ;  akid  as  fi  to  C,  so  is  £  to 
F.  If  A  be  greater  than  Ct  D  shall  be  greater 
than  F;  and  if  equals  equal;  and  if  less, 
leas. 
Because  A  is  greater  than  C,  and  B  is  any 

other  magnitude,  and  that  the  greater  has  to 

the  same  magnitude  a  greater  ratio  than  the  less 

has  10  it  * ;  Uierefore  A  has  to  B  a  g^reater  n^ 

tio  than  C  has  to  fi :  but  as  D  is  to  £«  so  ia  A 

to  B ;  therefore  ^  D  has  to  £  a  greater  r^tio 

thuiC  to  B;*  and  because  Bis  to  C,  as  £toF, 
^hf  inversion,  C  is  to  B,  as  F  is  to  £ ;  and  D 

was  shown  to  have  to  E  a  greater  ratio  than  C  to 

B ;  therefore  D  has  to  E  a  greater  ratio  than  F 

toE«:  but  the  magnitude  which  has  a  greater 

luio  than  another  to  the  same  magnitude,  is  the  greater  of  the 

tfo^:  D  is  therefore  greater  than  F. 
Secondly,  Let  A  be  equal  to  C ;  D  shall  be  equal  to  F :   be- 

ouse  A  and  C  are  equal  to  one  an- 

sther,  A  is  to  fi,  as  C  is  to  B*: 

botAiatoB,  asDtoE;  and  C  is 

to  B,  as  F  to  £ :  wherefore  D  is  to 

E,  as  F  to  £' ;  and  therefore  D  is 

equal  to  Fs. 
Next,  Let  A  be  less  than  C ;  O 

ihaU  be  less  thi^  F :  for  C  is  great-  9  ^     ^      D     E     F 

tt  cluiD  A,  and,  as  was  shown  in 

the  first  case,  C  is  to  B,  as  F  to  £, 

nd  in  like  manner  B  is  to  A,  as  £ 

lo  D ;   therefore  F  is  greater  than 

D,  by  the  first  case  ;  and  therefore 

0  is  less  than  F.     Therefore,  if  there  be  three,  &c.    Q.  E.  O. 


BookV. 


a  a  5. 

bl3.5. 


ABC     A 


cCw. 

13. 5« 

dlO.& 


•  7.5. 

f  11. 5. 
K9.5. 
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PROP.  XXL    THEOR. 


IF  there  be  three  magnitudes,  and  other  three,  see  Note. 

wUch  have  the  same  ratio  taken  two  and  two,  but  in 

a  crofis  order ;  if  the  first  magnitude  be  greater  than 

the  third,  the  fourth  3hall  be  greater  than  the  sixth  $ 

and  if  equal,  equal ;  and  if  less,  less. 

T 


THE  ELEMENTS 


^      La  a,  B,  C  be  three  magniludes.  and  D,  E,  F  other  three, 
*  which  have  the  same  ratio,  taken  two  and  two,  but  in  a  «on 


'  A  be  greater  than  C, 
D  shall  be  greater  than  t' ;  and  if  equal,  equal ; 
and  if  less,  less. 

Because  A  is  greater  than  Ci  and  B  is  any 

a  8.  5.      other  magnitude,  A  has  to  B  a  greater  ratio" 
than  C  has  to  B  :  but  as  E  to  F,  so  is  A  to  B  ; 

b  13-  5.    therefore  >■  E  has  to  K  a  greater  ratio  than  C  to  j 

B :  and  because  B  is  to  C,  as  D  la  £,  by  inver- 
sion, C  is  to  B,  as  E  to  D :  and  E  was  shown  to 
have  to  P  a  greater  ratio  than  C  to  B ;  there- 

C  Cot.      fore  E  has  to  t'  a  greater  ratio  than  tl  W  D  <  ; 

^  ^-      but  the  magnitude  to  which  the  same  has  a 
greater  ratio  tlian  it  has  to  another,  is  the  lesser 

dlO.JL    of  the  two  di  F  therefore  is  less  than  D;  that  is, 
D  is  greater  than  F. 

Seconitly,  Let  A  be  equal  to  C ;  D  shall  he  equal  to  F. 

er-5.      cause  A  and  C  are  equal,  A  is*  to  B,  as  C  is  to  B:  but 
to  B,  as  E  to  r  ;  and  C  is  to  B, 
as  E  to  D ;  wherefore  £  is  to  t', 

f  11.  5.     as  E  tn  Df ;  and  therefore  D  is 

%%S.      equal  to  F 8. 

Next,  Let  A  be  less  than  C  ; 
D  shall  be  less  than  F :  for  C  is 
greater  than  A,  and,  as  was 
shown,  C  is  to  fi,  as  E  to  D, 
awl  in  like  manner  B  is  to  A, 
as  F  to  E  ;  tlierefore  F  ix  great- 
er than  O,  by  case  lirstj  and 
therefore  D  is  less  than  F. 
Therefore,  if  there  be  three, 
&c.     Q.  E.  D. 


PROP.  XXII.    THEOR. 

SeeNote.  IF  there  be  any  number  of  magnitudes,  and  as 
mnny  others,  which,  taken  two  and  two  in  order,  have 
the  same  ratio ;  the  first  shall  have  to  the  last  of  the 
first  magnitudes  the  same  ratio  w  hich  the  first  of  the 
others  has  to  the  last.  N.  B.  This  is  usually  cited 
by  the  words  "  ex  aquali,"  or  "  ex  eiquoJ''* 


OP  EUCLID. 
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Fint,  Let  there  be  three  magnitudes  A,  B,  C,  and  as  many  BookV. 
fltbcn  D,  E,  F,  which,  taken  two  and  two,  have  the  same  rauo,  ^™<  "^ 
that  is,  such  that  A  is  to  11,  as  D  to  E ;  and  as  B  is  to  C,  so  is  E 
10  F;  A  shall  be  to  C,  as  D  to  F. 

Take  of  A  and  D  an;  equimultiples  whatever  G  and  H; 
Utdof  B  and  E  any  equimultiples 
whUQver  K.  slid  L ;  and  of  C  and 
Fany  whatever  M  and  N:  then, 
beairae  A  is  to  Bi  as  D  to  E,  and 
tbuG,  K  arc  equimultiples  of  A, 
D,uxl  K,  L  equimultiples  of  B, 
Ej  asGis  toK,  so  it'  H  to  L. 
For  tbe  same  reason,  K  is  to  M^ 
■s  L  to  N :  and  because  there  are 
iliRt  magnitudes  G,  K,  M^  and 
oOier  three  H,  L,  N,  which,  two 
ntdiwD,  have  the  same  ratio  j  if 
C  be  greater  than  M,  H  is  great- 
er than  N;  and  if  equal,  equal; 
■ndif  less,  lessii;  and  G,  H  are 
uf  equimultiples  whatever  of  A, 
D,  ind  M,  N  are  any  equimul- 
tiples whatever  of  C,  !•'.  Therefore  S  i 
top. 

Next,  Let  there  be  four  magnitudes  A,  B,  C,  D,  and  other 
fnr,  E,  F,  G,  H,  which  two  and  two  have  the 


C     D 
M    H 


1  A  is  to  C,  so  is  D  c  5jitt.5 


■UK  ratio,  viz.  as  A  is  to  B,  so  is  E  to  F,  and    A.  R-  C.  D.j 
uBtoC  so  FtoG;  and  as  C  to  D,  so  G  to    E.  F.  G.  H.) 

H!AshailbetoD,asEtoH.  *- ' 

Because  A,  B,  C  are  three  magnitudes,  and  E  F,  G  odner 
three,  which,  taken  two  and  two,  have  the  same  ratioj  b;  tbe 
brcgoing  case,  A  is  to  C,  as  E  to  G.  But  C  is  to  D,  as  G  is 
taU;  whcretbre  again,  by  the  first  case,  A  is  to  D,  as  E  to  H: 
and  to  on,  whatever  be  the  number  uf  mi^itudes.  Tberelbre, 
if  there  be  any  number,  kc.    Q-  E.  D, 


THE  E1£MEMTS 


PROP.XXIII.    THEOR. 


IF  thrre  be  any  number  of  magnitudes,  atid  te 
many  othere,  which,  taken  two  and  two,  in  a  crow 
order,  have  the  same  ratio ;  the  first  shall  have  to  thai 
last  of  the  firet  magnitudes  the  same  latio  which  the. 
first  of  the  others  )us  to  the  last.  N.  B.  7%v  is  «•»• 
aliy  cited  by  the  words  "  ex  tequaH  in  proportitme  per- 
"  twbata;'*  or,  "  ex  ajuoperturbate." 


FiFBt,  Let  there  be  three  magnttudeB  A,  B,  C,  and  other  three 

Di  El  P,  which,  taken  two  and  two.  in  a  cmi  ordeTi  have  the 

same  r  do,  that  is,  such  that  A  is  to  &i  aa  E  to  F;  and  aa  B  li 

to  C  so  is  D  to  E :  A  ia  to  C,  as  D  to  F. 

Take  of  A,  B,  O  an^  cqnirautiiples  whatever  G,  H,  K;  and 

of  C,  E,  F  Kty  equimuliiplea  whatever  L,  M,  N;  and  t 

G.  H  are  equimultiples  of  A,  B, 

and  ^  lat    msgniiudes   have    the 

same  ratio  which  their  equimul- 
a  15. 5.    tiples  have  ■ ;  as  A  is  to  B,  to  is 

G  to  H    And.  for  the  same  rea- 
son, aa  E  is  to  F,  so  is  M  to  N  ;  |        I        j 

but  as  A  is  to  D,  bo  is  E  to  1' ;  ~  ~ 

as  therefore  G  is  H,  so  is  M  to 
1. 11.  5.    N ''.     And  because  as  B  is  to  C, 

BO  is  D  to  b,  and  that  H,  K  are 

equimultiples  of  B,  D,  and  L,  M, 
c  4, 5.      of  C,  E ;  aa  H  is  to  L,  so  is«  K 

to  M :  and  it  has  been  shown, 

that  G  is  to  H,  as  M  to  N ;  then, 

because  there  ure  three  tn^ni- 

tudes  (>,  H.  L,  and  other  three 

K,   M,  N,  which  have  the  same 

ratio  taken  two  and  two  in  a  cross 

order;  if  C  be  greater  than  L, 
dSl.5.  K  is  i;»aier  than  N;  and  if  equal,  equal;  and  if  less,  leas'; 

and  G,  K  are  any  equimultiples  whatever  of  A,  D;  and  L,  N 

any  whatever  of  C,  F;  as,  therefore,  A  is  to  Cj  so  is  D  to  F. 


OF  EUCLID. 


14/$ 


net,  Let  there  be  foyr  magnitudes,  At  B,  C,  D,  and  other  Book  V. 
E)  F^  Oj  Hi  which,  taken  two  and  two 
cross   order,  iiaVe  the  same  ration  vis. 
fi,  as  G  to  H ;  B  to  C,  as  F  to  G ; 
;:  to  O,  as  E  to  F:  A  is  to  D,  as  E 


A  B.  C.  D. 
r  E.  F.  G.  H. 


A,  B,  C  are  three  magnitudes,  and  F,  G,  H  other 
^  which,  taken  two  and  two  in  a  cross  order,  have  the 
r  ratio ;  by  the  first  case,  A  is  to  C,  as  F  to  H :  but  C  is  to 
I  E  is  to  F ;  wherefore  again,  by  the  first  case,  A  is  to  D,  as 
H:  and  hO  on,  whatever  be  the  number  of  magnitudes. 
refore,  if  there  be  any  nnmbcri  6cc.   Q.  E.  D. 


PROP.  XXIV.    THEOR. 


f  the  first  has  to  the  second  the  same  ratio  ti^hich  See  n. 
third  has  to  the  fourth;  and  the  fifth  to  the  se- 
1  the  same  ratio  which  the  sixth  has  to  the  fourth ; 
first  and  fifth  together  shall  have  to  the  second 
same  ratio  which  the  third  and  sixth  togtf^^er 
t  to  the  fourdi. 

it  AB  the  first  have  to  C  the.  second  the  same  ratio  which 

the  third  has  to  F  the  fouith;  and  let  BG  the  fifth  have 

the  second  the  same  ratio  which  EH 

ixth  has  to   F  tbe  fouith:   AG,  the  G 

snd  fifth  together,  shall  have  to  C  the  H- 

id    the    same   ratio   which    DH,  the 

and    sixth  together,  has  to  F  the  ^ 
h.  ^— 

xause  BG  is  to  C,  as  EH  to  F ;  by  in- 
pn,  C  is  to  BG,  as  F  to  1\H :  and  be- 
e  as  AB  is  to  i\  so  is  Otl  to  F ;  and 

to  BG,  so  F  to  Ell ;  ex  a^uaii^y  AB  a  22. 5. 

»    BG,  as  DE  to   EH:   and  because 
»   magnitudes  are  proportionals,  they 
likewise  be  proportionals  when  taken 

If  ^:  as,  therefore,  AGts  to  GB,  so  is  b  18.  5. 

to  HE;  but  as  GB  to  C)  so  is  HE  to  F.     Therefore,  rx 
(Ir*,  as  AG  is  to  C,  so  is  DH  to  F.     Wherefore,  if  the  fii-bt, 
Q.  E.  D. 

>m.  I.  If  the  same  hypothesis  be  made  as  in  the  proposi- 
the  excess  of  the  first  and  fifth  shall  be  to  the  «ecowd)  ^s 


E— 


A     C      D      F 


■J50  THE  ELEMENTS 

Book  V.  tb«  excen  of  the  third  and  sixth  to  the  fourth.     The  demomtn 
^■nr-^  lion  of  ihis  is  the  wmc  with  that  of  thff  proposition,  if  diviiin 
be  used  instead  of  composition. 

Cor.  3.  The  proposition  holds  true  of  two  ranks  of  tn^oj 
tudes,  whatever  be  their  numbcrt  of  which  each  of  the  fin 
rank  has  to  the  second  magnitude  the  same  ratio  thai  the  cor 
responding  one  of  the  second  rank  lias  to  a  Iburtfa  m^tuudti 
at  is  manifesL 


PROP,  XXV.   THEOH. 

IF  four  magnitudes  of  the  same  kind  are  pn^- 
tionals,  the  greatest  and  least  of  them  together  are 
greater  than  me  other  two  together. 

Let  the  four  magnitudes  AB|  CD|  E.  F  be  proportionabi  ^ 
AB  to  CD,  as  E  to  F ;  iind  let  AB  be  the  greatest  of  themt  ud 

fcA-&     consequently  F  the  least".     AB,  together  with  F,  are  gi^ei 
14  15.  than  CD,  together  with  E. 

Take  AG  equal  to  E,  and  CH  equal  to  F:  then,  because  tf 
AB  is  to  CD,  so  is  E  to  F,  and  that  AG  is  equal  to  £,  and  CU 
equal  to  F;  AB  is  to  CD,  as  AG  to  CH.  ^ 
And  because  .\B  the  whole  is  to  the 
whole  CU,  as  AG  is  to  CH,  likewise  the., 
remainder  GB  shall  be  to  the  remainder 

blfts.     HD,  as  the  whole  AB  is  to  the  wlioiek 
CD:  but  AB  is  greater  than  CD,  there- 

cA,  5.  foree  GB  is  greater  than  HD:  and  be- 
cause AG  is  equal  to  E,  aiul  CH  to  P; 
AG  and  F  together  arc  equal  to  CH  and 
E  together.  If,  ilierefbre,  to  the  unequal 
magnitudes  GB,  HD,  of  which  GB  is 
the  greater,  there  be  added  equal  magnitudes,  viz.  to  GB  thi 
two  AG  and  P,  and  CH  and  E  to  HD  ;  AB  and  F  together  an 
greater  than  CD  and  £.  Therefore,  if  four  magnitudes,  8(c 
Q.  E.  D. 


PROP.  F.    THEOR. 

seeN.      RATIOS  which  are  compounded  of  the  sanie  la 
tios,  are  the  same  with  one  another. 


OF  EUCLID. 


151' 


Abe  to  B,  as  D  to  E;  and  B  to  C,  as  £  to  F:  the  ratio  BookV. 
is  compounded  of  the  ratios  of  A  i^ 


A.  B.  C. 
D.  E.  F. 


and  B  to  C,  which,  by  the  defini- 

compound  ratio,  is  the  ratio  of  A 

is' the  same  with  the  ratio  of  D  to 

ch,  by  the  same  definition,  is  com-  

;d  of  the  ratios  of  D  to  E,  and  E  to  F* 
luse  there  are  three  magnitudes  A,  B,  C,  and  three  others 
F,  which  taken  two  and  two  in  order,  have  the  same  ra« 
r  agualiy  A  is  to  C,  as  D  to  F».  '  »  22.  B. 

t.  Let  A  be  to  B,  as  £  to  F,  and  B  to  C,  as  D  to  £; 
re,  ea:  aguaiiin firo/ioriione fieriurdata^y  ,.b23. 5. 

C,  as  D  to  F ;  that  is,  the  ratio  of  A  to 
ich  is  compounded  of  the  ratios  of  A  to 
B  to  C,  is  the  same  with  the  ratio  of  D 
Rrhich  is  compounded  of  the  ratios  of  D 
md  £  to  F :  and  in  like  manner  the  proposition*  may  be 
itrated,  whatever  be  the  number  of  ratios  in  either  case. 


A*  B*  C 

D.  E.  F. 


PROP.  G-    THEOR. 

several  ratios  be  the  same  with  several  ratios,  See  k. 
o  each ;  the  ratio  which  is  compounded  of  ra- 
^hich  are  the  same  with  the  first  ratios,  each  to 
b  the  same  with  the  ratio  compounded  of  ratios 
are  the  same  with  the  other  ratios,  each  to  each. 


\  be  to  B,  as  E  to  F ;  and  C  to  D,  as  G  to  H :  and  let  A 

I  as  K  to  L ;  and  C  to  D,  as  L  to  M  :  then  the  ratio  of  K. 

)y  the  definition  of  coni- 

atio,  is  compounded  of  the 

f  K  to  L,  and  L  to  M, 

ire  the  same  with  the  ra- 

\  to  B,  and  C  to  D :  and 


A.  B.  C.  D,    K.  L.  M. 
E.  F.G.  H.    N,0.  P. 


F,  so  let  N  be  to  O ;  and  as  G  to  H,  so  let  O  be  to  P; 
;  ratio  of  N  to  P  is  com[x>unded  of  the  ratios  of  N  to  O, 
0  P,  which  are  the  same  with  the  ratios  of  E  to  F,  and  G 
nd  it  is  to  be  shown  that  the  ratio  of  K  to  M  is  the  same 
f  ratio  of  N  to  P,  or  that  K  is  to  M,  as  N  to  P. 
ISC  K  is  to  L,  as  (A  to  B,  that  is,  as  E  to  F,  that  is,  as) 
;  and  as  L  to  M,  so  is  (C  to  D,  and  so  is  G  to  H,  and  so 


( 
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Bqpk V.  ib)  O  to  P:  tot  €qunii\  K  is  to  M,  as  N  to  P.    Tliere{br«>  if  j 
^'^tr^  vend  ratios,  &c.    Q.  Jt.  D. 
ft  22.  5. 

PROP.  H.    THEOR. 

sm  N.  IF  a  ratio  compounded  of  several  ratios  be  the  stn 
with  a  ratio  compounded  of  arly  other  ratios,  aixl 
one  of  tiie  first  ratios,  or  a  tatio  compounded^of  ai 
of  the  first,  be  the  same  with  one  of  the  ia^t  ratiofe^ 
with  the  ratio  compounded  of  any  of  the  last ;  di 
the  ratio  compounded  of  the  remaining  ratios  of  li 
first,  or  the  remaining  ratio  of  the  first,  if  but  one  i 
main,  is  the  same  wim  the  ratio  compounded  Of  tho 
remaining  of  the  last,  or  with  the  remaining  ratio 
the  last« 

Let  the  first  ratios  be  those  of  A  to  B,  B  to  C,  C  to  D,  D 
E,  and  E  to  F ;  and  let  the  other  ratios  be  tho&e  of  G  to  H,  H 
K,  K  to  L,  and  L  to  M :  alsoi  let  the  ratio  of  A  to  F,  which 

a  Defini-  compounded  of*  the  first  ratios,  be  .- 

tion  of     the  same  with  the  ratio  of  G  to  M, 

^®"'"    ,  which  is  compounded  of  the  other 

^^  *    ratios;  and  besides,  let  the  ratio  ot 
A  to  D,  which  is  compounded  of  the  *• 


A-  B.  C.  D.  E.  F. 
G.  H.  K.  L.  M. 


ratios  of  A  to  B,  B  to  d  C  to  D,  be  the  same  with  the  ratio 
G  to  K,  which  is  compounded  of  the  ratios  of  G  to  H9  and  U 
K  X  then  the  ratio  compounded  of  the  remaining  first  ratios^ 
wit,  of  the  ratios  of  D  to  E,  and  E  to  F,  >^hich  compounded  ra 
is  the  ratio  of  O  to  F,  is  the  same  with  the  ratio  of  K  to 
which  is  compounded  of  the  remaining  ratios  of  R  to  L,  am 
to  M  of  the  other  ratios. 

Because,  by  the  hypothesis^  A  is  to  D,  as  G  to  K^  t>y  inv 
bB.  5.     si^n^,  O  is  to  A,  as  K  to  G;  and  as  A  is  to  F,  so  is  G  to  I 
c  22. 5-    therefore  «,  ex  xquali^  D  is  to  Fy  as  K  to  M.    If  therefore  a  n 
which  is,  &c.    Q.  £.  D. 


OF  EUCUD. 


BookV. 


PROP.  K  .  THEOR. 

IF  there  be  any  number  of  ratios,  and  any  number  See  Note 
of  odier  ratios  such,  that  the  ratio  compounded  of 
ntios  which  are  the  same  with  the  first  ratios,  each 
to  each,  is  the  same  with  the  ratio  compounded  of 
ratios  which  are  the  same,  each  to  each,  with  the  last 
i9tios;  and  if  one  of  the  first  ratios,  or  the  ratio  which 
b  compounded  of  ratios  wluch  are  the  same  with  se- 
veral of  the  first  ratios,  each  to  each,  be  the  same  with 
ooe  of  the  last  ratios,  or  with  the  ratio  compounded  of 
ratios  which  are  the  same,  each  to  each,  with  several  of 
the  last  ratios:  then  the  ratio  compounded  of  ratios 
which  are  the  same  with  the  remaining  ratios  of  the 
first,  each  to  each,  or  the  remaining  ratio  of  the  first, 
if  but  one  remain;  is  the  same  with  the  ratio  com- 
pounded of  ratios  which  are  the  same  with  those  re- 
maining of  the  last,  each  to  each,  or  with  the  remain- 
ing ratio  of  the  last. 

Let  the  ratios  of  A  to  B,  C  to  D,  E  to  F,  be  the  first  ratios; 
and  the  ratios  of  G  to  H,  K  to  L,  M  to  N,  O  to  P,  Q  to  R, 
be  the  other  ratios:  and  let  A  be  to  B,  as  S  to  T;  and  C  to 
D,  as  T  to  V;  and  E  to  F,  as  V  to  X:  therefore,  by  the  de- 
finition of  compound  ratio,  the  ratip  of  S  to  X  is  compounded 


t 

h,  k,  I. 

A, 

B; 

C,  D;  E,  F. 

s, 

T, 

v,x, 

G, 

Hj 

,  K, 

L; 

M,  N;  O,  P;  Q, 

R. 

Y, 

z, 

B,b,C, 

d. 

e> 

^«- 

nil  n,  0|  p. 

of  the  ratios  of  S  to  T,  T  to  V,  and  V  to  X,  which  arc  the 
same  with  the  ratios  of  A  to  B,  C  to  D,  £  to  F,  each  to  each; 
also,  as  G  to  H,  so  let  Y  be  to  Z;  and  K  to  L,  as  Z  to  a;  M 
to  N,  as  a  to  b,  O  to  P,  as  b  to  c;  and  Q  to  R,  as  c  to  d: 
therefore,  by  the  same  definition,  the  ratio  of  Y  to  d  is  com- 
pounded of  the  ratios  of  Y  to  Z,  Z  to  a,  a  to  b,  b  to  c,  and 

U 
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Book  V.  c  to  d,  ivhich  are  the  same,  each  to  each,  with  the  ratios 

to  H,  K  to  L,  M  to  N,  O  to  P,  and  Q  to  R:  therefore,  b] 

hypothesis,  S  is  to  X,  as  Y  to  d:  also,  let  the  ratio  of  A  ' 

that  is,  the  ratio  of  S  to  T,  which  is  one  of  the  first  ratio 

the  same  with  the  ratio  of  e  to  g,  which  is  compounded  o 

ratios  of  e  to  f,  and  f  to  g,  which,  by  the  hypothesis,  ar 

same  with  the  ratios  of  G  to  H,  and  R  to  L,  two  of  the 

ratios;  and  let  the  other  ratio  of  h  to  I  be  that  which  is 

pounded  of  the  ratios  of  h  to  k,  and  k  to  1,  which  are  the 

with  the  remaining  first  ratios,  viz.  of  C  to  D,  and  E  ( 

also,  let  the  ratio  of  m  to  p  be  that  which  is  compounded  < 

ratios  of  m  to  n,  n  to  o,  and  o  to  p,  which  are  the  same, 

to  each,  with  the  remaining  other  ratios,  viz.  of  M  to  N, 

P,  and  Q  to  R:  then  the  ratio  of  h  to  1  is  the  same  with  the 

of  m  to  p,  or  h  is  to  i,  as  m  to  p. 


h,  k,  1, 
A,  B;  C,  D;  E,  F. 
G,  H;  K,  L;  M,  N;  O,  P;  Q,  R. 
e,  f,  g.  m,  n,  o,  p. 


S,  T,  V,  X. 

Y,  Z,  a,  b,  c,  d. 


all.  5. 


Because  e  is  to  f,  as  (G  to  H,  that  is,  as)  Y  to  Z;  and  f  is 
as  (K  to  L,  that  is,  as)  Z  to  a;  therefore,  ejc  agua/i,  e  is  to 
Y  to  a:  and  by  the  hypothesis,  A  is  to  B,  that  is,  S  to  T,  a 
g;  wherefore  S  is  to  T,  as  Y  to  a;  and,  by  inversion,  T  is  to 
a  to  Y;  and  S  is  to  X,  as  Y  to  d;  therefore,  ex  agualt\  T  is 
as  a  to  d:  also,  because  h  is  to  k,  as  (C  to  D,  that  is,  as)  T 
and  k  is  to  1,  as  (E  to  F,  that  is,  as)  V  to  X;  therefore,  cr  a 
h  is  to  1,  as  T  to  X:  in  like  manner,  it  may  be  demonstrated 
m  is  to  p,  as  a  to  d:  and  it  has  been  shown,  that  T  is  to  X,  a 
d;  therefore  ■  h  is  to  1,  as  m  to  p.  Q.  E.  D. 

The  propositions  G  and  K  are  usually,  for  the  sake  of  br 
expressed  in  the  same  terms  with  propositions  F  and  H 
therefore  it  was  proper  to  show  the  true  meaning  of  them 
they  are  so  expressed;  especially  since  they  are  very  freqi 
made  use  of  by  geometers. 


THE 


ELEMENTS  OF  EUCLID. 


BOOK  VI. 


DEFINITIONS. 


I. 


Similar  rectiUneal  fibres 

are  those  which  have  their  se- 

Tcral  angles equal,each  to  each, 

and  the  sides  about  the  equal 

aisles  pn^rtionals. 


y\ 


II. 


^  Reciprocal  figures,  viz.  triangles  and  parallelograms,  are  such  See  Note. 
^  as  have  their  sides  about  two  of  their  angles  proportionals 
^  in  such  manner,  that  a  side  of  the  first  figure  is  to  a  side  of 
^  the  other,  as  the  remaining  side  of  this  other  is  to  the  re- 
^  maining  side  of  the  first." 

III. 
A  straight  line  is  said  to  be  cut  in  extreme  and  mean  ratio^when 
the  whole  is  to  the  greater  segment,  as  the  greater  segment  is 
to  the  less. 

IV. 
The  altitude  of  any  figure  is  the  straight  line 
drawn  from  its  vertex  perpendiculiu*  to  the 
base. 


THE  ELEMENTS 


PROP.  I.  THEOR. 


8«Nou.      TRIANGLES  and  laraUelogi 
titude  are  cme  to  another  aa  theirc 


Let  the  triangln  ABC,  ACD,  and  the  panllelognmts  EC, 
CF,  have  the  tame  altitudei  Tit.  the  petpcndictilar  drawn  &Mi 
the  pobt  A  to  BD;  then,  aa  the  base  BC  »  to  the  hue  CD,  bd  k 
the  triangle  ABC  td  the  tiiangte  ACD,  and  the  pBnUelognB) 
EC  to  the  parallelogTun  CF. 

Produce  BD  both  waja  to  the  points  H,  L)  and  take  any 
number  of  straigiht  lines  BG,  GH,  each  equal  to  the  base  BC; 
and  DK,  KL,  any  numbcT  of  them,  each  equal  to  the  baae  CD; 
and  join  AG,  AM,  AK,  AL:  then,  because  CB,  BG,  GH  are  all 
a  38.1-  equal,  the  trianglcB  AHG,  AGB,  ABC  are  all  equalM  therefore, 
whatever  multiple  the  base  HC  is  of  the  base  BC,  the  same  mul- 
tiple is  the  triangle  AHC  of  the  triangle  ABC;  for  the  lame 
reason, whatevermultiple  E      A        F 

the  baae  LC  is  of  the  base  "" 

CD,  the  same  multiple  is 
the  triangle  ALC  of  the 
triangle  ADC:  and  if  the 
base  HC  be  equal  to  the 
base  CL,  the  triangle 
AHC  is  also  equal  to  the 
triangle  ALC*;  and  if  the 
base  HC  be  greaterthan  the  base  CL,  likewise  the  triaogle  AHC 
is  greater  than  the  triangle  ALC;  and  if  less,  less;  Uierefore, 
unce  there  are  four  magnitudes,  viz.  the  two  bases  BC,CD,  and 
the  two  triangles  ABC,  ACD;  and  of  the  base  BC  and  the  tri- 
angle ABC  the  first  and  third,  any  equimultiples  whatever  have 
been  taken,  viz.  the  buse  HC  and  triangle  AHC;  and  of  the  base 
CD  and  triangle  ACD,  the  second  and  fourdi,  have  been  Ukea 
any  equimultiples  whatever,  viz.  the  base  CL  and  triangle  ALC; 
and  that  it  has  been  shown,  that,  if  the  base  HC  be  greater  tlian 
the  base  CL,  the  triangle  AHC  is  greater  than  the  triangle  ALC; 
ftS.  dcf.  5.  and  if  equal,  equal;  and  if  less,  lesa;  therefoi-et-,  as  the  base  BC 
is  to  the  base  CD,  so  is  the  triangle  ABC  to  the  triangle  ACIJ- 

And  because  the  parallelogram  CE  is  double  of  the  triangle 
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ABC  s  and  the  parallelogram  CF  double  of  the  triangle  ACD,  Book  VI. 
and  that  magnitudes  have  the  same  ratio  which  tlieir  equimul-  ^^'^'^^i^ 
tiplet  have^H  as  the  triangle  ABC  is  to  the  triangle  ACD,  boc41.  1. 
ii  the  parallelogram  EC  to  the  parallelogram  CF:  and  because  ^  ^^-  ^ 
it  has  been  shown,  that,  as  the  base  BC  is  to  the  base  CD,  so  is 
tlie  triangle  ABC  to  the  triangle  ACD;  and  as  the  triangle 
AfiC  to  the  triangle  ACD,  so  is  the  parallelogram  EC  to  the 
puallelogram  CF;  therefore  as  the  base  BC  is  to  the  base  CD, 
M  is«  the  parallelomm  EC  to  the  parallelogram  CF.  Where- e  11. 5. 
five  triangles,  &c.  Q.  £.  D. 

CoB.  From  this  it  is  plaiui  that  triangles  and  parallelograms 
that,  have  equal  altitudes,  are  one  to  another  as  their  bases. 

Let  the  figures  be  placed  so  as  to  have  their  bases  in  the  same 
fltni^t  line;  and  having  drawn  perpendiculars  from  the  vertices 
of  the  triangles  to  the  bases,  the  straight  line  which  joins  the 
vertices  is  p«irallel  to  that  in  which  their  bases  are*",  because  the  f  33.1. 
perpen^ulars  are  both  equal  and  parallel  tp  one  another:  then, 
if  the  same  construction  be  made  as  in  the  proposition,  the  de- 
monstration will  be  the  same. 


PROP.  IL  THEOR. 

IF  a  straight  line  be  drawn  parallel  to  one  of  the  see  Note 
ddes  of  a  triangle,  it  shall  cut  the  other  sides,  or  those 
produced,  proportionally:  and  if  the  sides,  or  the  sides 
produced,  be  cut  proportionally,  the  straight  line  which 
joins  the  points  of  section  shall  be  parallel  to  the  re- 
maining side  of  the  triangle. 


Let  DE  be  drawn  parallel  to  BC,  one  of  the  sides  of  the  tri- 
anrie  ABC:  BD  is  to  DA,  as  CE  to  E  A. 

Join  BE,  CD;  then  the  triangle  BDE  is  equal  to  the  tri- 
angle CDE%  because  they  are  on  the  same  base  DE,  and  be- a  37.  t 
twecn  the  same  parallels  DE,  BC:  ADE  is  another  triangle, 
and  equal  magnitudes  have  to  the  same  the  same  ratio^;  there-  b  7. 5. 
Ibrv,  as  the  triangle  BDE  to  the  triangle  ADE,  so  is  the  tri- 
angle CDE  to  the  triangle  ADE;  but  as  the  triangle  BDE  to 
the  triangle  ADE,  so  is<^  BD  to  DA,  because  having  the  samec  1. 6. 
altitude,  via.  the  perpendicular  drawn  from  the  point  E  to  AB, 
fhey  are  to  one  another  as  their  bases;  and  for  the  same  reason, 
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Book  VI.  as  the  triangle  CDE  to  the  triangle   ADE,  so  is  C£  to  EA- 

v^-*^'^^ Therefore,  as  BD  to  DA,  so  is  CE  to  EA^. 

d  11. 5.  Next,  Let  the  sides  AB,  AC  of  the  triangle  ABC,  or  the«e 


produced,  be  cut  proportionally  in  the  points  D,  £,  that  is^  so 
that  BD  be  to  DA,  as  CE  to  £A,  and  jou  DE;  D£  is  parallel 
to  BC. 

The  same  construction  being  made,  because  as  BD  to  DA, 
so  b  CE  to  EA;  and  as  BD  to  DA,  so  is  the  triangle  BDE  to 

e  1*  6.  the  triangle  ADE^;  and  as  CE  to  EA,  so  is  the  triangle  CDE 
to  the  triangle  ADE;  therefore  the  triangle  BDE  is  to  the 
triangle  ADE,  as  the  triangle  CDE  to  the  triangle  ADE; 
that  is,  the  triangles  BDE,  CDE  have  the  same  ratio  to  the 

f9.5.         triangle  ADE;  and  therefore  *"  the  triangle  BDE  is  equal  to 

the  triangle  CDE:  and  they  arc  on  the  same  base  DE;  but 

equal  triangles  on  the  same  base  are  between  the  same  para- 

csQ  .        Uelss;  therefore  DE  is  parallel  to  BC.  Wherefore,  if  a  straight 

^  ^^'  ^       line,  &c.  Q.  E.  D. 

PROP.  III.  THEOR. 

Sec  Note.  IF  the  angle  of  a  triangle  be  divided  into  two  equal 
angles,  by  a  straight  line  which  also  cuts  the  base;  the 
segments  of  the  base  shall  have  the  same  ratio  which 
the  other  sides  of  the  triangle  have  to  one  another: 
and  if  the  segments  of  the  base  have  the  same  ratio 
which  the  other  sides  of  the  triangle  have  to  one  ano- 
ther, the  straight  line  drawn  from  the  vertex  to  the 
point  of  section,  divides  the  vertical  angle  into  two 
equal  angles. 

Let  the  angle  BAC  of  any  triangle  ABC  be  divided  into  two 
equal  angles  by  the  straight  line  AD:  BD  is  to  DC,  as  BA  to  AC. 
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Through  the  point  C  draw  CE  parallel  •  to  DA,  and  let  BA  Book  VI. 
produced  meet  CE  in  E.  Because  the  straight  line  AC  meets  ^^*>^^i/ 
the  parallels  AD,  EC,  the  angle  ACE  is  equal  to  the  alternates  31. 1. 
angle  CAD^:    but  CAD,  by  the   hypothesis,  is  equal  to  the  ^29.1. 
angle  BAD;  wherefore  BAD   is   equal  to  the  angle   ACE. 
Again,  because  the  straight  line  E 

BAE  meets  the  parallels  AD, 
£C,  the  outward  angle  BAD 
is  equal  to  the  inward  and  op- 
poute  angle  AEC:  but  the 
angle  ACE  has  been  proved 
equal  to  the  angle  BAD;  there- 
ftre  also  ACE  is  equal  to  the 
angle  AEC,  and  consequently  ^ 
the  aide   AE  is  equal  to  the 

ude  «  AC;  and  because   AD  is  drawn  parallel  to  one  of  the  c  6. 1. 
sides  of  the  triangle  BCE,  viz.  to  EC,  BD  is  to  DC,  as  BA  to 
AE4;  Vut  AE  is  equal  to  AC;  therefore,  as  BD  to  DC,  so  i8d2. 6. 
B  A  to  AC«.  c  7.  5. 

Let  now  BD  be  to  DC,  as  BA  to  AC,  and  join  AD;  the  angle 
BAC  is  divided  into  two  equal  angles  by  the  straight  line  AD. 

The  same  construction  being  made;  because,  as  BD  to  DC, 
so  is  BA  to  AC;  and  as  BD  to  DC,  so  is  BA  to  AE'^,  because 
AD  is  parallel  to  EC;  therefore  BA  is  to  AC,  as  BA  to  AE^iiu.S. 
consequently  AC  is  equal  to  AEls,  and  the  angle  AEC  is  there-  g  9. 5. 
ibre  equal  to  the  angle  ACE^:  but  the  angle  AEC  is  equal  to  h  5. 1. 
the  outward  and  opposite  angle  BAD:  and  the  angle  ACE  is 
equal  to  the  alternate  angle  CAD*>:  wherefore  also  the  angle 
BAD  is  equal  to  the  angle  CAD:  therefore  the  angle  BAC  is 
cut  into  two  equal  angles  by  the  straight  line  AD.  Therefore,  if 
the  angle,  Sec.  Q.  £.  D. 
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PROP.  A.  THEOR. 

IF  the  outward  angle  of  a  triangle  made  by  produ- 
cing one  of  its  sides,  be  divided  into  two  equal  an^es, 
by  a  straight  line  which  also  cuts  tlie  base  produ- 
ced; tlic  segments  between  the  dividing  line  and  the 
extremities  of  the  base  have  the  same  ratio  which  the 
other  sides  of  the  triangle  have  to  one  another:  and ' 
if  the  segments  of  the  base  produced,  have  the  same 
ratio  w^hich  the  other  sides  of  the  triangle  have,  the 
straight  Ime  drawn  from  the  vertex  to  the  ppint  of 
section  divides  the  outward  angle  of  the  triai^e  into 
two  equal  angles. 

Let  the  outward  angle  CAE  of  any  triangle  ABC  be  divided 
into  two  equal  angles  by  the  straight  line  AD  which  meets  the 
base  produced  in  D:  BD  is  to  DC,  as  BA  to  AC. 
a.)l.  1.  Through  Cdraw  CF  parallel  to  AD  »:  and  because  the  straight 

line  AC  meets  the  parallels  AD,  FC,  the  angle  ACF  is  equal 
b  29. 1.      to  the  alternate  angle  CAD^:  but  CAD  is  equal  to  the  an^c 
c  Hyp.       DAl>;  therefore  also  D Alii  is  equal  to  the  angle  ACF.  Again, 
because  the  straight  line  FAE  meets  the  parallels  AD,  FC,  the 
outward  anij^lc  DAE  is  e- 
qual  to  the  inward  and  op- 
posite angle  CF  A:  but  the 
angle  ACF  has  been  prov- 
ed equal  to  the  angle  DAE; 
therefore   also  the    angle 
ACF  is  equal  to  the  angle 
CFA,  and  consequently  the 
side  AF  is  equal  to  the  side 
d  6. 1.        AC*':  and  because  AD  is  parallel  to  FC,  a  side  of  the  triangle 
e  2.  6.        BCF,  BD  is  to  DC,  as  BA  to  AF^;  but  AF  is  equal  to  AC;  as 
therefore  BD  is  to  DC,  so  is  BA  to  AC. 

Let  now  BD  be  to  DC,  as  B  A  to  AC,  and  join  AD;  the  angle 
CAD  is  equal  to  the  angle  DAE. 

The  same  construction  being  made,  because  BD  is  to  DC, 
fll  -  as  BA  to  AC;  and  that  BD  is  also  to  DC,  as  BA  to  AF^; 
ff9.5.  therefore  BA  is  to  AC,  as  BA  to  AF«;  wherefore  AC  is  equal 
h5. 1         to  AF^,  and   the  angle  AFC   cqual^   to  the  angle  ACF:  but 
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the  angle  AFC  is  equal  to  the  outward  angle  £AD,  and  the  Book VI. 

angle  ACF  to  the  alternate  angle  CAD ;  therefore  also  EAD  is  "^ ' 

equal   to  the  angle  CAD*      Wherefore,  if  the  outward^  &c. 
Q.  E.  D. 


PROP.  IV.    THEOR. 


THE  sides  about  the  equal  angles  of  equiangular 
triangles  are  proportionals ;  and  those  which  are  oppo- 
site to  the  equal  angles  are  homologous  sides,  that  is, 
are  the  antecedents  or  consequents  of  the  ratios. 

Let  ABC>  DCE  be  equiangular  triangles,  having  the  angle 
ABC  equal  to  the  angle  DCE,  and  the  angle  ACB  to  the  angle 
DEC,  and  consequently*  the  angle  BAC  equal  to  the  angle  a  32. 1- 
CDE.  The  sides  about  the  equal  angles  of  the  triangles  ABC, 
DCE  arc  proportionals;  and  those  are  the  homologous  sides 
i^hich  are  opposite  to  the  equal  angles. 

Let  the  triangle  DCE  be  placed  so  that  its  side  CE  may  be 
contiguous  to  BC,  and  in  the  same  straight  line  with  it :  and 
because  the  angles  ABC,  ACB  are  together  less  than  two  right 
angles  S  ABC,  and  DEC,  which  is   F  {s^  b  17. 1. 

equal  to  ACB,  are  also  less  than  two 
right  angles ;  wherefore  BA,  ED 
produced  shall  meet<^ ;  let  them  be   A 
produced  and  meet  in  the  point  F : 
and  because  the  angle  ABC  is  equal 

to  the  angle  DCE,  BF  is  parallel  <^  \  N^   \     ^\^      d2&l. 

to  CD.  Again,  because  the  angle 
ACB  is  equal  to  the  angle  DEC, 
AC  is  parallel  to  FE<^:   therefore 

FACD  is  a  parallelogram;   and  consequently  AF  is  equal  to 
CD,  and  AC  to  FD«:  and  because  AC  is  parallel  to  FE,  one  of  c  34  1. 
the  sides  of  the  triangle  FBE,  BA  is  to  AF,  as  BC  to  CE^:  butf  2.  6. 
AF  is  equal  to  CD ;  therefore^,  as  BA  to  CD,  so  is  BC  to  CE ;  g  7.  S. 
and  alternately,  as  AB  to  BC,  so  is  DC  to  CE  *> :  again,  because 
CD  is  parallel  to  BF,  as  BC  to  CE,  so  is  FD  to  DE^ :  but  FD  is 
equal  to  AC :  therefore,  as  BC  to  CE,  so  is  AC  to  DE :  and  al- 
ternately, as  BC  to  CA,  so  CE  to  ED :  therefore,  because  it  has 
lM;en  proved  that  AB  is  to  BC,  as  DC  to  CE,  and  as  BC  to  CA, 
so  CE  to  ED,  ex  ^guali\  BA  is  to  AC,  as  CD  to  DE.     There-  h  22.  o. 
fbrci  the  sides,  &c.    Q.  E.  D. 

X 
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Book  VI. 

PROP.  V.    THEOR. 


IF  the  sides  of  two  triangles,  abqut  each  of  their 
angles,  be  proportionals,  the  triangles  shall  be  equian- 
gukir,  and  have  their  equal  angles  opposite  to  the  ho- 
mologous sides. 

Let  the  triangles  ABC,  DEF  have  their  sides  proportionals, 
so  that  AB  is  to  BC,  as  D£  to  EF ;  and  BC  to  C A,  as  £F  to 
TD ;  and  conseqfoently,  ex  ^guaUj  BA  to  AC,  as  ED  to  DF ; 
the  triangle  ABC  is  equiangular  to  the  triangle  DEF,  and  their 
equal  angles  are  opposite  to  the  homologous  sides,  viz.  the  an- 
gle ABC  equal  to  the  angle  DEF,  and  BCA  to  EFD,  and  alio 
BAC  to  EDF. 

a  23. 1.  At  the  points  E,  F,  in  the  straight  line  EF,  tnake  >  the  angle 
FEG  equal  to  the  angle  ABC,  and  the  angle  EFG  equal  to 
BCA;  wherefore  the  remain* 
ing  angle  BAC  is  equal  to  the 

b32. 1.  remaining  angle  EGF^  and 
the  triangle  ADC  is  therefore 
equiangular  to  the  triangle 
GEF ;  and  consequently  they 
have  their  sides  opposite  to 
the  equal   angles   proportion- 

c4. 6.      als*.      Wherefore,   as  AB  to 

BC,  so  is  G£  to  EF ;  but  as  AB  to  BC,  so  is  DE  to  EF ;  there - 

d  11. 5.     fore  as  DE  to  EF,  so  ^  GE  to  EF :   therefore  DE  and  GE  have 

c  9.  5.  the  same  ratio  to  EF,  and  consequently  are  equal « :  for  the  same 
reason,  D¥  is  equal  to  FG :  and  because  in  the  triangles  DEF, 
GEF,  DE  is  equal  to  EG,  and  EF  common,  the  two  sides  DE, 
EF  are  equal  to  the  two  GE,  EF,  and  the  base  DF  is  equal  to  the 

f  8. 1,  base  GF ;  therefore  the  angle  DEF  is  equal  ^  to  the  angle  GEF, 
and  the  other  angles  to  the  other  angles  which  are  subtended  by 

g4. 1.  the  equal  sides  e.  Wherefore  the  angle  DFE  is  equal  to  the  an- 
gle GFE,  and  EDF  to  EGF :  and  because  the  angle  DEF  is  equal 
to  the  angle  GEF,  and  GEF  to  the  angle  ABC;  therefore  the 
angle  ABC  is  equal  to  the  angle  DEF :  for  the  same  reason,  the 
angle  ACB  is  equal  to  the  angle  DFE,  and  the  angle  at  A  to  the 
angle  at  D.  Therefore  the  triangle  ABC  is  equiangular  to  the 
triangle  DEF.    Wherefore,  if  the  sides,  &c.    Q.  E.  D. 
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PROP.  VI.    THEOR. 


IF  two  triangles  have  one  angle  of  the  one  equal  to 
one  angle  of  the  other,  and  the  sides  about  Ihe  equal  - 
ang^  proportionals,  the  triangles  shall  be  equiangu- 
lar, and  shall  have  those  angles  equal  which  are  (^po- 
site  to  the  homologous  sides. 

Let  the  triangles  ABC,  DBF  have  the  angle  BAC  in  the  one 
equal  to  Ihe  angle  EDF  in  the  other,  and  the  sides  about  thoK 
angles  proportionals  i  that  is,  B A  to  AC,  as  ED  to  DP ;  the  tri' 
ungles  ABC,  D£F  are  equiangular,  aud  have  the  angle  ABC 
equal  to  the  angle  DEF,  and  ACB  to  DFE. 

At  the  pointi  D,  F,  in  the  straight  line  DP,  make  >  the  angle  a  £3. 1. 
FDG  equal  to  either  of  the  angles  BAC,  EDF ;  and  the  angle 
DFG  equal  to  the  angle  ACB ;  A 
irhcrcfDre  the  remaining  an- 
gle at  II  is  equal  to  the  re- 
maining one  at  G*,  and  con-  /     \  /\  "^     b32.1. 
scquentlf  the  triangle  ABC  is  f 
equiangular    to   the    triangle  f 
DGF;  and  therefore  as  BA  to/ 
AC,  so  is'  GD  to  DF:    but,l_ 
bj  the  hypothesis,  as  BA  to  B                C     E  F 
AC,  so  ia  ED  to  DF ;  as  therefore  ED  to  DF,  so  is<i  GD  to  DF ;  d  11. 5. 
wherefore  ED  ts  equal '  to  DC ;  and  DF  is  common  to  the  two  e  9. 5., 
triangles  EDF,  GDF:  therefore  the  two  sides  ED,  DF  are  equal 
ta  the  IFO  sides  GD,  DF ;  and  the  angle  £DP  is  equal  to  the 
angle  GOF;  wherefore  the  base  £F  is  equal  to  the  base  FGf,f4.I. 
and  the  triai^le  EDF  to  the  triangle  GDF,  and  the  remaining 
angles  to  the  remaining  angles,  each  to  each,  which  are  subtend-. 
ed  by  the  equal  sides :  therefore  the  angle  DFG  ia  equal  to  the 
angle  DFE,  and  the  angle  at  C  la  the  angle  at  E :  but  the  angle 
DFG  is  equal  to  the  angle  ACB  ;   therefore  the  angle  ACB  is 
equal  to  the  angle  DFE :  and  the  angle  BAC  is  equal  to  the  an- 
gle EDFs ;  wherefore  also  the  remuning  angle  at  B  is  equal  to  s  Hyp. 
the  remaining  angle  at  E.    Therefore  the  triangle  ABC  is  equi- 
angular to  the  triangle  DEF.    Wherefore;  if  two  triangles,  &c* 
Q.  E.  D. 
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PROP.  VII.    THEOR. 

Sec  N.  IF  two  triangles  have  one  angle  of  the  one  equal  to 
one  angle  of  the  other,  and  the  sides  about  two  other 
angles  proportionals,  then,  if  each  of  the  remaining  an- 
gles  be  either  less,  or  not  less,  than  a  right  angle ;  or 
if  one  of  them  be  a  right  angle :  the  triangles  shall  be 
equiangular,  and  have  those  angles  equal  about  whichr 
tlie  sides  are  proportionals. 

Let  the  two  trian^^Ics  ABC,  DEF  have  one  ang^le  in  the  one 
equal  to  one  angle  in  the  other,  viz.  the  angle  BAC  to  the  angle 
EDP,  and  the  sides  about  two  other  angles  ABC,  DEF  pn^r- 
tionals,  so  that  AB  is  to  BC,  as  DE  to  EF;  and,  in  the  first 
case,  let  each  of  the  remaining  angles  at  C,  F  be  less  than  a  right 
angle*  The  trianp^le  ABC  is  equiangular  to  the  triangle  DEF, 
viz.  the  angle  ABC  is  equal  to  the  angle  DEF,  and  the  remain- 
ing angle  at  C  to  the  remaining  angle  at  F. 

For,  if  the  angles  ABC,  DEF  be  not  equal,  one  of  them  is 
greater  than  the  other:    let  ABC  be  the  greater,  and  at  the 
point  B,  in  the  straight  line 
AB,   make   the   angle  ABG  A 

a23. 1.    equal  to  the   angle  »  DEFs  yi  D 

and  because  the  angle  at  A  ^  \ 

is  equal  to  liie  angle  at  D,  j^      \    q 

and  the  angle    ABG  to  the  y^^,.-— -^^ 

angle  DEF;    the  remaining  ■^^"""^^       ' 

b  32. 1.    angle  AOB  is  equal  ^  to  the         B  C       E  F 

remaining  angle  DFE :  therefore  the  triangle  ABG  is  equi- 
<■  4.  6.      angular  to  the  triangle  DEF ;  wherefore  «  as  AB  is  to  BG,  so  is 

DE  to  EF;  but  as  DE  to  EF,  so,  by  hypothesis,  is  AB  to  BC; 
d  11  5.  therefore  as  AB  to  BC,  so  is  AB  to  BG<>;  and  because  AB 
c  9.  5.      has  the  same  ratio  to  each  of  the  lines  BC,  BG  ;   BC  is  equal  <^ 

to  BG,  and  therefore  the  angle  BGC  is  equal  to  the  angle 
15.  1.      BCG  f  ;  but  the  angle  BCG  is,  by  hypothesis,  less  than  a  right 

anj'ltr  ;  therefore  also  the  angle  BGC  is  less  than  a  right  angle, 
Z  13. 1.    and  I'lj  adjacent  angle  AGB  must  be  greater  than  a  right  angles. 

Bui  it  was  proved  that  the  angle  A(iB  is  equal  to  the  angle  at  F ; 

therefore  the  angle  at  F  is  greater  than  a  right  angle :  but  by  the 

hypothesis,  it  is  less  than  a  right  angle ;  which  is  absurd.  There- 
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fore  the  singles  ABC,  DEF  are  not  unequal,  that  is,  they  are  Book  VI, 
equal :  and  the  angle  at  A  is  equal  to  the  angle  at  D  ;    where- 
fore the  remaining  angle  at  C  is  equal  to  the  remaining  angle 
at  F  :  therefore  the  triangle  ABC  is  equiangular  to  the  triangle 
DEF. 

Next,  Let  each  of  the  angles  at  C,  F,  be  not  less  than  a  right 
angle :  the  triangle  ABC  is  also  in  this  case  equiangular  to  the 
triangle  DEF. 

'the  same  construction  being  A 

made,  it  may  be  proved  in  like  ^/^  D 

manner  that  BC  is  equal  to  BG,  ^x^  / 

and  the  angle  at  C  equal  to  the       ^/^  ^\  q 
angle  BGC :  but  the  angle  at  C  .<^^:rllllll7 
is  not  less  than  a  right  angle ;  B  C 

Ihertlbre  the  angle  BGC  is  not 

lefts  than  a  right  angle :    wherefore  two  angles  of  the  triangle 
BGC  are  together  not  less  than  two  right  angles,  which  is  im- 
possible^; and  therefore  the  triangle  ABC  may  be  proved  to  beh  ir  1. 
equiangular  to  the  triangle  DEF,  as  in  the  first  case. 

Lastly,  Let  one  of  the  angles  at  C,  F,  viz.  the  angle  at  C,  be  a 
right  angle ;  in  this  case  likewise  the  triangle  ABC  is  equiangu- 
lar to  the  triangle  DEF. 

For,  if  they  be  not  equiangu-  A 

lar,  make,  at  the  point  B  of  the 
straight  line  AB,  the  angle  ABG 
equal  to  the  angle  DEF;  then  it 
may  be  proved,  as  in  the  first 
case,  that  BG  is  equal  to  BC :  B 
but  the  angle  BCG  is  a  right  an- 
gle, therefore  ^  the  angle  BGC 
is  also  a  right  angle ;  whence 
two  of  the  angles  of  the  trian- 
gle BGC  are  together  not  less 
than  two  right  angles,  which  is 
impossible'^:  therefore  the  tri-  ^ 
angle  ABC  is  equiangular  to 
the  triangle  DEF.  Where- 
lbre»  if  two  triangles,  S(c. 
Q.  £.  D. 
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BoiArvi. 

PROP.  VIII.    THEOR. 

SeeN.  IN  a  right  angled  triangle,  if  a  perpendicular  be 
drawn  from  the  right  angle  to  the  base,  the  trian^es 
on  each  side  of  it  are  similar  to  the  whole  triai^e,  and 
to  one  another* 

Let  ABC  he  a  right  angled  triangle,  having  the  right  angle 
BAC ;  and  from  the  point  A  let  AD  be  drawn  |>erpendicubur  to 
the  base  BC  :  the  triangles  ABD,  ADC  are  similar  to  the  whole 
triangle  ABC,  and  to  one  another. 

Because  the  angle  BAC  is  equal  to  the  angle  ADB,  each  of 
them  being  a  right  angle,  and  that  the  angle  at  B  is  commoii 
to  the  two  triangles  ABC,  ABD  ; 
the  remaining  angle  ACB  is  equal  A 

aS2. 1.  to  the  remaining  angle  BAD*: 
therefore  the  triangle  ABC  is  equi- 
angular to  the  triangle  ABD,  and 
the  sides  about  their  equal  angles 

hi  6       ^^  proportionals** ;  wherefore  the 

c  1  deV  6  ^**i^"5^^*  ^^^  similar* :  in  the  like  jf 
'  manner  it  may  be  demonstrated, 
that  the  triangle  ADC  is  equiangular  and  similar  to  the  triangle 
ABC;  and  the  triangles  ABD,  ADC,  being  both  equiangular 
and  similar  to  ABC,  are  equiangular  and  similar  to  each  other. 
Therefore,  in  a  right  angled,  &c.     Q-  E.  D. 

Cor.  From  this  it  is  manifest,  that  the  perpendicular  drawn 
from  the  right  angle  of  a  right  angled  triangle  to  the  base,  is  a 
mean  proportional  between  the  segments  of  the  base :  and  also 
that  each  of  the  sides  is  a  mean  proportional  between  the  base, 
and  its  segment  adjacent  to  that  uide :  because  in  the  triangles 
BDA,  ADC,  BD  is  to  DA,  as  DA  to  DC*>;  and  in  the  triangles 
ABC,  DBA,  BC  is  to  BA,  as  BA  to  BDi> ;  and  in  the  triangles 
ABC,  ACD,  BC  is  to  CA,  as  CA  ta  CD^. 
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PROP.  IX.    PROB. 


FROM  a  given  straight  line  to  cut  ofiF  any  part  re-  See  m. 
quired. 

Let  AB  be  the  given  straight  line ;  it  is  required  to  cut  off  any 
part  from  it. 

Fnim  the  point  A  draw  a  straight  line  AC  making  any  angle 
with  AB ;  and  in  AC  take  any  point  D,  and  take  AC  the  same 
multiple  of  AD,  that  AB  is  of  the  part  which 
is  to  be  cut  oiT  from  it ;  join  BC,  and  draw  A 

DE  parallel  to  it :  then  AE  is  the  part  i*equir- 
ed  to  be  cut  off. 

Because  £D  is  parallel  to  one  of  the  sides 
of  the  triangle  ABC,  viz.  to  BC,  as  CD  is  to 
DA)  so  is  «  BE  to  £  A ;  and,  by  composition^, 
C A  is  to  AD  as  BA  to  AE :  but  CA  is  a 
multiple  of  AD  ;  therefore  ^  B  A  is  the  same 
multiple  of  AE:  whatever  part  therefore 
AD  is  of  AC,  AE  is  the  same  part  of  AB : 
wherefore^  from  the  straight  line  AB  the  part 
reqiured  is  cut  off.    Which  was  to  be  done. 


PROP.  X.    PROB. 


TO  divide  a  given  straight  line  similarly  to  a  given 
divided  straight  line,  that  is,  into  parts  that  shall  have 
tbef^  same  ratios  to  one  another  which  the  parts  of  the 
divided  ^ven  straight  line  have. 

Let  AB  be  the  straight  line  given  to  be  divided,  and  AC  the 
tivided  line ;  it  is  required  to  divide  AB  similarly  to  AC 

Let  AC  be  divided  in  the  points  D,  E ;   and  let  AB,  AC  be 
placed  so  as  to  contain  any  angle,  and  join  BC,  and  through  the 
poinU  D,  E  draw  a  OF,  EG  parallels  to  it;   and  through  Da 31.1. 
draw  DHK  parallel  to  AB:   therefore  each  of  the  figures  FH, 
HB)  is  a  parallelogram  ;  wherefore  DH  is  equal  ^  to  FG|  and  b  :Pi.  1. 
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Book  VL  HK  to  GB :  and  because  HE  is  paral-         '  A 

V,.  m  ^f0m^  lej  tQ  KQj  one  of  the  sides  of  the  trian- 

c  2. 6.  gle  OKC,  as  CE  to  ED,  so  is  ^  KH  to 
HD :  but  KH  is  equal  to  BG,  and  HD 
to  GF ;  therefore  as  CE  to  ED,  so  is 
BG  to  GF :  again,  because  FD  is  pa- 
rallel to  EG,  one  of  the  sides  of  the  tri- 
angle AGE,  as  ED  to  DA,  so  is  GF  to 
FA  ;  but  it  has  been  proved  that  CE  is  B 
to  ED  as  BG  to  GF ;  and  as  ED  to  DA, 
80  GF  to  FA :  ttierefore  the  given  straight  Ifne  AB  is 
similarly  to  AC.    Which  was  to  be  done. 


PROP.  XL    PROB. 


To  find  a  third  proportional  to  two  given  s 
lines. 

4 

Let  AB,  AC  be  the  two  given  straight  lines,  atid  let  t 
placed  so  as  to  contain  any  angle ;  it  is  requir- 
ed to  find  a  third  proportional  to  AB,  AC  A 

Produce  AB,  AC  to  the  points  D,  E ;  and 
make  BD  equal  to  AC ;  and  having  joined  BC, 
a  31. 1.    through  D  draw  DE  parallel  to  it*. 

Because  BC  is  parallel  to  DE,  a  side  of  the    B  r 
b  2.  6.      triangle  ADE,  AB  is  ^  to  BD,  as  AC  to  CE : 
but  BD  is  equal  to  AC ;  as  therefore  AB  to  AC, 
so  is  AC  to  CE.    Wherefore,  to  the  two  given 
straight  lines  AB,  AC  a  third  proportional  CE      ^ 
is  found.    Which  was  to  be  done. 


PROP.  XII.    PROB. 


TO  find  a  fourth  proportional  to  three  given  si 
Fines. 

Let  A,  B,  C  be  the  three  given  straight  lines ;  it  is  n 
to  find  a  fourth  proportional  to  A,  B,  C 
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aSl.L 


Take  two  ttraight  lines  DE),  DF»  containing  any  angle  EDF ;  Book  VI. 
and  upon  these  make  DG  equal  D 

to  A,  GE  equal  to  B,  and  OH 
equal  to  C ;  and  having  joined 
GH,  draw  EF  parallel*  to  it 
through  the  point  E :  and  be- 
cause GH  is  parallel  to  EF,  one 
tf  the  sides  of  the  triangle 
OEF,  DG  is  to  G£,  as  DH  ta 
HF»;  But  DG  is  equal  to  A, 
G£  to  Bi  and  DH  to  C ;  there- 
fat,  as  A  is  to  B,  so  is  C  to  HF.  E  F 
Wherefore  to  the  three  given  straight  lines  A,  B,  C  a  foqrth 
proportional  HF  is  found.    Which  was  to  be  done* 


b2.«. 


PROP.  XIII.    PROB. 


TO  find  a  mean  proportional  between  two  ^ven 
straight  lines. 


Let  AB,  BC  be  the  two  given  straight  lines ;  it  is  required  to 
find  a  mean  proportional  between  them. 

Place  AB,  BC  in  a  straight  line,  and  upon  AC  describe  the 
^micircle  ADC,  and  from  the 

Ik>int  B  draw*  BD  at  right  an-  _J^  a  11. 1. 

^les  to  AC,  and  join  AD,  DC. 

Because  the  angle  ADC  in  a 
Hemicircle  is  a  right  angle^,  and 
i^ecause  in  the  right  angled  tri- 
angle ADC,  DB  is  drawn  from 
the  right  angle  perpendicular  to 
l^hc  base,  DB  is  a  mean  propor- 


b3t3. 


B 


tional  betwewi  AB,  BC,  the  segments  of  the  basc« :  therefore  be-  '^Cor.  a 
tween  the  two  given  straight  lines  AB|  BC  a  mean  proportional 
DB  is  found*     Which  was  to  be  dooe» 
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PROP.  XIV.    THEOR. 

EQUAL  parallelograms  which  have  one  angle  o£ 
the  one  equal  to  one  angle  of  the  other,  have  tfadr 
sides  about  the  equal  angles  reciprocally  proportiodp* 
al :  and  parallelograms  that  have  one  angle  of  the  one 
equal  to  one  angle  of  the  other,  and  their  sides  about 
the  equal  angles  reciprocally  proportional,  are  equal  to 
one  another. 


I^et  AB,  BC  be  equal  parallelog^rams,  which  have  the  aagles 
at  B  equal,  and  let  the  sides  DB,  BE  be  placed  in  the  tmroe 

ft  14^  1.  straight  line  ;  wherefore  also  FB,  BG  are  in  one  straight  line*: 
the  sides  of  the  parallcloj^rams  AB,  BC,  about  the  equal  angles* 
are  reciprocally  proportional ;  that  is  DB  is  to  BE*  as  GB  to  BF. 
Complete  the  parallelogram  F£;  and  because  the  parallelo- 
gram AB  is  equal  to  BC,  and  that  A  F 
FF  is  another  parallelogram,  AB      r^ 

b7. 5.      is  to  FE,  as  BC  to  FE*»:  but  as      \ 
AB  to  FE,  so  is  the  base  DB  to       V 

c  1. 6.  BE<^ ;  and  as  UC  to  FE,  so  is  the 
base  GB  to  BF ;  therefore  as  DB 

d  11.  5.  to  BF.,  so  is  GB  to  BF<*.  Where- 
fore the  sides  of  the  parallelograms 
AB,  BC  about  their  equal  angles, 
are  rccipocrally  proportional. 

But,  let  the  sides  about  the  equal  angles  be  reciprocally  pro- 
portional, viz.  as  DB  to  BE,  so  GB  to  BF ;  the  parallelogram  AB 
is  equal  to  the  parallelogram  BC. 

Bucause  as  DB  to  BE,  so  is  GB  to  BF ;  and  as  DB  to  B^,  so  is 
the  parallelogram  AB  to  the  parallelogram  FE;  and  as  GB  to 
BF,  so  is  the  parallelogram  BC  to  the  parallelogram  FE ;  there- 
fore as  AB  to  FE,  so  BC  to  FE**:  wherefore-the  parallelogram 

e  9. 5.      AB  is  equaK  to  the  parallelogram  BC     Therefore,  equal  paral- 
lelograms, &c.     Q.  E.  D. 
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PROP.  XV.    THEOR. 


EQUAL  triangles,  which  have  one  angle  of  the  one 
equal  to  one  angle  of  the  other,  have  their  sides  about 
die  equal  angles  reciprocally  proportional :  and  trian- 
gles which  have  one  angle  in  the  one  equal  to  one  an- 
gle in  the  other,  and  their  sides  about  the  equal  angles 
led^xx^ally  proportional,  are  equal  to  one  another. 

Let  ABC,  ADE  be  equal  triangles,  which  have  the  angle  BAG 
equal  to  the  angle  DAE ;  the  sides  about  the  equal  angles  of  the 
triangles  are  reciprocally  pit>|X)rtional ;  that  is,  C  A  is  to  AD,  as 
£A  to  AB, 

Let  ibe  triangles  be  placed  so  that  their  sides  CA,  AD  be  in 
one  straight  line ;  wherefore  also  EA  and  AB  are  in  one  straight 
line^ ;  and  join  BD.    Because  the  triangle  ABC  is  equal  to  the  » 1^  t 
triangle  ADE,  and  that  ABD  is 
another  triangle ;    therefore,  as        B  D 

the  triangle  CAB  is  to  the  trian- 
gle BAD,  so  is  triangle  EAD  to 
triangle  DAB^:  but  as  triangle 
CAB  to  triangle  BAD,  so  is  the 
base  C A  to  AD  c ;  and  as  trian- 
gle EAD  to  triangle  DAB,  so  is 
the  base  £A  to  AB^;  as  there-. 
fbreCAto  AD,sois£Ato  AB«i;     C  -       Edit  5. 

urberefore  the  sides  of  the  triangles  ABC)  ADE  about  the  equal 
angles  are  reciprocally  proportional. 

Bui  let  the  sides  of  the  triangles  ABC,  ADE  about  the  equal 
angles  be  reciprocally  proportional,  viz.  CA  to  AD^  as  EA  to  AB; 
the  triangle  ABC  is  equal  to  the  triangle  ADE. 

Having  joined  BD  as  before ;  because  as  CA  to  AD,  so  is  E A 
to  AB ;  and  as  CA  to  AD,  so  is  triangle  B AC  to  triangle  BAD« ; 
and  as  £  A  to  AB,  so  is  triangle  EAD  to  triangle  BAD  ^ ;  there- 
Sovc^  as  triangle  BAC  to  triangle  BAD,  so  is  triangle  EAD  to 
triangle  BAD ;  that  is,  the  triangles  BAC,  EAD  have  the  same 
ratio  to  the  triangle  BAD ;  wherefore  the  triangle  ABC  is  equals  e  9.  S, 
to  the  triangle  AJ)E.  Therefore^  equal  triangles,  8cc«  Q*  E.  D« 


b7.5. 


cl.6. 
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PROP.  XVL    THEOR. 


IF  four  straight  lines  be  proportionals,  the  rectangle 
contained  by  the  extremes  is  equal  to  the  rectangle 
contained  by  the  means:  and  if  the  rectangle  contained 
by  the  extremes  be  equal  to  the  rectangle  contained  by 
the  means,  the  four  stixiight  lines  are  proportionals. 

Let  the  fonr  straip^ht  lines  AB,  CD,  E,  V  be  proportionals,  tiz* 
as  AB  to  CD,  so  K  to  F ;  the  rectaiif^ic  contained  by  AB,  F  is 
equal  to  the  rectangle  contained  by  CD,  £• 

a  11. 1.  From  the  points  A,  C  draw  *  AG,  CH  at  right  angles  to  AB^ 
CD ;  and  make  AG  equal  to  F,  and  CH  equal  to  £9  and  com- 
plete the  parallelograms  BG,  DH  ;  because  as  AB  to  CD9  so  is 

h7.5.  E  to  F  ;  and  that  E  is  equal  to  CH,  and  F  to  AG  ;  AB  i%^  to 
CD,  as  Cii  to  AG :  therefore  the  sides  of  the  parallelograms 
BG,  DH  about  the  cquul  angles  are  reciprocally  proporiional ; 
but  parallelograms  which  have  their  sides  about  equal  angles 

^U.  6.  reciprocally  proportional,  arc  equal  to  one  another^;  therefore 
the  parallelogram  BG  is  equal  to  the  parallelogram  DH :  and  the 
parallelogram  BG  is  contained 

by  the  straight  lines  AB,  F,  be-     

cause   A(i  is  equal  to   F;    and  '^ 


H 


r- 


tlie  parallelogram  Dil  is  con- 
tained by  Cl3  and  E,  because 
CH  is  equal  to  E:  therefore 
the  rerlanji;le  contained  by  the 
straight  lines  AB,  F  is  equal 
to  tiiat  wiiich  is  contained  by 
CD  and  E. 

And  if  the  rectanr^le  contain- 
ed by  the  straight  lines  AB,  FA  B  C  D 
be  equal  to  that  which  h  contained  by  CD9  E;  these  four  lines 
are  proportionals,  viz.  AB  is  to  CD,  as  E  to  F. 

The  same  construction  bein:^^  made,  because  the  rectangle 
contained  by  the  straiglit  lines  AB,  F  is  equal  to  that  which  is 
contained  by  CD,  E,  and  that  the  rectangle  BCi  is  contained  by 
AB,  F,  because  AG  is  equal  to  F;  and  the  rectangle  DH 
by  CD,  E,  because  CH  is  equal  to  K ;  therefore  the  parallelogram 
BG  is  equal  to  the  paraliclograra  DH ;   and  they  are  equiangu- 
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br :  but  the  aides  about  the  equal  angles  of  equal  parallelograms  Book  VI. 
tre  reciprocally  proportional^ :  wherefore,  as  AB  to  CD,  so  is  CH  ^-nr*^ 
to  AG  ;  and  CH  is  equal  to  E,  and  AG  to  F :  as  therefore  AB  is  c  14. 6. 
toCD,  so  E  to  F.     Wherefore,  if  four,  &c.    Q.  E.  D- 


PROP.  XVII.    THEOR. 


IF  three  straight  lines  be  proportionals,  the  rectan- ' 
gle  contained  by  the  extremes  is  equal  to  the  square 
oTthe  mean :  and  if  the  rectangle  contained  by  tlie  ex- 
tremes be  equal  to  the  square  of  the  mean,  the  three 
straight  lines  are  propartionals. 


Let  the  three  straight  lines  A,  B,  C  be  proportionals,  viz.  as  A 
to  B,  lo  B  to  C  ;  the  rectangle  contained  by  A,  C  is  equal  to  the 
square  of  B. 

Take  D  equal  to  B ;  and  because  as  A  to  B,  so  B  to  C,  and  that 
B  is  equal  to  D  ;  A  is»  to  B,  as  D  to  C :  but  if  four  straight  lines  a  7. 5. 
be  proporcionalSfthe  rect- 
angle contained  by  the     A 
extremes  is  equal  to  that      B 
irhichisconiunedbythe      D 

means'^ :    therefore   the      C   i  ■    ,  ■  'i  , ,      b  Id  iL 

rectangle  contained  by  A, 
C  is  equal  to  that  con- 
tained by  B,D.  But  the 
rectangle  contained  by  B, 

D  is  the  square  of  B ;  be-  A  B 

cause  B  is  equal  to  D : 

therefore  the  rectangle  contained  by  A,  C  is  equal  to  the  square 
of  B. 

And  if  the  rectangle  contained  by  A,  C  be  equal  to  the  square 
of  B ;  A  is  to  B,  as  B  to  C 

The  same  construction  being  made,  because  the  rectangle 
contained  by  A,  C  is  equal  to  the  square  of  Bf  and  the  square 
of  B  is  equal  to  the  rectangle  contained  by  B,  D,  because  B  is 
equal  to  D ;  therefore  the  rectangle  contained  by  A|  C  is  equal 
to  that  contained  by  B<  D :  but  if  the  rectangle  contained  by 
the  extremes  be  equal  to  that  contained  by  the  means,  the  four 
straight  lines  are  proportionals^ ;  therefore  A  in  to  B9  as  D  to 
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Book  VI.  C ;  but  B  is  equal  to  D ;  wherefore  as  A  tc  B}  so  B  to  C.  There^ 
ibrey  if  three  straight  lines,  &c.    Q.  E.  D. 


PROP.  XVIII.    PROB, 


Sec  N.  UPON  a  given  straight  line  to  describe  a  rectili- 
neal figure  similar  and  similarly  situated  to  a  g^ven 
rectilineal  figure. 

Let  AB  be  the  given  straight  line,  andCDEF  the  given  recti- 
lineal figure  of  four  sides ;  it  is  required  upon  the  given  struglit 
line  AB  to  describe  a  rectilineal  figure  similar  and  sixnilariy  Btta- 
ated  to  CDEF. 

Join  DF,  and  at  the  points  A,  B,  in  the  straight  line  AB| 

a  23. 1.    make*  the  angle  BAG  equal  to  the  angle  at  C,  and  the  angle 
ABG  equal  to  the  angle  CDF ;  therefore  the  remaining  angle 

bu2.1.    CFD  is  equal  to  the  renudning  angle  AGB^;   wherefore  Uie 
triangle  FCL)  is  e- 

qui angular    to    the  H 

triangle  GAD:  a-  G 
gain,  at  the  points 
G,  B,  in  the  straight 
line  GB,  niakc^  the 
angle  BGII  e(|ual  to 
■  the  angle  Dl'F>,  and 
the  anjijle  GBII  e- 
qual  to  VD\\s ;  there- 
fore the  remaining  anj^le  FED  is  equal  to  the  remaining  angle 
(;HB,  and  the  triangle  FDE  equiangular  lu  the  triangle  GBH  : 
then,  because  the  angle  AGB  is  e(|ual  to  the  angle  CFD,  and 
BGII  to  DFE,  the  whole  angle  AGH  is  equal  to  the  whole 
C  FK :  for  the  same  reason,  the  angle  ABH  is  equal  to  the  angle 
CDF ;  also  the  anij^le  at  A  is  equal  to  the  angle  at  C,  and  the 
anj»Ie  (illB  to  FED:  therefore  the  rectilineal  figure  ABtIG  is 
fquianguIarloCDEF:  but  likewise  these  Rgureshave  their  sides 
about  the  equal  angles  proportionals :  because  the  triangles  GAB, 

,  4.6.  FCD  being  ecjuiangular,  BA  is^  to  AG,  as  DC  toCF;  and 
because  A(i  is  to  GB,  as  CF  to  FD ;  and  as  GB  to  GH,  so, 
by  reason  of  the, equiangular  triangles  BGH,  DFE,  is  VD  to 
i.2Z5.  FE;  therefore,  f.r  a:rfmil:^\  AG  is  to  GH,  as  CF  to  FE  :  in 
the  same  niannt-r  it  may  be  proved  that  AB  is  to  BH,  as  CD  to 
DE :  and  GH  is  to  IIB,  as  FE  to  El>.     Wherefore,  because 
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ihe  rectilineal  figures  ABHG,  CDEF  are  equiangular,  and  hvrt  BwltVI; 
their  sides  about  the  equal  angles  [>i-oportionalS|  they  are  similar  '  '•~'' 
tooM  another^.  el.defA' 

Next,  Let  it  be  required  to  describe  upon  a  given  straight  line 
AB,  a  rectilineal  figure  similar  and  similarly  situated  to  the  rec- 
tilineal figtire  CDKEF> 

Join  U£,  and  upon  the  given  straight  line  AB  describe  the 
RCtilineai  Tigure  ABHG  similar  and  similarly  situated  to  the 
<)u*dri lateral  figure  CDEF,  by  the  former  case ;  and  at  the 
points  B,  H,  in  the  struighl  line  BH,  make  the  angle  HBL equal 
to  the  angle  EDK,  and  the  angle  BHL  equal  to  the  angle 
DEK ;  therefore  the  remaining  angle  at  K  is  equal  to  the  re- 
maininK  arigle  at  L:  and  because  the  figures  ABHG,  COEE 
are  simiUr,  the  angle  GHB  is  equal  to  the  angle  FED,  and 
BHL  is  equal  to  DEK ;  therefore  the  whole  angle  GHL  ii 
equal  to  the  whole  angle  FEK :  for  the  same  reason  the  angle 
ABL  is  equal  to  the  angle  CDK:  therefore  the  five  sided 
figures  AGHLB,  CFEKD  are  equiangular;  and  because  the 
figures  AGHB,  CFED  are  similar,  GH  is  to  HB,  as  F£  to 
ED  J  and  as  HB  to  HL,  so  is  ED  to  EK." ;  therefore,  t-r  ^qm»,  c  4  S. 
GH  is  to  HL,  as  FE  to  EK :  for  the  same  reason,  AB  is  to  BL, "  32-  *■ 
as  CD  to  DK :  and  BL  is  to  LH,  ts."  DK.  to  KE,  because  the 
triangles  BLH,  DKE  are  equiangular;  therefore,  because  the 
five  sided  figures  AGHLB,  CFEKD  are  equiangular,  and  have 
their  udes  about  the  equal  angles  proportionals,  they  are  similar 
to  one  another:  and  in  the  same  manner  a  rectilineal  figure  of 
six  or  more  sides  may  be  described  upon  a  given  straight  line 
similar  to  one  given,  and  so  on.     Which  was  to  be  done. 


PROP.  XIX.    THEOR. 

SIMILAR  triangles  are  to  one  another  iii  tlie  du- 
plicate ratio  of  their  Domologous  sides. 

Let  ABC,  DEF  be  similar  triangles,  having  the  angle  B  equal 
to  the  angle  E,  and  let  AB  be  to  BC,  as  UK  to  EF,  so  that  the 
side  BC  is  homologous  to  EF>i  the  triangle  ABC  has  to  the  al3.de[5 
triangle  DEF  the  duplicate  ratio  of  that  which  BC  has  to  EF. 

Take  BG  a  third  proportional  to  BC,  EF>>,  so  that  BC  is  lob  11.  6. 
£F,  as  EF  to  BC;,  and  join  GA ;  then,  because  as  AB  to  BC, 
■so  DE  to  EF;  altematclve,  AB  is  to  DE,  as  BC  to  EF:  butcis  s 
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BookVI.  as  BC  to  EF,  so  is  EF  to  BG  ;  thercfored,  as  AB  to  DE,  so  ts 
TT^  *'*^'  ^o  ^G=  wherefore  the  sides  of  the  triangles  ABG.  DEF, 
d  11. 5.     which  arc  about  the  equal  angles,  are  reciprocally  proportional: 
but  triangles  which  have  ihc  sides  about  two  equal  angles  reci- 
procally proportional) 
are  equal  to  one  an-  \ 

e  IS  &  other* :  therefore  -the 
trian^^ie  AB(i  is  equal 
to  the  triangle  DEF: 
and  because  as  BC  is 
to  EF,  so  EF  to  BG ; 
and  that  if  three 
straight  lines  be  pro- 
portionals, the  first  is 
flO^f^.  said^  to  hiive  to  the  third  the  duplicate  ratio  of  that  M'hich  it  hts 
to  the  second ;  BC  therefore  has  in  BG  the  duplicate  ratio  of 
gl. 6.  that  which  BC  nas  to  EF:  but  as  BC  to  BG,  so  is8  the  trian* 
gle  ABC  to  the  triangle  ABG.  Therefore  the  triangle  ABC  has 
to  the  triangle  ABCr  the  duplicate  ratio  of  that  which  BC  ^las 
to  EF:  but  the  triangle  ABG  is  equal  to  the  triangle  DEP; 
wherefore  also  the  triangle  ABC  has  to  the  triangle  D£F  the  dn- 
plicdte  ratio  of  that  which  BC  has  to  EF.  Therefore*  similar 
triangles,  &o^    Q.  £•  D. 

CoR.  From  this  it  is  manifest,  that  if  three  straight  lines  be 
proportionals,  us  the  first  is  tu  thi-  third,  so  is  any  triangle  upoa 
the  first  to  a  similar  and  similarly  described  triangle  upon  the 
second. 


PROP.  XX.     THEOR. 


SIMILAR  polygons  may  be  divided  into  the  same 
number  of  similar  triangles,  having  the  same  ratio  to 
one  another  that  the  polygons  have ;  and  the  polygons 
have  to  one  another  tlie  duplicate  ratio  of  that  \vnich 
their  homologous  sides  have. 

Let  ABC  DK,  FGIIKL  be  similar  polygons,  and  let  AB  be  the 
}ioniologous  side  lo  FCi :  the  polygons  ABCDE,  FGHKL  may 
be  ciivided  into  the  same  number  of  similar  triangles,  whereof 
e:ich  to  each  has  the  same  ratio  which  the  polygons  have;  and 
the  po]\^on  ABC.DE  has  to  the  polygon  FGHKL  the  duplicate 
nuio  of  that  which  the  side  AB  has  to  the  side  FG. 

Join  BF,  EC,  GL,  LH:  and  because  the  polygon  ABODE  is 
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similar  to  the  polyj^on  FGHKL,  the  angle  BAE  is  equal  to  the  Kook  VI. 
angle  GFL  *,  aiid  BA  is  to  AE,  as  GF  to  FL  » :  wherefore,  be-  ^"-^v""^ 
cause  the  triangles  ABE,  FGL  have  an  angle  in  one  equal  to  ^  jr  ^^' 
an  angle  in  the  other,  and  their  sides  about  these  equal  angles 
proportionals,  the  triangle  ABE  is  equiangiilar  ^,  and  therefore  b  6. 6L 
thnilar  to  the  triangle  FGL  c ;   wherefore   the  angle  ABE  is  c  4. 6- 
equal  to  the  angle  FGL:  and,  because  the  polygons  are  simi- 
br,  the  whole  angle  ABC  is  equul  *  to  the  whole  angle  FGH ; 
therefore  the  remaining  angle  EBC  is  equal  to  the  remaining 
angle  LGH:  and  because  the  triangles  ABE,  FQL  are  similar, 
EB  IS  to  BA,  as  LG  to  GF>  and  also,  because  the  polygons 
arc  similar,  AB  is  to  BC,  as  FG  to  GH  »  ;  therefore,  ex  atjuaii^j  d  2Z  5. 
EB  is  to  BC,  as  LG  to  GH;  that  is,  the  sides  about  the  equal 
i      angles  EBC,  LG  H  are  proportionals ;  therefore  ^  the  triangle  EBC 
^      is  equiangular 

to  the  triangle  A 

;     LGH,  and  si-  ^,..--\  ^^  p 

Bilar  to  lie. 
For  the  same  E 
leason,  the  tri- 
angle ECU 
likewise  is  si- 
milar to  the 
triangle  LHK : 

tbcrtfore  the  similar  polygons  ABCDE,  FGHKL  are  divided  into 
the  same  number  of  simitar  triangles. 

Also  these  triangles  havej  each  to  each,  the  same  ratio  which 
the  polygons  have  to  one  another,  the  anleccdents  being  ABE, 
EBC,  ECD,  and  the  consequents  F'GL,  LGH,  LHK:  and  the 
polygon  ABCDE  has  to  the  polygon  FGHKI.  the  duplicate  la- 
tioofthat  which  the  side  AB  has  to  the  homologous  side  FG. 

Because  the   triangle  ABE  is  similar  to  the  triangle  FGL,   ' 

ABE  has  to  FGL  the  duplicate  ratio ^  of  that  which  the  side  BE  c  19. 6. 

has  to  the  side  GL :  for  the  same  reason,  the  triangle  BEC  has 

to  GLH  the  duplicate  ratio  of  that  which  BE  has  to  GL :  therc- 

iSare,  asthe  triangle  ABE  to  the  triangle  FGL,  so^'is  the  trian-f  11.  5- 

gle  BEC  to  the  triangle  GLH.     Again,  because  the  triangle  EBC 

b  similar  to  the  triangle  LGH,  EBC  has  to  LGH  the  duplicate 

ratio  of  that  which  the  side  EC  has  to  the  side  LH  :  for  the  same 

reason,  the  triangle  ECD  has  to  the  triangle  UIK,  the  duplicate 

rauo  of  that  which  EC  has  to  LH  :  as  therefore  the  triangle  EBC 

to  the  triangle  LGH,  so  is  ^  the  triangle  ECD  to  the  triangle 

LHK :  but  it  has  been  proved  that  the  triangle  EBC  is  likewise 

to  the  triangle  LGH,  as  the  triangle  ABE  to  the  triangle  FGL. 

Therefore,  as  the  triangle  ABE  is  to  the  triangle  FGL,  so  is  tri- 

angle  EBC  to  triangle  LGH,  and  triangle  ECD  to  triangle  LHK  : 

and  therefore  as  one  of  tlie  antecedents  to  one  of  the  consequents. 

Z 
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Book  VI.  so  are  all  the  antecedents  to  all  the  consequents  c.  Where- 
^-y*^  foTCi  as  the  triangle  ABE  to  the  triangle  FGL,  so  is  the  polygon 
ff  13.  ^  ABODE  to  the  polygon  FGHKL  ;  but  the  triangle  ABE  has  to 
the  triangle  FGL,  the  duplicate  ratio  of  that  which  the  aide  AB 
has  to  the  homologous  side  FG.  Therefore  also  the  polygon 
ABCDE  has  to  the  polygon  FGHKL  the  duplicate  ratio  of  that 
which  AB  has  to  the  homologous  side  FG.  Wherefbrei  similar 
polygons,  &c.    Q.  E.  D. 

Cor.  1.     In  like  manner,  it  may  be  pro%'ed,  that  similar  four 
aided  figures,  or  of  any  number  of  sides,  are  one  to  another  in  the. 
duplicate  ratio  of  their  homologous  sides,  and  it  has  already  been 
proved  in  triangles.      Therefore,  universally,  similar  rectilineal 
figures  are  to  one  another  in  the  duplicate  ratio  of  their  homolo- 
gous sides. 
Cor.  2.    And  if  to  AB,.FG,  two  of  the  homologous  sideSf  a 
h  10.  def.  third  proportional  M  be  taken,  AB  has  ^  to  M  the  duplicate  ratio 
5*        of  that  which  AB  has  to  FG  :  but  the  four  sided  figure  or  po> 
lygon  upon  AB  has  to  the  four  sided  figure  or  polygon  upon 
FG  likewise  the  duplicate  ratio  of  that  which  AB  has  to  FGt 
thereiore,  as  AB  is  to  M,  so  is  the  figure  upon  AB  to  the  figure 
1  Cor.  19*  upon  FG,  which  was  also  proved  in  triangles'.     Therefore,  uni* 
4.         versally,  it  is  manifest,  that  if  three  straight  lines  be  proportion- 
als, as  the  first  is  to  the  third,  so  is  any  rectilineal  figure  upon 
the  first,  to  a  similar  and  similarly  described  reailineal  figure 
upon  the  second. 
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PROP.  XXI.    THEOR. 

RECTILINEAL  figures  which  are  similar  to  the 
aune  rectilineal  figure,  are  also  similar  to  one  ario- 
tfaer. 

.  Let  each  of  the  rectilineal  figures  A*  Bbe  similar  to  the  rec* 

tiBrM  figure  C :  the  fi^re  A  is  similar  to  the  figure  B.  * 

Bepiuse  A  is  similar  to  C,  they  are  equiangular^  and  also 

kave  their  sides  about  the  equal  angles  proportionals  a.    Again,  a  1.  I>e£> 

because  B  is  similar  to 

C|  they  are  equiangu- 

IViiDd  have  their  sides 

about  the  equal  angles 

praportionals*:  there- 

fite  the  figures  A,  B 

•It  each  of  them  equi- 

mfpilar  to  C,  and  have  the  sidea  about  the  equal  angles  of  each 

if  them  and  of  C  proportionals.     Wherefore  the  rectilineal  figures 

A  aod  B  are  equiangular  *>,  and  have  their  sides  about  the  equal  b  1.  Ax. 

uglci  proportionals «.     Therefore  A  is  similar*  to  B.    Q.  £.  D.     1- 

c  11. 5. 

PROP.  XXII.   THEOR. 

IF  four  straight  lines  be  proportionals,  the  similar 
itctilineal  figures  similarly  described  upon  them  shall 
^  be  proportionals ;  and  if  the  similar  rectilineal 
figures  similarly  described  upon  four  straight  lines  be 
pt)portionals,  those  straight  lines  shall  be  propor- 
tionals. 

Let  the  four  straight  lines  AB,  CD,  EF,  GH  be  proportionals, 

^  AB  to  CD,  as  EF  to  GH,  and  upon  AB,  CD  let  the  similar 

Milioeal  figures  KAB,  LCD  be  similarly  described ;  and  upon 

.  ^,Gii  the  similar  rectilineal  figures  MF,  NH  in  like  manner  x 

^  rectilineal  figure  KAB  is  to  LCD,  as  MF  to  NH.  a  11. 6. 

ToAB,  CD  take  a  third  proportional »  X;  and  to  £F,  GHbll.5. 
^  tbird  proportional  O :  and  because  AB  is  to  CD,  as  EF  to  c  22. 5. 
^H,  tnd  that  CD  is<*  to  X,  as  GH  to  O  ;  wherefore,  ex  ^guaii^j  d  2.  Cor. 
^  AB  to  X,  so  EF  to  O :  but  as  AB  to  X,  $g  it*  the  rectilineal    30. 6. 
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Book. VI*  KAB  to  the  rectilineal  LCD,  and  as  EF  to  O,  so  is^  the  rcctili- 
*— ''^■^  ntal  MF  to  the  rectilineal  Nil;  therefore,  as  KAB  to  IXI^ 
d2  .or.  so»»i8MF  toNH. 

20  6-        And  if  the  rectiUneal  KAB  be  to  LCD,  as  MF  to  NH;  the 
h  11-  3.    straight  line  AB  is  to  CD,  as  EF  to  GH. 
c  12. 6.         Make «  as  AB  to  CD,  so  EF  t6  PR,  and  upon  PR  describe^ 
f  la  6.     the  rectilineal  figure  SR  similar  and  similarly  situated  to  either 


K 


Z\^ 


D 


S 


^^ 


'  of  the  figures  MF,  NH :  then,  because  as  AB  to  CD,  so  is  EF 
to  PR,  and  that  upon  AB,  CD  are  described  tiie  similar  and  ^- 
miiarly  situated  rcctilineals  KAB  LCD,  and  upon  EF,  FRi  ^ 
like  manner,  the  similar  rcctilineals  MF,  SR  ;  KAB,  is  to  LCD» 
as  MF  to  8R;  but,  by  the  hypothesis,  KAB  is  to  LCD,  as  M^ 
to  NH:  and  therefore  the  rectilineal  MF  having  the  same  r^^^ 
g  9. 5.      to  each  of  the  two  NH,  SR,  these  are  equal  k  to  one  another  • 
they  are  also  similar,  and  similarly  situated  ;    therefore  GH  ^^ 
equal  to  PR:  and  because  as  AB  to  CD,  so  is  EF  to  PR,  a"^ 
that  PR  is  equal  to  GH  ;  AB  is  to  CD,  as  EF  to  GIL    If,  there- 
fore, four  straight  lines,  Sec.     Q.  E.  D. 


PROP.XXHL     THEOR. 


SceNote.  EQUIANGULAR  parallelograms  have  to  oH^ 
another  the  ratio  which  is  compounded  of  the  rati^^ 
of  their  sides. 

Let  AC,  CF  be  equiangular  parallelograms,  having  the  an^"*' 
BCD  equal  to  the  angle  ECG  :  the  ratio  of  the  parallelogr^^ 
AC  to  the  parallelogram  CF  is  the  same  with  the  ratio  which  *" 
compounded  of  the  ratios  of  their  sides. 
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Let  BC,  CG,  be  placed  in  a  straight  line ;  therefore  DC  and  Book  VI. 

i  are  also  in  a  straight  line* ;  and  complete  the  parallelogram  *— >r*^ 

};  and,  taking  any  straight  line  K,  make^  as  BC  to  CG,  al4. 1. 

K  to  L,  and  as  DC  to  C£,  so  make^  L  to  M :  therefore  b  12. 6. 

:  ratios  of  K  to  L,  and  L  to  M,  are  the  same  with  the  ratios 

the  sides,  viz.  of  BC  to  CG,  and  DC  to  CE.     But  the  ra- 

of  K  to  M  is  that  which  is  said  to  be  compounded^  of  the  c  A.def. 

ios  of  K  to  L,  and  L  to  M:  wherefore  also  K  has  to  M  the     ^• 

jo  compounded  of  the  ratios  of  the 

les;  and  because  as  BC  to  CG,  so  is 

:  |>arallelogram  AC  to  the  parallelo- 

am  CH^ ;  but  as  BC  to  CG,  so  is  K 

L;  therefore  K  is«  to  L,  as  the  pa- 

llelogram  AC  to  the  parallelogram 

h  again,  because  as  DC  to  CE,  so 

the  parallelogram  CH  to  the  paral- 

logram  CF ;  but  as  DC  to  CE,  so  is 

toM;  wherefore  L  is®  to  M,  as  the 

indlelogram  CH  to  the  parallelogram 

F:  therefore,  since  it  has  been  proved,        K   L  M  E        F 

at  a«  K  to  L,  so  is  the  parallelogram  AC  to  the  parallelogram 

Ei ;  and  as  L  to  M,  so  the  parallelogram  CH  to  the  parallelo- 

■am CF;  cj:  aguaU^^  K  is  to  M,  as  the  parallelogram  AC  to  the  f  22.5. 

irallelogram  CF:  but  K  has  to  M  the  ratio  which  is  compound- 

'  of  the  ratios  of  the  sides ;  therefore  also  the  parallelogram 

C  has  to  the  parallelogram  CF  the  ratio  which  is  compounded 

the  ratios  of  the  sides.  Wherefore,  equiangular  parallelograms, 

:.  Q.  E.  D. 


PROP.  XXIV.    THEOR. 

THE  parallelograms  about  the  diameter  of  anySccXotc. 
irallelogram,  are  similar  to  the  whole,  and  to  one 
lother. 


Let  ABCD  be  a  parallelogram,  of  which  the  diameter  is  AC; 
id  EG,  HK  tlic  parallelograms  about  the  diameter :  the  paral- 
lograms  EG,  HK  are  similar  both  to  the  whole  parallelogram 
BCD,  and  to  one  another. 

Because  DC,  GF  are  parallels,  the  angle  ADC  is  equal*    to  a  29. 1. 
e  angle  AGF:  for  the  same  reason,  because  BC,  EF  are  pa- 
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Book VI.  ralieis,  the  angle  ABC  it  equal  to  the  angle  AEF:  and  eid 
^*">"*^  of  the  angles  BCD,  EFG  is  equal  to  the  opposite  angle  DAB^ 
b34.1.    ^nd  therefore  are  equal  to  one  another;  wherefore   the  panl 

lelograms  ABCD,  A  EFG  are  equiangular:   and  because  tb 

angle   ABC  is  equal  to  the  angle  AEF,  and  the  angle  BA( 

coininun  to  the  two  triangles  BAC,  EAF,  they  are  equiangv 
c4  6.      lar  to  one  another;  therefore^:  as  AB 

to  BC,  so  is  A£  to  EF:  and  because 

the  opposite  sides  of  parallelograms 
d7.5.      are  equal  to  one  another*,  AB  is*  to  G 

AD,  ^s  AE  to  AG;  and  DC  to  CB, 

as  GF  to  FE;  and  also  CD  to  DA, 

as  FG  to  GA:  therefore  the  sides  of 

the    parallelograms    ABCD,   AEFG 

about  the  equal  angles  are  proportion-  D  K  C 

el.def.6.^^*  and  they  are  therefore  similar  to  one  another*:  for  the  san^ 

reason,  the  parallelogram  ABCD  is  similar  to  the  parallelogran 

FHCK..  Wherefore  each  of  the  parallelograms  GE,  KH  is  simila 

to  DB:  but  rectilineal  figures  which  are  similar  to  the  same  rec 
£21*6.     tilineal  figure,  are  also  similar  to  one  another^;  therefore  the  pi 

rallelogram  GE  is  similar  io  KH.  Whereforei  the  parallek>gnitf 

&c.    Q.  E.  D. 


PROP.  XXV.    PROB. 

s«Note.  TO  describe  a  rectilineal  figure  which  shall  be  si 
milar  to  one,  and  equal  to  another  given  rectilines 
figure. 

Let  ABC  be  the  given  rectilineal  figure,  to  which  the  figure  1 

be  described  is  required  to  be  similar,  and  D  that  to  which  it  mu 

be  equal.    It  is  required  to  describe  a  rectilineal  figure  shnil] 

to  ABC,  and  equal  to  D. 

a  Cor.  45.      Upon   the  straight  line  BC  describe*  the   parallelogram  B 

1.        xqual  to  the   figure  ABC;  also  upon  CE  describe*  the  para 

lelogram   CM  equal   to  D,  and  having  the   angle   FCE  ec|U 

to  the   angle  CBL:   therefore   BC   and  CF  are   in  a  straig! 

^S^J'lineS  as  also  LE  and  EM:  between  BC  and  CF  find*  a  nic; 

€13  6^     proportional   GH,  and  upon   GH  describe*^  the   rectilineal 

dl8^6.     ^^^^  KGH  similar  and  similarly  situated  to  the  figure  ABC 

e3.  Cor.  and  because  BC  is  to  Gil  as  GH  to  CF,  and  if  three  straig 

20.6.    lines  be  proportionals^  as  the  first  is  to  the  third,  so  is*  ri 
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ignre  upon  the  first  to  the  similar  and  similarly  described  figure  Book  vi 
upon  the  second ;  therefore  as  BC  to  CF|  so  is  the  rectilineal  ^■■v—^ 
figure  ABC  to  KGH :  but  as  BC  to  CF,  so  fs  ^  the  parallelogram  f  i.  & 
BE  to  the  parallelogram  EF:  therefore  as  the  rectilineal  figure 
ABC  is  to  KGH,  so  is  the  parallelogram  BE  to  the  parallelogram 
ZFfs  and  the  rectilineal  figure  ABC  is  equal  to  the  paralleio- g  n.  5. 


pusL  BE ;  therefore  the  rectilineal  figure  KGH  is  equal  ^  to  the  h  14.  j. 
pwitklogram  £F :  but  EF  is  equal  to  the  figure  D  j  wherefore 
sho  KGH  is  equal  to  D  ;  and  it  is  similar  to  ABC.    Therefore 
the  rectilineal  figure  KGH  has  been  described  similar  to  the 
%ure  ABC)  and  equal  to  O.    Which  was  to  be  done. 


PROP.  XXVI.    THEOR. 

IF  two  similar  parallelograms  have  a  common  an* 
Sfe|  and  be  similarly  situated;  they  are  about  the 
same  diameter. 


Let  the  parallelograms  ABCD,  AEFG  be  similar  and  similarljr 
situated,  and  have  the  angle  DAB  common  :  ABCD  and  AEFG 
ttt  about  the  same  diameter. 

For,  if  not,  let,  if  possible,  the 
puallclogram  BO  have  its  dia- 
meter AHC  in  a  different  straight 
line  from  AF  the  diameter  of  the 
puailelogram  £G,  and  let  GF 
Deet  AHC  in  H;  and  through 
9  draw  HK  parallel  to  AD  or 
X^:  therefore  the  parallelo- 
^ams  ABCD,  AKHG  being 
bout  the  same  diameter,  they 


B 


re  similar  to  one  another* :  wherefore  as  DA  to  AB,  so  is*  GA  u  t  a^c 
>  AK I  but  because  ABCD  and  AEFG  are  aimilar  parallelograms^    ^ 
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Book  VI. as  DA  is  to  AB,  so  is  GA  to  AE ;  therefore «  as  GA  to  A£,  so 
GA  to  AK. ;  wherefore  GA  has  the  same  ratio  to  each  of  the 
straig^ht  lines  AL,  AK  ;  and  consequently  AK  is  equal  ^  to  AE* 
the  less  to  the  greater,  which  is  ini|>ossibIe :  therefore  ABCD 
and  AKHG  are  not  about  the  same  diameter ;  wherefore  ABCD 
and  AEFG  must  be  about  the  same  diameter.  Thereforci  if  two 
similar,  Sec.     Q.  E.  D. 

*  To  understand  the  three  following  propositions  more  easily) 
'  it  is  to  be  observed, 

<  I.  That  a  parallelogram  is  said  to  be  applied  to  a  straight 
line,  when  ii  is  described  upon  it  as  one  of  its  sides.  £x,gT. 
the  parallelogram  AC  is  said  to  be  applied  to  Uie  strught  line 
AB.  ' 

^  2.  But  a  parallelogram  AE  is  said  to  be  applied  to  a  stnught 
line  AB,  deficient  by  a  parallelogram,  when  AL)  the  base  of 
AE  is  less  than  AB,  and  there- 
fore AE  is  less  than  the  paral- 
lelogram AC  described  upon 
AB  in  the  same  angle,  and  be- 
tween the  same  parallels^  by 
the  parallelogram  DC ;  and 
DC  is  therefore  called  the  de- 
fect of  AE. 

»  3.  And  a  paralklogram  AG  is  said  to  be  apj)h*ed  to  a  straight 
line  AH,  cxceedin(>;  by  a  paralleloi:«;rani,  wlicn  AF  ihc  Iwse  of  AG 
is  ijrcater  than  A 15,  and  therefore  ACi  exceeds  AC  the  ;>aral- 
leloj^rani  described  upon  AB  in  the  same  ani^le,  and  between 
the  biini'j  parallels,  by  the  parallelogram  IKi.* 


PKOP.  XXVII.     niEOR. 

s^cNotc.  OF  all  parallelograms  applied  to  the  same  straight 
line,  and  deficient  by  parallelograms,  similar  and  si- 
milarly situated  to  that  which  is  described  upon  the 
half  of  the  line  ;  that  which  is  applied  to  tlie  half,  and 
is  similar  to  its  defect,  is  the  greatest. 


Let  AH  be  a  straight  line  divided  into  two  equal  parts  in  C; 
and  let  the  parallelogram  AD  be  ai)plied  to  the  half  AC, 
whicli  is  therefore  deficient  from  the  ixirallelograin  upon  llie 
whole  line  AB  by  the  parallelogram  C:E  \.\\)<m  the  other  half 
CB:   of  all  the  parallelograms  applied  to  any   other  parts  of 
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ABy  and  deficient  by  parallelograms  that  are  similar,  and  simi-  Book  VI. 
hrly  situated  to  C£;  AD  is  the  greatest. 

Let  AF  be  any  parallelogram  applied  to  AK,  any  other  part  of 
AB  than  the  half,  so  as  to  be  deficient  from  the  parallelogram 
upon  the  whole  line  AB  by  the  parallelogram  KH  similar,  and 
imilariy  situated  to  C£;  AD  is  greater  than  AF. 

Vintf  let  AK  the  base  of  AF,  be  greater  than  AC  the  half  of 
AB;  and  because  C£  is  similar  to  the  D   L       £ 

parallelogram  KH«  they  are  about  the 
tune  diaSrneter  •:  draw  their  diameter         .  i  \  /  p 

DB,  and  complete  the  scheme:  because         '  I  Ma* 

the  parallelogram  CF  is  equal  ^  to  F£,  G 
addKH  to  both,thereforethe  whole  CH 
b  equal  to  the  whole  K£:  but  CH  is 
equal  «  to  CG,  because  the  base  AC  is 
equal  to  the  base  CB:  therefore  CG  is 
equal  to  R£:  to  each  of  these  add  CF; 

tlien  the  whole  AF  is  equal  to  the  gnomon  CHL:  therefore  C£, 
or  the  parallelogram  ^D,  is  greater  than  the  parallelogram  AF. 

Next,  let  AK  the  base  of  AF,  be  less  G  F  M  H 
than  AC,  and,  the  same  construction  be- 
ing made,the  parallelogram  DH  is  equal 
to  DG  S  for  HM  is  equal  to  MG  <>,  be- 
cause BC  is  equal  to  C  A;  wherefore  DH 
is  greater  than  LG:  but  DH  is  equal  ^ 
to  DK;  therefore  DR  b  greater  than  LG: 
to  each  of  these  add  AL;  then  the  whole 
AD  b  greater  than  the  whole  AF. 
Therefore  of  all  parallelograms  applied, 
kc.  Q.  £.  D. 


A      K    C 


B 


2  A 


THE  ELEMENTS 


PROF.  XXVni.  PROB. 


ice  Note.  TO  a  given  strairiit  line  to  apply  a  pars]|e](^^B& 
equal  to  a  given  rectilineal  %ure,  and  deficient  by  a 
'  paralldqgram  aimilar  to  a  ^ven  parallelogram:  but 
the  ipVen  rectilineal  fignre'  to  which  the  parallelogram 
to  be  applied  is  to  be  equal,  must  not  be  greater  than 
the  pandlelogram  qiplied  to  half  of  the  ^ven  line, 
laving  its  defect  similar  to  the  defect  of  that  which  is 
to  be  a[^lie^  that  is,  to  the  ^ven  parallelognun. 


G     O  E 


Let  AB  be  the  j^ma  ttnigiit  tbus,  and  C  the  given  rectilitieel 
figore,  to  which  the  {Nuvltelogrem  to  be  applied  ia  required  to 
be  tqual,  which  figure  muR  not  be  greater  than  the  paraJlelo- 
gniii  eppllod  to  the  luUf  of  the  lint  having  its  defect  from  that 
■  upon  the  whole  line  limilar  to  the  defect  of  that  which  is  to  be 
ftp{riiedi  and  let  D  be  the  parallelogram  to  ivhtch  this  defectjk' 
required  to  be  similar-  It  is  required  to  apply  a  pBrallclc^riin 
to  the  stnight  line  AB,  which 
afaall  be  equal  to  the  figure  d 
and  be  deficient  from  the  pa- 
rallelogram upon  the  whole 
line  bjr  a  parallelogram  simi- 
lar to  D. 

Divide  AB  into  two  equal 

10. 1.      pana  ■  in  the    point  E|  and 
upon  EB  describe  the  parnl- 

la.  6.  lelognun  EBFG  simitar'' and 
similarly  situated  to  U,  and 
complete  the  parallelogram 
AG,  which  must  either  be 
equal  to  C,  or  greater  than  it, 
by  the  determination:  and  if* 
AG  be  equal  to  C,  then  what  was  required  is  already  done: 
for,  upon  the  straight  line  AB,  the  parallelogram  AG  is  applied 
equal  to  the  figure  C,  and  deficient  by  the  parallelogram  £F 
similar  to  D:  but,  if  AG  be  not  equal  to  C,  it  is  greater  than 
it;  and  EF  is  equal  to  AG;  therefore    EF  also  is  greater  than 

3*- 6.       C.  Make  '  the  parallelogram  KLMN  equal   to  the  excess  of 
EF  above  C,  and  similar  and  similarly  situated  to  D;  bnt  D  is 

21  C.      dmilar  to  £F,  tliereforc ''  also  K.&]  is  similar  to  EF:  let  KL 
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be  the  homologous  side  to  EG,  and  LM  to  GF:  and  because  ^^^  "^^ 
EF  is  equal  to  C  and  KM  together,  EF  is  greater  than  KM;  >«^>'^^^/ 
therefore  the  straight  line  EG  is  greater  than  KL,  and  GF  than 
LM:  make  GX  equal  to  LK,  and  GO  equal  to  LM,  and  com- 
plete  the  parallelogram  XGOP:  therefore  XO  is  equal  and 
amiiar  to  KM;  but  KM  is  similar  to  EF;  wherefore  also  XO 
is  similar  to  EF,  and  therefore  XO  and  EF  are  about  the  same 
diameter  « :  let  GPB  be  their  diameter,  and  complete  the  ^  ^^-  ^- 
iclieme:  then  because  EF  is  equal  to  C  and  KM  together,  and 
XQ  a  part  of  the  one  is  equal  to  KM  a  part  of  the  other,  the 
Remainder,  viz.  the  gnomon  ERO,  is  equal  to  the  remainder  C: 
and  because  OR  is  equal  ^  to  XS,  by  adding  SR  to  each,  the  f  34. 1. 
vfaole  OB  is  equal  to  the  whole  XB:  but  XB  is  equals  to  TE,?^^  1 
because  the  base  AE  is  equal  to  the  base  EB;  wherefore  also 
T£  is  equal  to  OB:  add  XS  to  each,  then  the  whole  TS  is 
equal  to  die  whole,  viz.  to  the  gnomon  ERO:  but  it  has  been 
proved,  that  the  gnomon  ERO  is  equal  to  C,  and  therefore  also 
TS  is  equal  to  C.    Wherefore  the  parallelogrfim  vTS,  equal  to 
the  given  rectilineal  figure  C,  is  applied  to  the  given  straight 
Hue  AB  deficient  by  the  parallelogram  SR,  simiku*  to  the  given 
one  D9  because  SR  is  similar  to  EF  K  Which  was  to  be  done,     h  24. 6. 


PROP.  XXIX.  PROB. 


TO  a  given  straight  line  to  apply  a  parallel<^ram  see  Note. 
equal  to  a  given  rectilineal  figure,  exceeding  by  a  pa- 
rallelogram  similar  to  another  given. 


Let  AB  be  the  given  straight  line,  and  C  the  given  rectilineal 
figure  to  which  the  parallelogram  to  be  applied  is  required  to  be 
equalfAnd  D  the  parallelogram  to  which  the  excess  of  the  one 
to  be  applied  above  that  upon  the  given  line  is  required  to  be 
similar.  It  is  required  to  apply  a  parallelogram  to  the  g^ven 
straight  line  AB,  which  shall  be  equai  to  the  figure  C,  exceeding 
by  a  parallelogram  similar  to  D. 

Divide  AB  into  two  equal  parts  in  the  point  E,  and  upon 
£B  describe  •  the  parallelogram  EL  similar  and  shnilariy  situa-  ^  jg.  5 


IM 
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Book  Vf.  ted  to  D:  «id  make^  the  purattelogram  OH  equd  lAEfa 
C  together,  and  similar  and  similarly  ntuated  to  D$  when 
GH  is  similar  to,  EL  «:  let  K.H  be  the  side  hotnolo»iu«  to 
and  KG  to  F£:  and  because  the  parallelogram  OH  iMfjn 
tfian  £L)  tb^refiire  t^e  side  Kfi  is  greater  than  fl«f  add 
than  FE:  produce  FL  and  FEf  and  make  FLM  equal  to 

'  and  FEN  to  KG,  and  complete,  the  paraUelogrsm  MN..'1U 
tiierefore   equal   and  K  H 

similar^  to  GH  ;   but 

.  GH  is  rimilar  to  EL; 
wherefore  MN  is  si- 
milar toELy  and  con- 
sequently EL  and 
MN  are  about  the 
d  96.  &  same  diameter  ^  t 
draw  their  diameter 
FXf  and  complete 
the  scheme.  Thef^ 
'  fore,  since  GH  is  e* 
qualtoEL  and  C  to* 
^ther,  and  that  GH 
is  equal  to  MN;  MN  ^  p 

is  equal  to  EL  and  C:  take  away  the  common  part  EL;  then 
remainder,  viz.  the  gnomon  NOL,  is  equal  to  C.  And  bee; 
AE  is  equal  to  EB,the  parallelogram  AN  is  equal  «  to  the  pj 
lelogram  NB,  that  is,  to  BM  ^.  Add  NO  to  each;  therefore 
whole,  viz.  the  parallelogram  AX  is  equal  to  the  gnomon  N 
But  the  gnomon  NOL  is  equal  lo  C;  therefore  also  AX  is  e 
to  C.  Wherefore  to  the  straight  line  AB  there  is  applied 
parallelogram  AX  equal  to  the  given  rectilineal  C,  exceedin 
the  parallelogram  PO>  which  is  similar  to  D,  because  PO  i 
g  84. 6.     milar  to  £L  s.  Which  was  to  be  done. 


e  36. 1. 
f43. 1. 


PROP.  XXX.  PROB. 

TO  cut  a  given  straight  line  in  extreme  and  m 
ratio. 


Let  AB  be  the  given  straight  line;  it  is  required  to  cut  i 
eactreme  and  mean  ratio. 


/ 
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A^ 


_B 


I> 

ft  46:1. 
b29.6. 


Upon  AB  describe  •  the  square  EC,  and  to  AC  apply  the  Book  VI. 
puallelogram  CD  equal  to  BC,  exceeding  by  the  figure  AD  si- 
milar to  BC  h  but  BC  is  a  square, 
dterefore  also  AD  is  a  square;  and  be- 
came BC  is  equal  to  CD,  by  taking  the 
ciimmon  part  C£  from  each,  the  re- 
minder BF  is  equal  to  the  remainder 
AD:  and  these  figures  are  equiangular, 
tlierefore  their  sides  about  the  equal 
aagles  are  reciprocally  proportional  «: 
wiierefore,  as  F£  to  ED,  so  A£  to  £B: 
btttFE  is  equal  to  AC  *,  that  is,  to  AB; 
and  £D  is  equal  to  AE:  therefore  as 
BA  to  A£,  so  is  A£  to  £B:  but  AB  is 

greater  than  AE;  wherefore  AE  is  greater  than  £B  «:  therefore 
the  straight  line  AB  is  cut  in  extreme  and  mean  ratio  in  £  '* 
Which  was  to  be  done.- 


C14.6. 


d34.1. 


e]4.5. 
f  3  def.  6 


Othervfucj 

Let  AB  be  the  given  straight  line;  it  is  required  to  cut  it  in 
citreme  and  mean  ratio. 

Divide  AB  in  the  point  C,  so  that  the  rectangle  contained  by 
AB,  BC  be   equal  to  the  square  of  AC  t,  .  g  11.2. 

TheO}  because  the  rectangle  AB,  BC  is  equal   a  i,     « 

todic  square  of  AC,  as  BA  to  AC,  so  is  AC  ^ 

toCB*>:  therefore  AB  is  cut  in  extreme  and  mean  ratio  in  C.  h  17. 6. 
Wkich  was  to  be  done. 


PROP.  XXXI.  THEOR. 


IN  right  angledt  riangles,-  the  rectilineal  figure  de-  scc  Note 
scribed  upon  the  side  opposite  to  the  right  angle,  is 
equal  to  the  similar,  and  similarly  described  figures 
upon  the  sides  containing  the  right  angle. 

Let  ABC  be  a  right  angled  tri,angle,  having  the  right  angle 
BAC:  the  rectilineal  figure  described  upon  BC  is  equal  to  tlie 
similar,  and  similarly  described  figures  upon  BA,  AC. 

Draw  the  perpendicular  AD;  therefore  because  in  the  right 
■Dglcd  triangle  ABC,  AD  is  drawn  from  the  right  angle  at  A 
perpendicular  to  the  base  BC,  the  triangles  ABD,  ADC  are  si- 
milar to  the  whole  triangle  ABC,  and  to  one  another  *,  and  ^  8. 6. 
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BookVL  hecaiitethe  triaogte  ABCis  limitaur to  ADB,  M  CBtp 
^^^'^'''^M/isBAtoBOH  uidbecaiiBe  these  three  straight  linesa 
b4. 6.       portiiMMlat  11  die  first  to  the  third,  so  is  the  figure  upon  t 
c3.Cor.    to  the  Bimilari  and  stmilerljr  described  figure  up«i  the  se 
SO.  6.       therefore  as  CB  to  BD»  so  is  the 

figure  upon  GB  to  the  similar  antf 

dmilariy   deseribed   figure^  upon 
dB:5.      BA:  and)  inrerseljr^  as  DB  to 

BC|  so  is  the  firan  upon  BA  to 

that  upon  BC;  m  the  same  re** 

son,  as  DC  to  CB»  so  is  the  figure 

upon  CA  to  that  upon  CB.  Where-i 

fore  as'BD  and  DC  together  to  BCt 

so  are  the  figures  upon  B A»  AC  to 
e  24.5.      that  upon  BC«:  but  BD  and  DC  together  are  equal  to  BC 
f  A.  5.       fore  the  figpre  described  on  BC  is  equal  ^  to  the  similar  an 

larly  described  figures  on  B  A|  AC.  Wherefore^  in  rig^ 

triangfoS)  8cc.  Q.  £•  D. 


PROP.  XXXII.  THEOR. 


See  Note  '^  ^^  triangles  which  have  two  sides  of  th 
proportional  to  two  sides  of  the  other,  be  joii 
one  angle,  so  as  to  have  their  homolo^us  sides  ; 
lei  to  one  another;  the  remaining  sides  shall  b< 
straight  line. 

Let  ABC,  DCE  be  two  triangles  ivhich  have  the  tw( 
BA,  AC  proportional  to  the  two  CD,  DE,  viz.  BA  to  AC, 
to  DE;  and  let  AB  be  parallel  to  DC,  and  AC  to  DE.  i 
CE  are  in  a  straight  line. 

Because  AB  is  parallel  to 
DC,  and  the  straight  line  AC 
meets  them,  the  alternate  an- 
a  S9. 1.  flea  BAC,  ACD  are  equal  »; 
for  the  same  reason,  the  angle 
CDE  is  equal  to  the  angle 
ACD;  wherefore  also  BAC  is 
equal  to  CDE:  and  because 
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the  triangles  ABC,  DC£  have  one  angle  at  A  equal  to  one  at  ^^^  ^I- 

Dy.and  the  sides  about  these  angles  proportionals,  viz.  BA  to  ^-^^"^^^^ 

AC>  at  CD  to  DE,  the  triangle  ABC  is  equiangular  b  to  DCE:  b  a.  6. 

tlimbre  the  angle  ABC  is  equal  to  the  angle  DCE:  and  the 

tagte  BAC  was  proved  to  be  equal  to  ACD:  therefore  the 

vfaole  angle  ACE  is  equal  to  the  two  angles  ABC,  BAC;  add 

the  common  angle  ACB,  then  the  angles  ACE,  ACB  are  equal 

tothe  angles  ABC,  BAC,  ACB:  but  ABC,  BAC,  ACB  are  equal 

to. two  right  angles  s  therefore  also  the  angles  ACE,  ACB  are 

equal  to  two  right  angles:  and  since  at  the  point  C,  in  the  straight  ^  ^'  ^' 

be  AC,  the  two  straight  lines  BC,  CE,  which  are  on  the  oppo- 

ihe  aides  of  it,  make  the  adjacent  angles  ACE,  ACB  equal  to  two 

right  angles;  therefore  ^  BC  and  CE  are  in  a  straight  line,  d  14.  1. 

Wherefore,  if  two  triangles,  &c.  Q.  E.  D. 


PROP.  XXXIIL  THEOR. 


IN  equal  circles,  angles,  whether  at  the  centres  or  sce  Note. 
circumferences,  have  the  same  ratio  which  the  cir- 
ciunferences  on  which  they  stand  have  to  one  another, 
so  also  have  the  sectors. 


Let  ABC,  DEF  be  equal  circles;  and  at  their  centres  the 
iDgles  BGC,  EHF,  and  the  angles  BAC,  EOF  at  their  cir- 
camferences;  as  the  circumference  BC  to  the  circumference 
£F,  80  is  the  angle  BGC  to  the  angle  EHF,  and  the  angle 
BAJC  to  the  angle  EDF;  and  also  the  sector  BGC  to  the  sector 
EHF. 

Take  any  number  of  circumferences  CK,  KL,  each  equal  to 
Be,  and  any  number  whatever  FM,  MN  each  equal  to  EF: 
«id  join  GK,  GL,  HM,  HN.  Because  the  circumferences 
Be,  CK,  KL  are  all  equal,  the  angles  BGC,  CGK,  KGL 
ire  also  all  equal  »:  therefore  what  multiple  soever  the  circura-a27. 
ference  BL  is  of  the  circumference  BC,  the  same  multiple  is 
^e  angle  BGL  of  the  angle  BGC:  for  the  same  reason,  what- 
^▼tr  multiple  the  circumference  EN  is  of  the  circumference 
^ithe  same  multiple  is  the  angle  EHN  of  the  angle  EHF: 
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VL  and  if  tht  arciimhnvx»  BL  be  equal  to  the  circumfercncfl 
ENttbe  sngle  BGL  li  alao  eqiul'  to  the  angle  EHNi  and 
if  the  circumfennce  BL  be  grekter  than  EN,  like  wise  the  uu|f  le 
'BOL  u  greater  tbas  EHMt  and  if  leaa,  kss:  there  being  then 
bur  magnitudeai  the  two  circumferences  fiC,  lLt\  and  the  ' 
twoanjlei  BGC,  EUF;  of  tde  circumfennce  BC.  and  of  tfae 
•qgle  BGC)  havo  been  taken  an^  equimnltiples  wh-atever,  vii. 
the  circumference  BL,  and  the  anfrite  BGL;  and  or  the  dram)' 
fbrence  EF,  and  of  the  angle  EHF,  any  equintulitples  what- 


ever, viz.  the  circumference  EN,  and  the  angle  EHN:  aad 
it  has  been  proved,  that*  if  the  circumference  BL  be  greater 
than  EN,  the  ^angle  BGL  is  greater  than  EHN;  -mi.  it 
equal,  equaJj  and  if  leaSt  less:  as  therefore  the  circiunfhiMico 

b  5.  (lef  5.  BC  to  the  circumference  EF,  ao  ^  is  the  angle  BGC^  to  the 
angle  EHF:  but  as  tlie  angle  BGC  is  to  the  angle  EHP,  aob 

c  j5.  5.      c  the  angle   BAG  to  the  an^le  EDF,   for  each  ia  double-  of 

.1  30.  3.  each  ':  therefore,  as  the  circumference  BC  is  to  EP,  ao  is  the 
angle  BGC  to  the  angle  EHF,  and  the  angle  BAC  to  the  a^e 
EOF.  ^^ 

.%.  Also,  aa  the  circumference  fiC  to  EF,  so  ts  the  sector  BQC 

to  the  Bect6r  EHF.  Join  BC,  CK,  and  in  the  circumferencts 
BC,  CK  take  an^  points  X,  O,  and  join  BX,  XC,  CO,  OCi 
then,  because  in  the  triangles  GbC,  GCK  the  two  udes  "BOi, 
GC   are   equal   to  the    two  CG,    GL,  and  that    th^  contaia 

^  ^  I  equal  angles;  the  base  BC  is  equal  '  to  the  base  CK,  and  die 
triangle  GBC  to  the  triangle  GCK:  and  because  the  circam- 
fi-rence  BC  is  equal  to  the  cit'cumference  CK,  the  remaiiung 
part  of  the  whole  circumierence  of  the  circle  ABC,  is  equal  to 
the  remaining  part  ot  the  whole  circumference  of  the  aame 
circle:  wherefore  the  angle  BXC  is  equal  to  the  angle  COK  •; 

fii  1  f  n'OndthesegmentBXCistbereforeumilartothcBegmentCOS.'; 
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And  they  aiT  upon  equal  straight  lines  BC,  CK  :  but  similar  seg-  Book  VI 
menta  of  circles  upon  equal  straight  lines,  arc  equal  8  to  one  ano-  ^^^'^^ 
ther  :  therefore  the  segment  BXC  is  equal  to  the  segment  COK :  g  ^<  3. 
and  the  tnangle  BGC  is  equal  to  the  triangle  CGk;  therefore- 
tbt  whole,  the  sector  BGC)  is  equal  to  the  whole^  the  sector 
COK  :  for  the  same  reason,  the  sector  KGI^  Is  equal  to  each  of 
Hie  sectors  BGC»  CGK:  in  the  same  manner,  the  sectors  £MF, 
FliM,  MHN  may  be  proTed  equal  to  one  another:  therefore, 
what  multiple  aoever  the  circumference  BL  is  of  the  circumfer- 
ence BC,  the  same  multiple  is  the  sector  BGL  of  the  sector 
BGC:  for  the  same  reason,  whatever  multiple  the  circurofer* 
coce  EN  is  of  £F,  the  same  multiple  is  the  sector  EHN  of  the 
xctor  EHF:  and  if  the  circumference  BL  be  equal  to  £N,  the 

A  D 


sector  BGL  is  equal  to  the  sector  EHN  ;  and  if  tlie  circumfer- 
ence BL  be  greater  than  EN,  the  sector  BGL  is  greater  than 
the  sector  EHN ;  and  if  less,  less :  since,  then,  there  are  four 
magnitudes,  the  two  circumferences  BC,  EF,  and  the  two  sec- 
tors BGC,  EHF,  and  of  the  circumference  BC,  and  sector  BGC, 
the  circumference  BL  and  sector  BGL  are  any  equal  multiples 
whatever;  and  of  the  circumference  EF,  the  sector  EHF,  the 
circumference  EN  and  sector  EHN  are  any  equimultiples  what- 
ever; and  that  it  has  been  proved,  if  the  circumference  BL  be 
greater  than  EN,  the  sector  BGL  is  greater  than  the  sector  EHN ; 
and  ifequal,  equal ;  and  if  less,  less.  Therefore**,  as  the  circum-  b5.def.5« 
fcrcncc  BC  is  to  the  circumference  EF,  so  is  the  sector  BGC  to 
the  sector  EHF.     Wherefore,  in  equal  circles,  &c.     Q,  E.  D. 


2  B 


194  THE  ELEMENTS 

BookVT. 

"-nr— '  PROB.  B.  THEOR. 

SeeNote.  IF  an  angle  of  a  triangle  be  bisected  by  a 
line,  which  likewise  cuts  the  base ;  the  rectai 
tained  by  the  sides  of  the  triangle  is  equal  to 
angle  contained  by  the  segments  of  the  base, 
with  the  square  of  the  straight  line  bisectinj 
gle. 

m 

Let  ABC  be  a  triangle,  and  let  the  angle  BAC  be 

the  straight  line  AD  ;  the  rectangle  BA,  AC  is  equal 

angle  BD,  DC,  together  with  the  square  of  AD. 
a 5. 4.  Describe  the  circle*  ACB  about  tlie  triangle,  ar 

AD  to  the  circumference  in  E,  and 

join  EC :  then  because  the  angle 

BAD  is  equal  to  the  angle  CAE, 
b  21. 3.    a'ld  the  angle  ABD  to  the  angle  ^ 

AEC,  for  they  are  in  the  same  seg'    B 

ment ;   the  triangles  ABD,  AEC 

are  equiangular   to    one  another: 
c  4.6.       therefore  as  B A  to  AD,  so  is  ^  EA 

to  AC,  and  consequently  the  rect- 
d  16.  6.    angle  BA,  AC  is  equal  ^  to  the  rect- 
c  3. 2.      angle  E  A,  AD,  that  is  «,  to  the  rect- 
angle ED,  DA,  logeiher  with  the 

square  of  AD :  but  the  rectangle  ED,  DA  is  equal  t< 
f35. 3.     angle'BD,  DC.     Therefore  the  rectangle  BA,  AC 

the  rectangle  BD,  DC,  together  with  the  square  of  AD. 

fbrc,  if  an  angle,  &c.   Q,  E.  D. 

PROP.  C.     THEOR. 

See  Note     IF  from  any  angle  of  a  triangle  a  straight 
drawn  perpendicular  to  the  base ;  the  rectar 
tained  by  the  sides  of  the  triangle  is  equal  to 
angle  contained  by  the  perpendicular  and  the 
of  the  circle  described  about  the  triangle. 

Let  ABC  be  a  triangle,  and  AD  the  perpendiculai 
angle  A  to  the  base  BC  ;  the  rectangle  BA,  AC  is  et 
rectangle  contained  by  AD  and  the  diameter  of  the 
scribed  about  the  triangle. 
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Describe  *  the  circle  ACB  about  the 

triangle,  and  draw  its  diameter  A£, 

md  join  EC :  because  the  right  angle 

BDA  is  equal  ^  to  the  angle  EC  A  in  a 

aonicircle,  and  the  angle  ADD  to  the   B 

«gle  AEC  in  the  same  segment^ ;  the 

triangles  ABD,  AEC  are  equiangular: 

therefore  as  ^  fi  A  to  AD,  so  is  £  A  to 

AC;  and  consequently  the  rectangle 

BAi  A(}  is  equal  ^  to  the  rectangle  E  A, 

AD.  If^  therefore^  from  an  angle,  Sec. 

Q.E.D. 


Book  VI. 


d4.6. 


e  16.  6. 


PROP.  D.     THEOR. 

THE  rectangle  contained  by  the  diagonals  of  aSee.Note. 
Quadrilateral  inscribed  in  a  circle,   is  equal  to  both 
w  rectangles  contained  by  its  opposite  sides. 

Let  ABCD  be  any  quadrilateral  inscribed  in  a  circle,  and  join 
AG)  BD ;  the  rectangle  contained  by  AC,  BD  is  equal  to  the  two 
rectangles  contained  by  AB,  CD,  and  by  AD,  BC*. 

Make  the  angle  ABE  equal  to  the  angle  DBC ;  add  to  each 
of  these  the  common  angle  EBD,  then  the  angle  ABD  is  equal 
to  the  angle  EBC :   and  the  angle  BDA  is  equal »  to  the  an- a  21.  S. 
Sk  fiCE,  because  they  are  in  the  same  segment;  therefore 
the  triangle  ABD  is  equiangular         B 

toibe  triangle  BCE :  wherefore  i>  as         ^  ^         b4.6. 

BCift  to  CE,  so  is  BD  to  D A ;  and 
foosequently  the  rectangle  BC,  AD 
IS  equate  to  the  rectangle  BD,  CE  : 
>gsin,  because  the  angle  ABE  is  equal 
tethe  angle  DBC,andtheangle«BAE 
to  the  angle  BDC,  the  triangle  ABE 
H  equiangular  to  the  triangle  B(  D: 
tt  therefore  BA  to  AE,  so  is  BD  to 
IKI;  wherefore  the  rectangle  BA, 
DC  is  equal  to  ihe  rectangle  BD«  AE : 

^t  the  rectangle  BC,  AD  has  been  shown  equal  to  the  rectangle 
^D)  CE :  therefore  the  whole  rectangle  AC,  BD  ^  is  equal  to  the  d  1. 
'Wangle  AB,  DC,  together  with  the  rectangle  AD,  BC.     There- 
fat  the  rectangle,  &c.    ft.  E.  D. 

*  This  is  a  Lenmia  of  CI-  PtQlomieuSy  in  piige  9  of  his  fifycXy  «i/f  r«{i(. 
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ELEMENTS  OF  EUCLID. 


BOOK  XL 


DEFINITIONS. 

I. 

Book  XI.  A.  SOLID  is  that  which  hath  length,  breadth,  and  thicknesf. 

II. 
That  which  bounds  a  solid  is  a  superficies. 

III. 
A  straight  line  is  perpendicular,  or  at  ri^^ht  angles  to  a  plane, 
when  it  makes  right  angles  with  every  straight  line  meetin; 
it  in  that  plane. 

IV. 
A  plane  is  perpendicular  to  a  plane,  when  the  straight  lin«» 
dirawn  in  one  of  the  planes  per|)endicu)arl3r  to  the  common 
section  of  the  two  planes,  are  perpendicular   to  the  other 
plane. 

V* 
The  inclination  of  a  straight  line  to  a  plane  is  the  acute  angle 
contained  by  tliat  straight  line,  and  another  drawn  from  the 
point  in  which  the  first  line  meets  the  plane,  to  the  point  in 
which  a  perpendicular  to  the  plane  drawn  from  any  point  of 
the  iirst  line  above  the  plane,  meets  the  same  plane. 

VI. 
The  inclination  of  a  plane  to  a  plane  is  the  acute  angle  contained 
by  two  straight  lines  drawn  from  any  the  same  point  of  their 
common  section  at  right  angles  to  it,  one  upon  one  plane,  and 
the  other  upon  the  other  plane. 
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VII. 
Two  planes  are  said  to  have  the  same>  or  a  like  iQclination  to  Book  XI. 
one  another,  which  two  other  planes  have,  when  the  said  an-  ^-nr*^ 
gles  of  inclination  are  equal  to  one  another. 

VIII. 
hnDel  planes  are  such  which  do  not  meet  one  another  though 
produced. 

IX. 
A  solid  angle  is  that  which  is  made  by  the  meeting   of  more  See  Note, 
than  two  plane  angles^   which  are  not  in  the  same  plane>  in 
one  point. 

X 
'The  tenth  definition  is  omitted  for  reasons  given  in  the  notes.'      See  Note. 

XI. 
%lular  solid  figures  are  such  as  have  all  their  splid  angles  equal)  See  Note, 
each  to  each,  and  which  are  contained  by  the  same  number 
of  similar  planes. 

XII. 
A  p3mm]d  is  a  solid  figure  contained  by   planes  that  are  consti- 
tuted betwixt  one  plane  and  one  point  above  it  in  which  they 
meet. 

XIII. 
•^  prism  is  a  solid  figure  contained  by  plane  figures,  of  which  two 
ihat  are  opposite  are  equal,  similar,  and  parallel  to  one  ano- 
ther ;  and  the  others  parallelograms. 

XIV. 
^  sphere  is  a  solid  figure  described  by  the  revolution  of  a  semi- 
drck  about  its  diameter,  which  remains  unmoved. 

XV. 
X%e  axis  of  a  sphere  is  the  fixed  straight  line  about  which  the 
semicircle  revolves. 

XVI. 
centre  of  a  sphere  is  the  same  with  that  of  the  semicircle. 

XVII. 
^*he  diameter  of  a  sphere   is  any  straight  Imc  which  passes 
through  the  centre^  and  is  terminated  both  ways  by  the  super- 
ficies of  the  sphere. 

XVIII. 
A  cone  is  a  solid  figure  described  by  the  revolution  of  a  right 
angled  triangle  about  one  of  the  sides  containing  the  right 
sngle,  which  side  remains  fixed* 
^f  the  fixed  side  be  equal  to  the  other  side  containing  the  right 
sngle,  the  cone  is  called  a  right  angled  cone ;  if  it  be  less 
than  the  other  sidc;  an  obtuse  angled,  and  if  grc;iter,  an  acute 
uigkd  cone. 
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XIX. 

The  axis  of  a  cone  is  the  fixed  straight  line  about  wh 
triangle  revolves. 

XX. 
The  base  of  a  cone  is  the  circle  described  by  that  side  cc» 
the  right  angle,  which  revolves. 

XXI. 
A  cylinder  is  a  solid  figure  described  by  the  revolution  of 
angled  parallelogratn  about  one   of  its  sidesy  which  i 
fixed. 

XXII. 
The  axis  of  a  cylinder  is  the  fixed  straight  line  about  wfc 
parallelogram  revolves. 

XXIII. 
The  bases  of  a  cylinder  are  the  circles  described  by  the 
vol  ring  opposite  sides  of  the  parallelogram. 

XXIV. 
Similar  cones  and  cylinders  are  those  which  have  their,  a: 
the  diameters  of  their  bases  proportionals. 

XXV. 
A  cube  is  a  solid  figure  contained  by  six  equal  squares. 

XXVI. 
A  tetrahedron  is  a  solid  figure  contained  by  four  equal  an 
lateral  triangles. 

XXVII. 
An  octahedron  is  a  solid  figure  contained  by  eight  equal  an 
lateral  triangles. 

XXVIII. 
A  dodecahedron  is  a  solid  figure  contained  by  twelve  eqa 
tagons  which  are  equilateral  and  equiangular. 

XXIX. 
An  icosahedron  is  a  solid  figure  contained  by  twenty  eqi 
equilateral  triangles. 

DEF.  A. 
A  parallelopiped  is  a  solid  figure  contained  by  six  quadr 
figures,  whereof  every  opposite  two  are  parallel. 
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PROP.  I.     THEOR. 


ONE  part  of  a  straight  line  cannot  be  in  9  plane  See  Nete. 
and  another  part  above  it. 

If  it  be  possible,  let  AB,  part  of  the  straight  line  ABC,  be  in 
flie  plane,  and  the  part  BC  above  it :  and  since  the  straight  line 
AB  b  in  the  plane«  it  can  be  pro- 
duced in  that  plane :  let  it  be  pro- 
duced to  D:  and  let  any  plane  pass 
tkrougfa  the  straight  line  AD,  and 
be  turned  about  it  until  it  pass 
tlirough  the  point  C ;  and  because  the  points  B,  C  are  in  this 
phoe)  the  straight  line  BC  is  in  it*:   therefore  there  are  two^^-def.! 
ilnight  lines  ABC,  ABD  in  the  same  plane  that  have  a  common 
segment  AB,  which  is  impossiblei».     Therefore,  one  part,  &c.bCor.ll. 
().  L  D.  1. 


PROP.  II.    THEOR. 


TWO  Straight  lines  which  cut  one  another  are  in  See  Note. 
one  plane,  and  three  straight  lines  which  meet  one 
another  are  in  one  plane. 

Let  two  straight  lines  AB,  CD  cut  one. another  in  E;  AB, 
CD  are  in  one  plane  :  and  three  straight  lines  EC,  CB,  BE  which 
i&eet  one  another,  are  in  one  plane. 

Let  any  plane  pass  through  the  straight 
^  EB,  and  let  the  plane  be  turned  about 
EB,  produced,  if  necessary,  until  it  pass 
throi^h  the  point  C:  then  because  the 
ponts  E,  C  are  in  this  plane,  the  straight 
be  £C  is  in  it':  for  the  same  reason,  the 
^raight  line  BC  is  in  the  same ;  and,  by 
^  hypothesis,  EB  is  in  it :  therefore  the 
^^  straight  lines  EC,  CB,  BE  are  in  one 
l^e' :  but  in  the  plane  in  which  EC,  EB 
^^  in  the  same  are  ^  CD,  AB :  therefore 
^B,  CD  arc  in  one  plane.  Where&re  two  straight  Hnea.  &c. 
Q.E.D. 


ar.def.  1. 


b  1. 11. 
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PROP.  HI.    THEOR. 


secNote.     IF  two  pfeuics  cQt  otic  anotficr,  tfanr  common 
don  is  a  straight  line. 

L«t  two  jAma  AB.  DC  cnt  one  another,  and  let  the  Eat 

bcdteircomnionwctim):  Ufi  is  a  straight 

Itito:  if  it  be  not,  from  the  point  D  to  B, 

drawi  in  the  plane  AB,  the  straight  line 

D£B|  and  in  the  ptsne  BC  the  straight 

tine  DFB:  then  two  straight  tines  DEB. 

UFB  have  the  same  extremities,  and  ihere- 

fbre  inchide  a  apace  betwixt  them  ;  which 

a  la  Ax.  is  impossible  ■ :  therefore  BU  the  common 

^'         section  of  the  planes  AB,  BC  cannot  but 

'  be  a  straigtatline.  Wbe[«fore,iftw»planes, 

kc.    Q.  E.  D. 


PROP.  IV.    THEOR. 

steNow.  IF  a  straight  line  stand  at  right  angles  to  eaci 
two  straight  lines  in  the  point  of  their  intersectioi 
shall  also  be  at  right  angles  to  the  plane  which  pa 
through  them,  that  is,  to  the  plane  in  which  they  : 

I^t  the  straight  line  EF  stsiul  at  right  angles  to  each  o 
straight  lines  AB,  CD  in  1%,  the  point  of  thdr  intersection :  J 
also  at  right  angles  to  the  plane  passing  through  All,  CD. 

Take  the  straight  lines  AE,  EU,  CE,  ED  all  e^ual  to  one 

iher ;  and  through  E  draw,  in  the  plane  in  which  arc  AU, 

any  straight  line  GEH  ;  and  join  AU.  CB  ;  then,  from  any 

F  in  EF,  draw  FA,  FG,  ID,  FC,  FH,  FB:    and  becaus. 

two  straight  lines,  AE,  ED  are  equal  to  the  two  BE,  EC 

a  15-1'     that  they  contain  equal  angles*  AED.  BIX,  llie  base  A 

h  4.  !■      equal  ^  to  the  base  BC,  and  the  angle  DAE  to  the  angle  H 

and  the  angle  AEG  is  equal  to  the  angle  BEH»;    tlier 

the  triangles   AEG,  BEH    have  two  angks  of  one   equi 

two  angles  of  the  other,  each  to  each,  and  the  sides  AE, 

adjacent  lo  the   equal  angles,   equal    to  one   anoilier;    ^\ 

C3G.1.     fore  they  shall  have  their  other  sides  equal':  GE  is  ther 
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■2iil 


dai. 


equal  (o  EH,  and  AG  to  UH:  and  because  AE  is  e<iiial  lo  EB,  Book  XI. 

wid  FE  common  aiid  at  right  antics  to  them,  the  base  At",is  s^'V"^^ 

e^iP  to  the  base  FB;  for  the  same  reusoii,  CF  is  e^tual  to  KD:  b  4. 1. 

mi  because  AD  is  equal  to  BC,  and  AF  to  FB,  the  two  sides 

FA,ADMi-e  equal  to  the  two  FB,  BC, 

Eich   to    each;  and  the    huae  DV   was 

prored  equal  to  the  base  FC;  therefoi*e 

the  angle  FAD  is  equal''  to  the  angle 

fBC:  again,  it  was  proved  thut  OA  is 

equal  to  BH,  and  also  AF  to  FB;  FA, 

then,  and  AG  are  eijual  lo  FB  and  BH,  j 

md  the  angle  FAO    has   been   proved 

equal  to  the  angle  FBH;  therefore  the  GY~ 

buc  OF  is  equal''  to  the  base  FH:  agujn, 

kuuse  it  was  proved,  thai  .GE  is  equal 

ta  EH,  and  V.F  is  common;  GE,  EF  arc 

ei]aal  to  HE,  EF;  and  the  base  GF  Is 

equal  to  ihe  base  EHj  therefore  the  nn-  1>  '^ 

gteGEF  is  equaN  to  the  angle  HEF;  and  consequently  each  of 

these  antt'es  is  a  right'- angle.    Therefore  FE  makes  right  an-e  10.  dcf. 

glei  with  GH,  that  is,  with  any  struighi  line  drawn  through  Ein    !■ 

the  plane  passing  through  AB,  CD.  In  like  manner,  it  may  be 

proved,  that  FE  makes  right  angles  with  every  straight  line 

vluch  meets  it  in  that  plane.  But  u  straight  line  is  at  right  an- 

t^s  to  a  plane  when  it  makes  right  angles  with  every  straight 

lint  which  meeis  it  in  that  plants':  therefore  EF'  is  at  right  an-rs.def.  11. 

Ein  to  the  plane  in  wlilch  are  AB,  CD.  Wherefore,  if  a  straight 

fine,  &c.  Q.  E.  D. 


PROP.  V.  THEOR. 


IF  three  straight  lines  meet  alt  in  one  point,  and  a  ®*"  ^ 
straight  line  stand  ut  right  angles  to  each  of  them  in 
that  point;  these  three  straight  lines  are  in  one  and 
the  same  plane. 

Let  the  straight  line  AB  stand  at  right  angles  to  each  of  the 
itraight  lines  BC,  UD,  BE,  in  B  the  point  where  they  mecti  BC, 
BD,  BE  are  in  one  and  the  same  plane. 

If  not,  let,  if  it  be  possible;  BD  and  BE  be  in  one  plane,  and 
Be  be  above  it;  and  let  a  plane  pass  through  AB.  BC,  the  com- 
niTO  section  of  which  with  the  plane,  in  which  BD  and  BE  are 

2  r 
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a  3.  11. 

b.'i.ll. 
c  3.  dif. 
11. 


nook  XI.  sliall  be  a  straifrht*  line;  let  this  be  BF:  therefore  the  three 
straight  lines  AB^  BC^  BF  are  all  in  one.  plane,  viz.  that  which 
passes  through  AB,  BC;  and  because  AB  stands  ^t  right  any^es 
to  each  of  the  straight  lines  BD,  BE,  it  is  also  at  right  angles 
b  to  the  plane  passing  through  them;  and  therefore  ixtakes  right 
angles'^  with  every  straight  line  meet- 
ing it  in  that  plane;  but  BF,  which  is  A 
in  that  plane,  meets  it:  therefore  the 
angle  ABF  is  a  right  angle;  but  the 
angle  ABC,  hj  the  hypothesis,  is  also 
a  rig;ht  angle;  therefore  the  angle  ABF 
is  equal  to  the  angle  ABC,  and  they 
are  both  in  the  same  plane,  which  is 
mipossible:  therefore  the  straight  line 
BC  is  not  above  the  plane  in  which  are 
BD    and    BE:    wherefore    the    three 

straight  lines  BC,  BD,  BE  are  in  one  and  the  same  plane.  There- 
fore, if  three  straight  lines,  &c.  Q.  E.  D. 


PROP.  VI.  THEOR. 


%3.  <lef 
11. 


b  4. 1. 


IF  two  straight  lines  be  at  right  angles  to  the  same 
plane,  they  shall  be  parallel  to  one  another. 

Let  the  straight  lines  AB,  CD  be  at  right  angles  to  the  sam^ 
plane;  AB  is  parallel  to  CD. 

Let  them  meet  the  plane  in  the  points  B,  D,  and  draw  the 
sti*aight  line  BD,  to  which  draw  DE  iit  ri^ht  anjjjles,  in  the  same 
plane;  and  make  DE  equal  to  AB,  and  join  A 
BE,  AE,  AD.  Then,  because  AB  is  per- 
pendicular to  the  plane,  it  shall  make  right-^ 
angles  with  ever  straight  line  which  meets 
it,  and  is  in  that  plane:  but  BD,  BE,  which 
are  in  that  plane,  do  each  of  them  meet  AB. 
Therefore  each  of  the  angles  ABD,  ABl:!  is  B 
a  right  angle:  for  the  same  reason,  each  of 
the  angles  CDB,  CDE  is  a  right  angle: 
and  because  AB  is  equal  to  DE,  and  BD 
common,  the  two  sides  AB,  BD  are  equal 
to  the  two  ED,  DB:  and  they  contain  right 
angles;  therefore  the  base  AD  is  equal"^  to  the  base  BE:  again^ 
because  AB  is  equal  to  DE,  and  BE  to  AD;  A B,  BE  are  equal 
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to  EDt  DA;  and,  in  the  triangles  ABE,  EDA,  the  base  AE  is  Book  XL 
•omman;  therefore  the  angle  ABE  is  equah^  to  the  angle  EDA:  ^<^^^'^m/ 
but  ADE  is  a  right  angle;  therefore  EDA  is  also  a  right  angle,  c  8. 1. 
ad  ED  perpendicular  to  DA:  but  it  b  also  perpendicular  to  each 
of  the  two  BD,  DC:  wherefore  ED  is  at  right  angles  to  each  of 
the  three  straight  lines  BD,  DA,  DC  in  the  point  in  which  they 
meet:  therefore  these  three  straight  lines  are  all  in  the  same 
fkuit^i  but  A B  is  in  the  plane  in  which  are  BD,  DA,  because  d  5.  U* 
any  three  straight  lines  which'tneet  one  another  are  in  one  plane^':  e  2.  II. 
therefore  AB,  BD«  DC  are  in  one  plane:  and  each  of  the  angles 
ABD,  BDC  18  a  right  angle;  therefore  AB  is  parallel^  to  CD.f  28. 1. 
Wherefore,  if  two  straight  lines,  &c.  Q.  E.  D. 


.   '  PROP.  VIL  THEOR. 

IF  two  straight  lines  be  parallel,  the  straight  line  See  n 
drawn  from  any  point  in  the  one  to  any  point  in  the 
other  b  in  the  same  plane  with  the  parallels. 

Let  AB,  CD  be  parallel  straight  lines,  and  take  any  point  E 
JD  the  one,  and  the  point  F  in  the  otheR  the  straight  line  which 
joioi  E  and  F  is  in  the  same  plane  with  the  parallels. 

If  not,  let  it  be,  if  possible,  above  the  plane,  as  EGF;  and  in 

the  plane  ABCD  in  which  the  paral-A E  B 

Wi  are,  draw  the  straight  line  EHF  — — — 
hm  E  to  F;  and  since  EGF  also 
ii  a  straight  line,  the  two   straight 
hoes  EHF,  EGF  include  a  space  be- 
tween them,  which  is  impossible".        .      M a  10. 

Therefore  the  straight  line  joining^  P  -q  Ax.  1. 

the  points  E,   F   is   not  above  the 

plane  in  which  the  parallels  AB,  CD  are,  and  is  therefore  in  that 
phoe.  Wherefore,  if  two  straight  lines^  &c.  Q.  E.  D. 


PROP.  VIIL  THEOR. 


IF  two  straight  lines  be  parallel,  and  one  of  thera  sec  n 
be  at  right  angles  to  a  plane,  the  other  also  shall  be  at 
right  angles  to  the  same  plane. 
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PROP.  IX.  THEOR. 


TWO  straight  lines  which  are  each  of  them  paral- 
Id  to  the  same  straight  line,  and  not  in  the  same  plane 
with  it,  are  parallel  to  one  another. 

Let  AB,  CD  be  each  of  them  parallel  to  EF^  and  not  in  the 
tame  plane  with  it;  AB  shall  be  parallel  to  CD. 

In  £F  take  any  point  G,  from  which  draw,  in  the  plane  passings 
through  EF,  AB,  the  stndght  line  GH  at  right  angles  to  EF; 
and  in  the  plane' passing  through  £F,  CD,  draw  GK  at  Hght  an- 
gles to  the   same  EF.  And  be- 
_  ^  cause  EF  IS  pei*pendicular  both  to 
GHand  GK,  EF  is  perpendicu- 
lar* to  the  plane  HGK  passing  \  a  4. 11. 
through  them:  and  EF  is  parallel 

toAB;  therefore  AB  is  at  right  x  p 

angies^tothe  plane  HGK.   For  ^  ^'^  bait 

the  same  reason,  CD  is  likewise 
alright  angles  to  the  plane  HGK. 
Therefore  AB,  CD  are  each  of 
them  at  right  angles  to  the  plane 

RGK.  Bin  if  two  straight  lines  be  at  right  angles  to  the  same 
plane,  they  shall  be  parallel^  to  one  another.  Therefore  AB  iscd.  11. 
lArallel  to  CD.  Wherefore,  two  straight  lines,  &c.  Q.  E.  D. 


PROP.  X.  THEOR. 

IF  two  straight  lines  meeting  one  another  be  paral* 
W  to  two  others  that  meet  one  another,  and  are  not  in 
^  same  plane  with  the  first  two,  the  first  two  and  the 
^ther  two  shall  contain  equal  angles. 

Let  the  two  straight  lines  AB,  BC  which  meet  one  another  be 
P^liel  to  the  two  straight  lines  DE.  EFthat  meet  one  another, 
^  are  not  in  thc^  same  plane  with  AB,  BC.  The  angle  ABC 
is  equal  to  the  angle  DEF. 

'i'ake  BA,  BC,  ED,  EF  all  equal  to  one  another;  and  join  AD, 
^P)  B£,  AC,  DF:  because  B  A  is  equal  and  parallel  to  £D,  there* 
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Book  XI.  fore  AD  is*  bath  equal  and  parallel  to  B£. 

V^^'v^^  For  the  same  reason,  CF  is  equal  and  pa- 

a33. 1.      rallel  to  BE.  Therefore  AD  and  CF  arc 

each  of  them  equal  and   parallel  t^  BE.  A- 
But  straight  Unes  that  are  parallel  to  the 
same  straight  line^  and  not  in  the  same 

h  9. 11.      plane   with  it,  are  parallel**  to  one  ano- 
ther. Therefore  AD    is    parallel    to  CF; 

c  1.  Ax.  1.  and  it  is  equal<^  to  it,  and  AC,  DF  join 
them  towards  the  same  parts;  and  there- 
for*   AC   is  equal    and  parallel  to^DF. 
And  because  AB,  BC  are  equal  to   DE,  D 
£F,  and  the  base  AC  to  the  base  DF;  the 

d  8. 1.       angle   ABC  is  equal*  to  the  angle  DEF.    Therefore^  if  two 
kraight  linesy  &c.  Q.  E.  D. 

\ 


PROP.  XI.  PROB. 


al2. 1. 
b  11.  1. 

c  31.  1. 
d  4.  11. 


c  8.  11. 


f  3.  dcf. 
11. 


TO  draw  a  straight  line  perpendicular  to  a  plau^ 
from  a  given  point  above  it. 

Let  A  be  the  given  point  above  the  plane  BH;  it  is  required 
to  draw  from  the  point  A  a  sti^aight  line  perpendicular  to  the 
plane  BH. 

In  the  plane  draw  any  straijijht  line  BC,  and  from  the  i>oint  A 
drawn  AD  perpendicular  to  BC.  If  then  AD  be  also  perpendi- 
cular to  the  plane  BH,  the  thing  required  is  already  done;  but  if 
it  be  not,  from  the  point  D  draw^,  in  the  plane  BH,  the  straight 
line  DE  at  right  angles  to  BC:  and  from  the  pomt  A  draw  AF 
perpendicular  to  DE;  and  through  F  draw*^  GH  parallel  to  BC: 
and  because  BC  is  at  right  angles 
to  ED  and  DA,  BC  is  at  right  an- 
gles'* to  the  plane  passing  through 
ED,  DA.  And  GH  is  parallel  to 
BC;  but,  if  two  straight  lines  be  p 
parallel,  one  of  which  is  at  right 
angles  to  a  plane,  the  other  shall 
be  at  rights  angles  to  the  same 
plane;  wherefore  GH  is  at  right 
angles  to  the  plane  through  ED, 
DA,     and     is     pcipendicular  *'    to 

every  straight  line  niceiing  it  in  that  plane.  But  AF,  which  is 
in  the  plane  Unx^ugh  ED,  DA,  meets  it:  therefore  GH  is  per- 


B 
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pendiciilar.to  AF;  and  consequently  AF  is  perpendicular  to  GH;  Book  XI. 
and  AF  is  perpendicular  to  DE:  therefore  AF  is  perpendicular 
to  each  of  the  straight  lines  GH,  D£.  But  if  a  straight  line 
stand  at  right  angles  to  each  of  two  straight  lines  in  the  point 
rf  their  intersection,  it  shall  also  be  at  right  angles  to  the  plane 
pBuiDg  through  them.  But  the  plane  passing  through  ED,  GH 
18  die  plane  BH;  therefore  AF  is  perpendicular  to  the  plane  BH; 
therefore,  from  the  given  point  A,  above  the  plane  BH,  the 
stndght  line  AF  is  drawn  perpendicular  to  that  plane.  \WhiQ9i 
waitobcdone. 


PROP.  Xn.  PROB. 


TO  erect  a  straight  line  at  right  angles  to  a  given 
plane,  from  a  point  given  in  the  plane. 

Let  A  be  the  point  given  in  the  plane;  it  is  required  to  erect 
a  straight  line  from  the  point  A  at  right 
angles  to  the  plane. 

From  any  point  B  above  the  plane  draw* 
Be  perpendicular  to  it;  and  from  A  draw^ 
AD  parallel  to  BC.  Because,  therefore, 
AD,  GB  are  two  parallel  straight  lines, 
•od  one  of  them  BC  is  at  right  angles  to 
tbe  given  plane,  the  other  AD  is  also  at 
right  angles  to  it^.  Therefore  a  straight 
wt  has  been  erected  at  right  angles  to  a  given  plane  from  a 
^t  given  in  it.  Which  was  to  be  done. 


c  8. 11. 


PROP.  XHL  THEOR. 


FROM  the  same  point  in  a  given  plane,  there  can- 
not be  two  straight  lines  at  right  angles  to  the  plane, 
upon  the  safne  side  of  it;  and  there  can  be  but  one 
perpendicular  to  a  plane  from  a  point  above  the  plane. 

.  For,  if  it  be  possible.  let  the  two  straight  lines  AC,  AB  be  at 
^ht angles  to  a  given  plane  from  the  same  noint  A  in  the  plane^ 
^  tipon  the  same  side  of  it^  and  let  f  -*h  BA, 
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AC;the  comiBm  lecCite  of tUs  iritb  tfai  given  |4toe  it  ft  icnliglit^ 
line,  pttunfi^  through  Ai  let  DAE  be  their  commoii  eectites  Acre* 
ibfe  the  atraight  lines  AB^  AC,  DAE  are  in  one  pluie:  end  be* 
Cftose  CA  m  at  right  langlea  to  the  given  plane,  it  shall  make 
vight  aikglea  with  eveiy  atraigbl  line  meeting  it  in  that  plane. 
But  D AEf  which  sa  in  that  plane,  maeuCA}  tbeic&m.CAE  is 
ft  ri^t  angle.  For  the  same  reaaoo 
AAE  is  a  right  angled  Wherefore 
tiie  ani^le  CAEis  equal  td  theangle 
BAE;  and  they  are  in  one  plane» 
which  is  impoAuble.  Also,  from  a 

goint  above  a  plane,  there  can  be 
ut  one  perpemiicular  to  thatplane; 


for,  if  there  could  be  twoi  tbef    ^ 
would  be  pftr«lle}i>  to  one  another,    ^ 


A,'  ■;■  '"^^ 

pointiicQ,  4^$b1|c• 


«.*  I 


l.i'  •    -•• 


.< 


PROP.  XIV.  THEOR. 


r  J  f  .^  "•  - 


*      a  3.  def! 
11. 


blM. 


C  8.  def. 
11. 


PLANES  to  nHbich  the  same  straight  liae  lliM^ 

pendicular^  are  parallel  to  one  another. 

Let  the  straight  line  AB  be  perp^dicular  to  each  of  the  planes 
CD,  EF;  these  planes  are  parallel  to  one  another. 

If  not,  they  *^ha]l  meet  one  another  when  produced;  let  them 
meet;  their  common  section  shall  be  a 
straight  line  GH,  in  which  take  any 
point  K,  and  join  AK,  BK:  then,  be- 
cause AB  is  perpendicular  to  the  plane 
£F,  it  is  perpendicular*  to  the  straight 
line  BK  which  is  in  that  plane.  There-  C 
fore  ABK  b  a  right  angle.  For  the 
same  reason,  B\K  is  a  right  angle; 
wherefore  the  two  angles  ABK,  BAK 
of  the  triangle  ABK  are  equal  to  two 
right  angles,  which  is  impossible^ 
therefore  the  phmes  CD,  EF,  though 
produced,  do  not  meet  one  another; 
that  is,  they  are  parallel^.  Therefore, 
planes,  hQ,  Q.  £.  D. 
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PROP.  XV.  THEOR. 


IF  two  straight  lines  meeting  one  another,  be  pa-  See  Note. 
rallel  to  two  straight  lines  which  meet  one  another, 
but  are  not  in  the  same  plane  with  the  first  two;  the 
plane  which  passes  through  these  is  parallel  to  the 
idane  passing  through  the  others. 

Let  AB,  BC,  two  straight  lines  meeting  one  an6ther,  be  pa- 
nOel  to  DE^  £Ft  that  meet  one  another,  but  are  not  in  the 
ame  plane  with  AB,  BC:  the  planes  through  AB,  BC,  and  DE, 
EF  ihall  not  meet,  though  produced. 

From  the  point  B  draw  BG  perpendicular*  to  the  plane  *  ^1*  1^1* 
i^h  passes  through  DE,  EF,  and  let  it  meet  that  plane  in 
G;  and  through  G  draw  GH  parallel  ^  to  ED,  and  GR  pa-b31. 1. 
nllel  to  EF:  and  because  BG  is  perpendicular  to  the  plane 
through  DE,  EF,  it  shall 
makerightangles  with  every 
rtnight  line  meeting  it  in     B 
thit  planed.  But  the  straight 
lines  GH,  GK  in  that  plane 
Bieet  iu  therefore  each  of 
Ik  angles  BGH,  BGK  is  a 
light  angle:    and  because      a 
lA  U  pualleH  to  GH  (for     ^ 
etthot  them  is  parallel  to 

DEi  and  they  are  not  both  in  the  same  plane  with  it)  the  angles 
GBA,  BGH  are  together  equal «  to  two  right  angles:  and  BGH  e  29. 1. 
»a  right  angle;  therefore  also  GBA  is  a  right  angle,  and  GB 
perpendicular  to  B  A:  for  the  same  reason,  GB  is  perpendicular 
to  BC:  since  therefore  the  straight  line  GB  stands  at  right  angles 
to  the  two  straight  lines  BA,  BC,  that  cut  one  another  in  B; 
GBis  perpendicular  f  to  the  plane  through  BA,  BC;  and  it  is  f  4,11. 
per{)endicular  to  the  plane  through  DE,  EF:  therefore  BG  is 
perpendicular  to  each  of  the  planes  through  AB,  BC,  and  DE, 
fiP:  but  planes  to  which  the  same  straight  line  is  perpendicular, 
ve  parallel!  to  one  another:  therefore  the  plane  through  AB,gl4.11. 
BC  is  parallel  to  the  plane  through  DE,  EF.    Wherefore,  if 
tvo  straight  lines,  &c.  Q.  E.  D. 


c  3  def  11. 
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PROP.  XVI.  THEOK. 


"-     lFtwopandldpIaiK»becutb^aii6dka>|inil^'4^ 
comoKHi  sectioiu  with  it  are  pai^kls.  '•  - 

Let  the  Mnlkl  plinet,  AB,  CD  be  cut  W  4m  jpliw  BV|M( 
and  let  tbdr  common  Mcdom  widi  it  be  EP,  Gm-EF  k  |iM^ 
leltoGtL  ■  .i:^-«^Mr.  . 

For,  If  k  be  no^  £F,  OH  shaH  meet,  if  pnilanly  'e 
the  nde  titTH,  or  EG:  fint,  let  tbem  be  pradBceddb'* 
of  FH.  mi  neet  in  the  pwnt  K;  therdbn,  doee'^CrV^H 
the,  plane  AB,  crerr  ptrfnt  in  K         >     ■■y'-  ^ 

EFK  ia  in  that  planet  and  K 
ia  a  point  in  EF^  tberefere 
K  ia  hi  the  plaae  AB:  for 
the  aame  reaioo  K  ii  alao  in 
the  pUne  CDi  wherefore  dw 
jAanaa  AB,  CD  produced 
meet  one  another;  bat  they 
do  not  meet,  since  they  are 
parallel  by  the  fajpothesis: 
tbercfbre  the  straight  lines 
£F,  GH  do  not  meet  when 
produced  on  the  side  of  FH;  in  the  SBine  manner  it  0117  he 
proved,  that  EF,  GH  do  not  meet  when  producsd  on  tl}e  lUe, 
of  EG:  but  straight  lines  which  are  in  the  same  plane  anddtf 
not  meet,  though  produced  either  way,  are  parallel:  thereof* 
EF  is  parallel  to  GH.   Wherefore,  if  two  paraUel  planea,  fco, 
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PR6P.  XVn.  THEOR. 


IF  two  straw^t  lines  be  cut  by  parallel  planes,  ihcy 

shall  be  cut  in  the  same  ratio. 

Let  the  straight  lines  AB,  CD  be  cut  by  the  pandit  planca 
GH,  KL,  MN,  in  the  points  A,  E,  B;  C,  F,  O:  aa  AE  ia  I* 
EB,  so  is  CF  tu  FD- 

Join  AC,  BD,  AD,  and  let  AD  meet  the  plane  KL'  m  the 
point  X;  and  jcun  EX,  XF:  because  the  two,  parallel  planes 
KL,  MN  are  cut  by  the  plane  EBDX,  the  common  aections 
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IflLf  BD,  are  parallel  ••  For  the  same  reason,  because  the  two  BookXi. 
puillel  filanes  GH,  KL  are  cut  v^'v^^ 

bf  the  plane  AXFC,  the  com-         / z:^in  "      H  a  16. 11. 

■Q^aections  AC^  XF  areparal-  G 
U:  and  because  £X  ia  paral- 
lel to  fiD»  a  side  of  the  triangle 
ABDt  as  AE  to  £B,  so  is  ^  AX 
tD  XD.  Agdn,  because  XF  is 
pinllel  to  AC|  a  side  of  the 
tnogle  ADC,  as  AX  to  XD, 
»  is  CF  to  FD:  and  it  was  K 
inwed  that  AX  is  to  XD,  as 
AE  to  £B:  therefore  S  as 
AE  to  EB,  so  is  CF  to  FD. 
Wherefinre,  if  two  straight  lines,  M 


N  c  11. 5. 


PROP.  XVIII.  THEOR- 


T 


IF  a  straight  line  be  at  right  angles  to  a  planc^  evt- 
ly  plaiie  which  passes  through  it  shall  be  at  right  an- 
^tD  that  plane. 

Let  the  stnught  line  AB  be  at  right  angles  to  a  plane  CK; 
every  plane  which  passes  through  AB  shall  be  at  right  angles  to 
(he  plane  CK. 

Let  any  plane  DE  pass  through  AB,  and  let  CE  be  the  com- 
iBoa  secdon  of  the  planes  D£,  CK;  take  any  point  F  in  CE, 
from  wluch  draw  FG  in  the         D  G  AH 

phnie  DE  at  right  angles  to 
CE:  and  because  AB  is  per- 
pendicular to  the  plane  CK, 
liiereCdre  it  is  also  perpendi- 
cular to  every  straight  line  in 
that  plane  meeting  it  *;  and 
consequently  it  is  perpend!- 
cahr  to  CE:  wherefore  ABF 
is  a  right  angle;  but  GFB  is  C  F  B        E 

likewise  a  right  angle:  there- 

fiore  AB  Is  parallel  ^  to  FG.  And  AB  is  at  right  angles  to  the  h  28. 1. 
piane  CK;  therefore  FG   is  also  at  right  angles  to  the  same 
plane  <.  But  one  plane  is  at  right  angles  to  another  plane  when  c  8, 11. 
the  straight  lines  drawn  in  one  of  the  planes,  at  right  angles  to 
tiirir  omimon    section^  are  also  at  right  angles   to  the  other 
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BookXL  piade  «s  nd  aof  straight  Iim  FG  in  tbe  pbns  QE»  vl 
mt  right  angles  to  CE  the  comnBOD  sectaon  of  the  jplai» 
It  been  proved  to  b^  perpefidiciUar  to  the  other  friane  CK; 
fore  the  plane  D£  is  at  right  «ngles  to  the  plnpe  CK.  ! 
mannery  it  inaf  be  proved  that  all  ikm  ^Hies  wtikkpasa  tl 
AB  are  at  ria^t  angles  to  the  i^ane  CK.  TherefiBBe^  if  a  a( 
Ime,  kc.  Q.  £.  D^ 


PROP.  XIX.  THEOR. 

IF  two  jdanes  cuttinK  one  another  be  each  or 
perpendicuhr  to  a  diird  jdane;  their  conuboft  91 
ahidl  be  perpendicular  to  the  same  plane. 


^  Let  the  two  planes  AB,  BC  be  each  of  them  perpend 

a  tUrd  pbno)  and  let  BD  be  the  cominon  siection  of  tl 
twiH  BD  is  perpendicohir  to  the  third  plane.  * 

If  it  be  notr  from  the  point  D  draw,  in  the  plane  A 
straight  Une  DE  at  right  ana^  tp  AD  the  eomman  s^ 
the  ^ane  AB  with  the  third  pli^B;  and  iii  the^pli^  BC 
DF  at  right  angles  to  CD -the  eoilnmon  secdon  of  Ao  {Ss 
with  the  third  plane     And  because  the  *" 

plane  AB  is  perpendicular  to  the  third 
plane*  and  DE  is  drawn  in  the  plane  AB 
at  right  angles  to  AD  their  common  sec- 
tion, DE  is  perpendicular  to  the  third 
ai4.def.ll. plane*.  In  the  same  manner,  it  may  be 
proved  that  DF  is  perpendicular  to  the 
third  plane.  Wherefore,  from  the  point 
D  two  straight  lines  stand  at  right  angles 
to  the  third  plane,  upon  the  same  side  of 
it,  which  is  impossible  ^:  therefore,  frpm 
the  pcnnt  D  there  cannot  be  any  straight 
line  at  right  angles  to  the  thml  plane, 
except  BD  the  common  section  of  the 
planes  AB,  BC.  BD  therefore  is  perpendicular  to  th< 
plane.  Wherefore^if  twoplanes,  &c.  Q.  E.  D. 


13. 11. 
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PROP.  XX-  THEOR.  v^'^'W 

IF  a  solid  angle  be  contained  by  three  plane  angles,  See  Note, 
any  tut>  of  them  are  greater  than  the  third. 

Let  the  solid  angle  at  A  be  contained  by  the  three  plane  an- 
gles BAG)  CAD)  DAB.  Any  two  of  them  are  greater  than  the 
thinl. 

If  the  angles  BAC,  CAD,  DAB  be  all  equal,  it  is  evident  that 
any  two  of  them  are  greater  than  the  third.  But  if  thev  be  not, 
let  BAG  be  that  angle  which  b  not  less  than  either  of  the  other 
tm>,  and  is  greater  than  one  of  them  DAB;  and  at  the  point  A 
in  die  straight  line  AB,  m^e,  in  the  plane  which  passes  through 
BA,  AC,  the  angle  BAE  equal  *  to  the  angle  DAB;  and  maSce 
A£  equal  to  AD,  and  through  E  draw  BEC  cutting  AB,  AC  in  ^  ^  ^' 
tbe  points  B,  C,  and  join  DB,  DC.  And  because  DA  is  equal 
to  AE,  and  AB  is  common,  the  two  DA,  D 

AB  are  equal  to  the  two  EA,  AB,  and 
the  angle  DAB  is  equal  to  the  angle  /[\. 

EAB:  therefore  the  base  DB  bequdt>         /I    X.  b4.1. 

to  tbe  base  BE.  And  because  BD,  DC       /    I       N^^ 
Mt  greater  ^  than  CB,  and  one  of  them     /  AJL-  N. 

BD  has  been  proved  equal  to  BE  a  part  i/x'^'^^^'^>*--.^^\.     ^  ^*  ^* 
of  CB,  therefore  the  other  DC  is  gr^nt,  6--^^  ^^O"^-"^ 

er  than  the  remaining  part   EC.    And  B  EC 

iKcause   DA  is  equal  to  AE,  and  AC 

common,  but  the  base  DC  greater  than  the  base  EC:  therefore 
the  angle  DAC  is  greater  ^  than  the  angle  EAC;  and,  by  the 
construction,  the  angle  DAB  is  equal  to  the  angle  BAE;  where- d  25. 1. 
fcrc  the  angles  D  AB,D  AC  are  together  greater  than  BAE,  EAC, 
thtt  is,  than  the  angle  BAC.  But  BAC  is  not  less  than  either 
of  the  angles  DAB,  DAC:  therefore  BAC,  with  either  of  them, 
»  greater  than  the  other.    Wherefoi*e,  if  a  solid  angle,  &c. 

Q.  E.  D. 


PROP.  XXI.  THEOR. 

EVERY  solid  angle  is  contained  by  plane  angles 
which  together  are  less  than  four  right  angles. 

First,  let  the  solid  angle  at  A  be  contained  by  three  plane  an- 
gles BAC,  CAD,  DAB.  These  three  together  are  lessthan  four 
right  angles. 
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Boqk  XI.  Take  in  each  of  the  straight  lines  AB,  AC,  AD  any  points  B» 
^•-^"^'"^^i^  C,  D,  and  join  BC»  CD,  DB:  then,  because  the  solid  angle  at  B 
is  contained  by  the  three  plane  angles  CBA  ABD,  DBC|  any 
a  30. 11.  two  of  them  are  greater  •  than  the  third;  therefore  the  angles 
CBAy  ABD  are  greater  than  the  angle  DBC:  for  the  same  rea- 
son, the  angles  B  CA,  ACD  are  greater  than  the  angle  DCB; 
and  the  angles  CDA,  ADB  greater  than  BDC:  wherefore  the 
six  angles  CBA,  ABD,  BCA,  ACD,  CDA,  ADB  are  greater  than 
the  threeangles  DBC,  BCD,  CDB:  but  D 

the  three  angles  DBC,  BCD,  CDB  are 
b  S3. 1.      equal  to  two  right  angles  ^:  therefore 
the  six  angles  CBA,  ABD,  BCA,  ACD, 
CDA,  ADB  are  greater  than  two  right  ^  ^- 

angles:  and  because  the  three  angles 
of  each  of  the  triangles  ABC,  ACD, 
ADB  arc   equal  to  two  right  angles,    "  C 

therefore  the  nine  angles  of  these  three  triangles,  viz.  the  angles 
CBA,  BAC,  ACB,  ACD,  CDA,  DAC,  ADB,  DBA,  BAD  are 
equal  to  six  right  angles:  of  these  the  six  angles  CBA  ACBy 
ACD,  CDA,  ADB,  DBA  are  greater  than  two  right  angles: 
therefore  the  remaining  three  angles  BAC,  DAC,  BAD,  which 
contain  the  solid  angle  at  A,  are  less  than  four  right  angles. 

Next,  let  the  solid  angle  at  A  be  contained  by  any  number  of 
plane  an^-les  BAC,  CAD,  DAE,  EAF,  FAB;  these  together  are 
less  than  four  right  angles. 

Let  the  planes  in  which  the  angles  are,  be  cut  by  a  plane,  and 
let  the  common  scctiun  of  it  with  those 
planes  be  BC,  CD,  DE,  EF,  FB:  and 
because  the  solid  angle  at  B  is  contain- 
ed by  three  plane  angles  CBA,  ABF, 
FBC,  of  which  any  two  are  greater  • 
than  the  third,  the  'angles  CBA,  ABF  « 
are  greater  than  the  angle   FBC:   for 
the  same  reason,  the  two  plane  angles 
at  each  of  the  points  C,  D,  E,  F,  viz.  the 
angles  which  are  at  the  bases  of  the 
triangles,  having    the  common  vertex 
A,  are  greater  than  the  third  angle  at 
the  same  point,  which  is  one  of  the  an- 
gles of  ihe   polygon    BCDEF:    there- 
tore  all  the  angles  at  tlie  bases  of  the  triangles  are  together 
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greater  than  all  the^  angles  of  the  polygon:  and  because  all  the  Book  XL 
angtea  of  the  triangles  are  together  equal  to  twice  as  many  right  v^v's^ 
angles  as  there  are  triaqgles  ^;  that  is^  as  there  are  sides  in  the  b  32. 1. 
polygon  BCDEF:  and  that  all  the  angles  of  the  polygon,  toge- 
ther  with  four  right  angles,  are  likewise  equal  to  twice  as  many 
right  angles  as  were  are  sides  in* the  polygon®:  therefore  ^cl.Cqt. 
the  angles  of  the  triangles  are  equal  to  all  the  angles  of  the  po-  32. 1. ' 
lygon  together  with  four  right  angles.  But  all  the  angles  at  the 
bases  of  the  triangles  are  greater  than  all  the  angles  of  the  poly- 
gon, as  has  been  proved.  Whei*efore  the  remaining  angles  of 
the  triangles,  viz.  those  at  the  vertex,  which  contain  the  solid 
angle  at  A,  are  less  than  four  right  angles.   Th.erefore  every 
Mild  angle,  &c.  Q.  E.  D. 


PROP.  XXII.  THEOR-. 


IF  every  two  pf  three  plane  angles  be  greater  than  see  Note. 
the  third)  and  if  the  straight  lines  which  contain  them 
be  an  equal;  a  triangle  may  be  made  of  the  straight 
fines  that  join  the  extremities  of  those  equal  straight 
lines. 


Let  ABC,  DEF,  GHK  be  three  plane  angles,  whereof  every 
two  are  grater  than  the  third,  and  are  contained  l^  the  equal 
straight  lines  AB,  BC,  DE,  EF,  GH,  HK;  if  their  extremities 
le  joined  by  the  straight  lines  AC,  DF,  GK,  a  triangle  may  be 
made  of  three  straight  lines  equal  to  AC,  DF,  GK;  that  is,  ere- 
ly  two-of  them  are  together  greater  than  the  third. 

If  the  angles  at  B,  £,  H  be  equal:  AC,  OF,  GK  are  also 
equal  ■,  and  any  two  of  them  greater  than  the  third:  but  if*^-^- 
the  angles  be  not  all  equal,  let  the  angle  ABC  be  not  less  than 
ather  of  tlie^two  at  £,  H;   therefore  the  straight  line  AC 
W  not  less  than  either  of  the  other  two  DF,  GK  ^  and  it  is  hi.  or 
pWn  that  AC,  together  with  either  of  tlie  other  two,  must  be  24. 1. 
gitater  than  the  third:  also  DF    with  GK  are  greater  than 
^C:  for,  at  the  point  B  in  the  straight  line  AB  make  «  the ^  23. 1. 
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■MUi  a«||li  AOL  «qM  to  dw  tela  GHK,  an*  •«&•  BL  e«<til  W 
' ^^^«to- of tkvuniiltat Ba*^ BC«OE» EPf GR^BK,  aul'idi 
ALtLCi  thM  bMMw  AB,  BL  m«  eqorf  to  OK,  HK,«irdW 
u^ABLtaitlM-aligl»OKKitiMlMNALiteqwl«»tlW  WM 
OliaadbateawflwaM^at  ^HwegNMertHMi  «be  MM 
ABOyif  irtkil tWaq^at H  b  tqud  to  ABL|  fWieibSSi 
tmmtUUi§mtfi»M  I^b  gN«er  tiMiitbe  angtoXaCtiMl^ 


■•i  f 


F     G 
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iv 
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came  the  two  ikiM  LB,  9^  are  equal  to  the  two  OB,  EE*  a^i 
that  the  angle  DBF  b  greater  than  the  angle  LBCf  diifaaaellF 
is  greater  '  than  the  base  LC:  and  it  has  been  proved  that  GK 
la  equal  to  AL;  therefore  DF  and  GK  are  greater  than  AL  and 

e  3a  1.  LC:  but  AL  and  LC  are  greater  ^  jthan  AC:  much  more  then 
are  DF  and  GK  greater  than  AC.  Wherefore  every  two  of 
these  straight  lines  AC,  DF,  GK  are  greater  than  the  third;  add» 

f  23. 1.  therefore,  a  triangle  may  be  made  ^  the  sides  of  wluch  riiail  be 
equal  to  AC,  DF,  GK.  Q.  £.  D. 


PROP.  XXIIL  PROB. 

Sfce-^ote.  1*0  make  a  solid  angle  which  shall  be  contained 
by  three  given  plane  angles,  any  two  of  them  being 
greater  than  the  third,  and  all  three  together  less  than 
four  right  a!ngles. 

Let  the  three  given  plane  angles  be  ABC,  DEF,  GHK,  any 
two  6f  which  are  greater  than  the  third,  and  all  of  them  toge* 
ther  lesa  than  four  right  angles.  It  is  required  to  make  a  solid 
angle  contained  by  three  plane  angles  equal  to  ABC,  D£F* 
GHK,  each  to  each. 


From  the  itrai^htUaeB  contkining  the  angleS]  cutofTAB,  BC,^^-^^ 
DE,  EF,  GH,  HK,  aU  equal  to  one  another ;  and  join  AC,  DF,  ''"-' 
GK)  then  a  triangle  may  be  made  ■  of  three  straight  lines  equal  a  S3.  IL 


bAC,  DF,  GK.    Let  thb  be  the  triangle  LMN  *>,  so  that  AC  h  39- 1. 
keqtial  to  LM,  DF  to  MN,  and  GK  to  LN;  and  about tbetri- 
ngle  LMN  describe  <  a  circle,  and  find  its  centre  X,  which  will  c  5. 4 
diber  be  within  the  triangle,  or  in  one  of  its  sides,  or  without  it. 

First,  let  the  centre  X  be  within  the  triangle,  and  join  LX, 
MX,  NX:  AB  is  greater  than  LX  :  it  not,  AB  must  either  be 
^uil  to,  or  less  than  LX ;  first,  let  it  be  equal :  then  because 
AB  i*  equal  to  LX,  and  that  AB  is  also  equal  to  BC^  and  L.X  to 
Xlf,  AB  and  fiC  are  equal  to  LX  and  XM,  each  to  each ;  and 
fiehase  AC  is,  by  construction,  equal  to  the  base  LM:  where* 
be  the  angle  ABC  is  equal  to  the  angle  LXM  <'.  For  the  same  d  8. 1. 
itasoD,  the  angle  DBF  is  equal  to  the  angle  MXN,  and  the  an- 
it  GHX  to  the  angle,  NXL; 
dterefarc  the  three  angles  ABC, 
D£P,  GHK  arc  equal  to  the  three 
■gles  LXM,  MXN,  NXL :  but  the 
ittt  angles  LXM,  MXN,  NXL 
»e  equal  to  four  right  angles  •: 
Bierefore  also  the  three  angles 
ABC,  DEF,  GHK,  are  equal  to  bur 
t^bt  angles;  but,  by  the  hypothe- 
■i  they  are  less  than  four  right  an- 
tics, which  is  absuid;  therefore 
AB  ii  not  equal  to  LX :  but  nei-M 
dter  can  AB  be  less  than  LX: 
far,  if  possible,  let  it  be  less,  and 
°pon  the  straight  line  LM,  on 
<^  side  of  it  on  which  is  the  cen- 
m  X,  describe  the  triangle  LOM, 

tk  sides  LO,  OM  of  which  are  equal  lo  AB,  BC ;  and  because 

Ike  base  LM  is  equal  to  the  base  AC,  the  angle  LOM  is  equMt 

3E 
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Bi»k  XI.  to  the  angle  ABC':  and  AB,  that  is,  LO,  bf  the  hrpothnia,  i 
'-'v— '  less  than  LX  ;  wherefore  LO,  OM  &lt  withiirthe  triangle  LXlf 
A9.t.  for,  jr  thej  fell  upon  its  sides,  or  without  it,  they  would  be  cqu 
f21. 1.  to,  or  greater  thafi  LX,  XM  ':  therefore  the  angle  LOM,  tin 
is,  the  angle  ABC,  is  greater  than 
the  angle  LXM  f :  ii|  the  same  man- 
ner it  may  be  proved  that  the  angle 
DBF  is  greater  than  the  angle  MXN, 
and  the  angle  GHK  greater  than  the 
angle  NXL.  Therefore  the  three 
angles  ADC,  DEP,  GHK.  are  great- 
er than  the  ihree  angles  LXM,  MXN, 
NXL;  that  is,  tlian  four  right  an- 
gles: but  the  same  angles  ABC, 
DEF,  GHK  are  less  than  four  right  ^ 
angles;  which  is  absurd:  therefore  W\ 
AB  is  not  less  than  LX,  and  it  has 
been  proved  that  it  is  not  equal  to 
LX  ;  wherefore  AB  is  greater  than 
LX. 

Next,  let  the  centre  X  oF  the  circle  bll  in  one  of  the  ■ 
the  triangle,  viz.  in  MN,  and  join 
XL:  in  this  case  also  AB  is  gre*^ 
er  than  LX.  If  not,  AB  is  either 
equal  to  LX,  or  less  than  it  -.  first, 
lei  it  be  equal  to  XL :  therefore  AB 
and  BC,  that  is,  DE  and  EF,  are 
equal  to  MX  and  XL,  that  is,  to 
MN:  but,  by  the  construction, 
MN  is  equal  to  DF;  therefore  DE, 
EF  are  equal  to  DF,  which  is  im- 
t30.L  possible  t-'  whcrcfbre  AB  is  not 
equal  to  LX ;  nor  is  it  less ;  for 
then,  much  more,  an  absurdity 
would  follow !  therefore  AB  is 
greater  than  LX. 

But,  let  the  centre  X  of  the  circle  fall  without  the  trimgli 
LMN,  and  join  LX,  MX,  NX.  In  this  case  likewise  AB  ii 
greater  than  LX :  if  qot,  it  is  either  equal  to  or  less  than  LXi 
first,  let  it  be  equal;  it  may  be  proved  in  the  same  manner, 
as  in  the  first  ca»e,  that  the  angle  ABC  is  equal  to  tlie  aogk 
MXL,  and  GHK  toLXN;  therefore  the  whole  angle  MX» 
is  equal  to  the  two  angles  ABC,  GHK:  but  ABC  and  CHS 
are  together  greater  than  the  angle  DEF ;  therefore  alN 
the  angle    MXN  is  greater  than  DLF.     And   because    0|& 
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RF  are  equal  to  MX,  XN,  and  the  base  DF  to  the  base  MN,  the  Book  XI. 
lagle  MXN  is  equal  ^  to  the  ang:Ie  DEF :  and  it  has  been  prov-  ^■'^■^ 
cd  that  it  is  greater  than  DEF,  which  is  absurd.    Therefore  AB  ^  ^  1- 
k  not  equal  to  LX.    Nor  yet  is  it  less ;  for  then,  as  has  been 
pfored  in  the  first  case,  the  angle  ABC  is  greater  than  the  angle 
MXL,  and  the  angle  GHK  greater  than  the  angle  LXN.    At 
the  point  B  in  the  straight  line  CB  make  the  angle  CBP  equal 
to  the  angle  GHK,  and  make  BP  equal  to  HK,  and  join  CP,  AP. 


And  because  CB  is  equal  to  GH ;  CB,  BP  are  equal  to  GH,  IIK, 
(Kb  to  each,  and  they  contain  equal  angles;  wherefore  the 
bne  CP  is  equal  to  the  base  GK,  that  is,  to  LN.  And  in  the 
BOKcIea  triangles  ABC,  MXL,  because  the  angle  ABC  is  great- 
er tfasn  the  angle  MXL,  therefore  the  angle  MLX  at  the  base  is 
ptslera  than  the  angle  ACB  at  the  base.  For  the  same  rea-  g  32. 1.  ^ 
ios,  because  the  angle  GHK,  or 
CBP,  is  greater  than  the  angle  R 

IXNf  the  angle  XLN  is  greater 
thn  the  angle  BCP.  Therefore 
tbe  whole  angle  MLN  is  greater 
ttaa  the  whole  angle  ACP.  And 
bBCinse  ML,  LN  are  equal  to 
AC,  CP,  each  to  each,  but  the 
aagle  MLN  is  greater  than  the 
1^^  ACP,  the   base   MN   is 

greater^    than   the    base    AP. 

And  MN  is  equal  to  DF ;  there- 

ton  also  DF  is  grater  than  AP. 

Again,  because  D£,  EF  are  equal 

10  AB,   BP,  but  the  base  DF 

gmter  than  the  base  AP,  the 

«igle  DEF  is  greater  ^  than  the 

angle  ABP.     And  ABP  is  equal  to  the  two  angles  ABC,  CBP, 

that  is,  to  the  two  angles  ABC,  GHK;  therefore  the  angle  DEF 

ia  greater  than  the  two  angles  ABC,  GHK ;  but  it  is  also  less 


h24  1. 
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Book  XL  than  these ;  which  is  impossible.    Therefore  AB  is  not  Ii 

Wi*v-'^  LX,  and  it  has  been  proved  that  it  is  not  equal  to  it ;  tl 
AB  is  greater  than  LX. 

%  12. 11.       From  the  point  X  erect  *  XR  at  right  angles  to  the  \ 
the  circle  LMN.    And  because  it  has  been  provecj  in  all  th 
that  AB  is  greater  than  LX,  find  a  square  equal  to  the  e 
the  square  of  AB  above  the  square 
of  LX,  and  make  RX  equal  to  its 
side,  and  join  RL,  RM,  RN.    Be- 
cause RX  is  perpendicular  to  the 

b  3.  def.  plane  of  the  circle  LMN,  it  is^  per- 
il* .pendicular  to  each  of  the  straight 
lines  LX,  MX,  NX.  And  because 
LX  is  equal  to  MX,  and  XR  com- 
mon, and  at  right  angles  to  each  of 
them,  the  base  RL  is  equal  to  the 
base  RM.  For  the  same  reason, 
RN  b  equal  to  each  of  the  two  RL, 
KM.  Therefore  the  three  straight 
lines  RL;  RMr  RN  are  all  equal. 
And  because  the  square  of  XR  is 
equal  to  the  eitcess  of  the  square 
of  AB  above  the  square  of  LX ; 
therefore  the  square  of  AB  is  equal  to  the  squares  of  L 

c47.  L  But  the  square  of  RL  is  equal  <^  to  the  same  squares, 
LXR  is  a  right  angle.  Therefore  the  square  of  AB  is 
the  square  of  RL,  and  the  sti'aight  line  AB  to  RL.  But 
the  straight  lines  BC,  DE,  EF,  GH,  HK  is  equal  to  . 
each  of  the  two  RM,  RN  is  equal  to  RL.  Wherefore  j 
DE,  EF,  GH,  HK  are  each  of  them  equal  to  each  of  the 
lines  RL,  RM,  RN.  And  because  RL,  RM  are  equal 
BC,  and  the  base  LM  to  the  base  AC ;  the  angle  LRM 

a  8. 1«  *  to  the  angle  ABC.  For  the  same  reason,  the  angle  ; 
equal  to  the  angle  DEF,  and  NRL  to  GHK.  Therefore 
made  a  solid  angle  at  R,  which  is  contained  by  three  p 
gles  LRM,  MRN,  NRL,  which  are  equal  to  the  thn 
plane  angles  ABC,  DEF,  GHK,  each  to  each.  Whk 
be  done. 


OF  EUCLID. 


PROP.  A.  THEQR. 


\      IF  each  of  two  solid  angles  be  contained  by  three  See  Note. 
phne  angles  equal  to  one  another,  each  to  each ;  the 
planes  in  which  the  equal  angles  are,  have  the  same 
inclination  to  one  another. 

Let  there  be  two  solid  angles  at  the  points  A,  B ;  and  let 
the  angle  at  A  be  contained  by  the  threcv  plane  angles  CAD, 
GAEf  KAD ;  and  the  angle  at  B  by  the  three  plane  angles 
FBG,  FBH,  HBG ;  of  which  the  angle  CAD  is  equal  to  the 
ngle  FBG,  and  CAE  to  FBH,  and  BAD  to  HBG :  the  planes 
n  which  the  equal  angles  are,  have  the  same  inclination  to  one 
viodier. 

In  the  straight  line  AC  take  any  point  R,  and  in  the  plane 
CAD  from  K  draw  the  straight  line  KD  at  right  angles 
to  AC|     and    in    the  A  B 

piiDe  CAE  the  straight 
he  KL  at  right  angles 
,  to    the     same    AC : 
ttntibre    the     angle 
PKL   is   the  inclina- 
i   tioD  *    of    the    plane 
Cad    to     tlie     plane 
.  G^.      In   BF    take 
IM  equal  to  AK«  and 

Imd  the  point  M  draw,  in  the  planes  FBG,  FBH,  the  straight 

hrs  MG,  MN  at  right  angles  to  BF  ;  therefore  the  angle  GMN 

M  the  inclination  ^  of  the  plane  FBG  to  the  plane  FBH :  join 

I*   LDf  NG;  and  because    in    the    triangles    KAD,   MBG,  the 

I    ngles  KAD)  MBG  are  equal,  as  also  the  right  angles  AKD, 

rBMG,  and    that    the   sides  AK,  BM,  adjacent  to  the  equal 

an^esy  are  equal  to  one  another ;  therefore  KD  is  equal  ^   to  b  26.  L 

MG,  and  AD  to  BG :  for  the   same  reason,  in  the  triangles 

KAL,  MBN,  KL  is  equal  to  MN,  and  AL  to  BN  :  and  in 

the  triangles   LAD,  NBG,  LA,  AD  are  equal  to  NB,  BG, 

and  they  contain   equal  angles  ;  therefore  the  base  LD   is  c- 

Qual  c  to  the  base  NG.     Lastly,  in  the  triangles  KLD,  MNG, ^^^ 

the  aides  DK,  KL  are  equal  to  GM,  MN,  and  the  base  LD  to 

the  base  NG  ;  therefore  the  angle  DKL  is  equal  ^  to  the  angle  d  8. 1. 

GMN:  but  the   angle  DKL  is  the  inclination   of  the    plane 

CAO  to  the  plane  CAE,  and  the  angle  GMN  is  the  inclina- 
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BookXLtion  of  the  plane  FBG  to  the  plane  FBH,  which  planes  hi 

^^i'^  .hfi'fifore  the  same  inclination  »  to  one  another :  and  in  the  sa: 

a^xlefll.  manner  it  may  be  demonstrated,  that  the  other  planes  in  wh 

tht!  equal  angles  are,  have  the  same  inclination  to  one  anoth 

Thereforei  if  two  solid  angles^  &c.    Q.  £.  D. 


PROP.  B.    THEOR 

seeNme.  IF  two  solid  angles  be  contained,  each  by  thi 
plane  angles  which  are  equal  to  one  another,  each 
each,  and  alike  situated ;  these  solid  angles  are  eqi 
to  one  another. 

Let  there  be  two  solid  angles  at  A  and  B,  of  which  the  u 
angle  at  A  is  contained  by  the  three  plane  angles  CAD,  C/. 
£AD  ;  and  that  at  B,  by  the  three  plane  angles  FBG,  FJB 
HBG  ;  of  which  CAD  is  equal  to  FBG  ;  CAE  to  FBH ;  i 
£AD  to  HBG  :  the  scdid  angle  at  A  is  equal  to  the  solid  ao 
atB.  ' 

Let  the  solid  angle  at  A  be  applied  to  the  solid  angle  at 
and,  first,  the  plane  angle  CAD  being  applied  to  the  plane  an 
FBG,  so  as  the  jx)int  A  may  coincide  with  the  point  B,  and 
straight  line  AC  with  BF  ;  then  AD  coincides  with  BG,  becai 
the  angle  CAD  is  equal  to  the 
angle  FBG  t  and  because  the  in- 
clination of  the  plane  CA£  to  the 

a  A.  11.  plane  CAD  is  equal  •  to  the  in- 
clination of  the  plane  FBH  to  the 
plane  FBG,  the  plane  C  ^  E  coin- 
cides with  the  plane  FBH,  be- 
cause the  planes  CAD,  FBG  co- 
incide with  one  another :  and  be- 
cause the  straight  lines  AC,  BF  coincide,  and  that  the  an; 
CAK  is  equal  to  the  angle  FBH;   therefore  AE  coincides  w 
BH,  and  AD  coincides  with  BG ;  wherefore  the  plane  EAD 
incides  with  the  plane  HBG ;    therefore  the  solid  angle  A  cc 

ba  A.l.  cides  with  the  solid  angle  B,  and  consequently  they  are  equi 
to  one  another.    Q.  £.  D. 


OF  EUCLID. 


PROP.  C.    THEOR. 


I 


SOLID  figures  contained  by  the  same  number  of  seeNou. 
equal  and  similar  planes  alike  situated,  and  having 
none  of  their  solid  angles  contained  by   more  than 
three  plane  angles ;  are  equal  and  similar  to  one  an- 
other. 

Let  AG,  KQ  be  two  solid  figures  contained  by  the  same  num- 
ber of  similar  and  equal  planes,  alike  situated,  viz.  let  the  plane 
AC  be  similar  and  ec)uai  to  the  plane  KM,  the  plane  AF  to  KP ; 
BG  to  LQ ;  GD  to  QN ;  D£  to  NO ;  and  lastly,  FH  similar  and 
equl  to  PR :  the  solid  figure  AG  is  equal  and  similar  to  tHe 
iQlid  figure  KQ. 

'  Because  the  solid  angle  at  A  is  contained  by  the  three  plane 
a|^s  BAD,  BAE,  £AD,  which,  by  the  hypothesis,  are  equal 
to  the  plane  angles  LKN,  LKO,  OKN,  which  contain  the  solid 
Vfle  at  K)  each  to  each ;  therefore  the  solid  angle  at  A  is  equal  '  a  B.  IL 
totlie  solid  angle  at  K:   in  the  same  manner,  the  other  solid  an- 

^of  the  figures  are  equal  to  one  another.  If,  then,  the  solid 
e  AG  be  applied  to  the  solid  figure  KQ,  first,  the  plane 
figure  AC  being  ap- 
pOed  to    the  plane     H  G 

figure  KM ;  the 
ttnight  line  AB  co- 
inciding with  KL, 
^figure  AC  mustr> 
coincide  with  the 
figure  KM,  because 
^y  are  equal  and 

Bmlar:  therefore  the  straight  lines  AD,  DC,  CB,  coincide  with 

KN,  NM,  ML,  each  with  each ;  and  the  points  A,  D,  C,  B,  with 

IhepcaQtsK,  N,  M,  L:  and  the  solid  angle  at  A  coincides  v/ilh  * 

(he  solid  angle  at  K;    wherefore  the  plane  AF  coincides  with 

the  plane  KP,  and  the  figure  AF  with  the  figure  KP,  because 

tbey  are  equal  and  similar  to  one  another :  thereiore  the  straight 

lines  AE,  EF,  FB,  coincide  with  KG,  OP,  PL ;  and  tiie  |)oints 

E,  F,   with  the  points  O,  P.     In  the  same  manner,  the  figure 

AH  coincides  with  the  figure  KK«  and  tbe  srrni^htlire  DH  with 

NR,  and  the  ix>int  H  with  the  point  R:    and  because:  tlie  solid 

angle  at  fi  is  equal  to  the  sohd  avic^le  at  L,  it  may  be  provfrd,  in 

tbe  same  nianDcri  that  the  figure  BG  coincides  with  the  figure 
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Book  XI.  LQ,  and  the  straight  line  CG  with  MQ,  and  the  point  G 
the  point  Q :  since,  therefore,  all  the  planes  and  sides  of  the 
figure  AG  coincide  with  the  planes  and  sides  of  the  solid  i 
KQ,  AG  is  equal  and  similar  to  KQ :  and,  in  the  same  ma 
^ny  other  solid  figures  whatever  contained  by  the  same  nu 
of  equal  and  similar  planes,  alike  situated,  and  having  no 
their  solid  angles  contained  by  more  than  three  plane  ai 
may  be  proved  to  be  equal  and  similar  to  one  another.    Q.  ] 


PROP.  XXIV.    THEOR. 


See  Note.  IF  a  solid  be  contsdned  by  six  planes,  two  and 
of  which  are  parallel ;  the  opposite  planes  are  sii 
and  equal  parallelograms. 


Let  the  solid  CDGH  be  contaitied  by  the  parallel  planes 

GF ;    BG,  CE ;   FB,   A£ :    its  opposite  planes  are  similai 

equal  parallelograms. 

Because  the  two  parallel  planes  BG,  CE  are  cut  by  the 
a  16. 11.  AC,  their  common  sections  AB,  CD  are  parallel  *.     Ag^ii 

cause  the  Xwo  parallel  planes  BF,  AE  are  cut  by  the  plane 

their  common  sections  AD,  BC  are  parallel  *:  and  AB  is  ] 

lei  to  CD ;   therefore  AC  is  a  parallelogram.     In  like  mann< 

may  be  i>roved  that  each  of  the  figures 

CE,  FG,  GB,   BF,  AE  is  a  parallel©-  B 

gram:    join    AH,    DF;     and  because 

AB  is  parallel  to   DC,  and  BH  to  CF ; 

the  two  straight  lines  AB,   BH,  which  ^ 

meet  one  another,  are  parallel  to  DC 

and  CF  which  meet  one  another,  and 

are  not  in  the  same  plane  with    the 

other    two ;     wherefore    they    contain 
b  10. 11.  equal  angles    *»;    the   angle   ABH    is  ^ 

therefore    equal    to   the    angle    DCF; 

and  because  AB,  BH  are  equal  to  DC,,  CF,  and  the  angle 
c  4. 1.      equal  to  the  angle  DCF;   therefore  the  base  AH  is  equal  c  i 

base   DF,  and  the  triangle  ABH   to  the  triangle  DCF :   an 
d34. 1.    parallelogram  BG  is  double  ^  of  the  triangle  ABH,  andtl 

rallelogram  CE  double  of  the  triangle  DCF ;  therefore  the  i 

lelogram  BG  is  equal  and  similar  to  the  parallelogram  CE 

the  same  manner  it  may  be  proved,  that  the  paralielograir 


b  cqoil  and  similar  to  the  parallelogrun  GF,  and  the  pkralldo-BookXI. 
ftmAE  to  BF.    Therefore,  if  a  solid,  ttc.    g  E.  D.  <•—»—' 


PROP.  XXV.    THEOR. 

IF  a  solid  parallelopiped  be  cut  by  a  plane  parallel  See  Hoie 
lotft'0<)r  its  opposite  planes;   it  divides  the  whole  in> 
Id  two  solids,  the  base  of  one  of  which  shall  be  to  the 
bne  of  the  other,  as  the  one  solid  is  to  the  other. 

'  let  the  solid  parallelopiped  ABCD  be  cut  hy  the  plane  EV, 
*Uch  ia  parallel  to  the  opposite  j^anes  AK,  HD,  and  divides  the 
Me  into  the  two  solids  ABFV,  EGCD ;  as  the  base  AEFY 
(t  tile  first  is  to  the  base  EHCF  of  the  other,  so  ia  the  solid 
ABFV^  to  the  solid  EGCD. 

Pnduce  AH  both  ways,  and  take  any  number  of  strai^t  lines 
HU,  HN,  each  equal  to  EH.  and  any  number  AK,  KL  each 
(RMl  U  EA,  and  complete  the  parHllcIograms  LO,  KV,  HQ,  MS, 
Ml  Oie  Rilids  LP,  K.R,  HU,  MT :  then,  because  the  straight 
ha  LK,  KA,  AE  are  all  equal,  the  parallelogrami  LO,  KY,  AF 

X  D  G  I 
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Kequa]*:   and  likewise  the  parallelograms  EX,  KB,  AG>;a36.J. 
I  ailnk  the  paratlelograma  LZ,  KP,  AK,  because  they  are  op-bS^-lt 
I  poRte  plmea :  for  the  same  rcaaon,  the  parallelograms  EC,  HQ, 
F  Jf9  ire  equal>;  and  the  parallclograros  HG,  HI,  IN,  aaalso^ 
HD,  MU,  NT :  therefore  three  planes  of  the  solid  LP,  are  equal 
ad  limilRr  to  three  planes  of  the  solid  KR,  as  also  to  three  planes 
tf  the  BQlid  AV:   but  the  three  planes  opposite  to  these  three 
arc  equal  and  similar  <■  to  Ihem  in  the  Sf:veral  solids,  and  none 
of  their  solid  anijles  are  contained  bj  more  than  three  plane  an- 
Sksi  therefore  the  three  solids  LP,  KR,  AV  are  equal'  toonecC.  II:. 
another:  for  the  same  reason,  the  three  solids  ED,  HU,  MT 
are  cqutl  to  one  another :  therefore  what  multiple  soercr  the 
2  F 


3S6'  '■  THE  ELEMENTS 

Book  Xt-bsM  LF  n  of  the  base  AF,  the  same  ntnltiple  is  the  aolid  LV  of 

^^^■"^the  solid  AV:  for  the  same  reason,  whaterer  multiple  the  be» 
NF  is  ot  the  base  HF,  the  same  multiple  is  the  solid  NV  of  tin 
solid  CD  :  and  if  the  base  Lb'  be  equal  to  the  base  NF,  the  solid 

cC.lL    LV  is  equal'  to  the  M>Ud  NV ;  and  if  the  base  LF  be  g^eUer 
.than  the  base  NF,  the  solid  LV  is  greater  than  the  solid  NV;  ' 
and  if  less,  less :   since  then  there  are  four  magnitudes,  vx.  the 
tiro  bases  AFi  FH,  and  the  two  solids  AV,  EU,  and  of  tbe 
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boic  AF  and  solid  AV,  the  base  LF  and  solid  LV  arc  anreqn-  , 
multiples  vrhaterer  ;  and  of  the  base  FH  and  solid  ED,  the  hMl  . 
FN  and  solid  NV  are  any  equimultiples  whatCTer;  and  It  k« 
been  proTod,  that  if  the  base  LF  is  greater  than  the  base  Hfi 
the  solid  LV  is  greater  than  the  solid  NV  ;  and  if  equal*  cqoilr 
i  5.  dcf.  and  if  less,  less.  Therefore  '  as  the  base  AF  is  to  the  Imm  FHi 
^  so  is  the  solid  AV  to  the  solid  ED.  Wherefore)  if  a  uUd,  he- 
Q.  E.  D. 


PROP.  XXVI.    PROB. 


SeeKote.     AT  a  given  point  in  a  given  straight  line,  to  nuke 
a  solid  angle  equal  to  a  given  solid  angle  contained  ; 
by  three  plane  angles. 

Let  AB  be  a  given  straight  line,  A  a  given  point  in  lit  and  B  ' 

a  given  solid  angle  contained  by  the  three  plane  angles  £PC|  r 

EDF,  FDC  :  it  is  required  to  make  at  the  point  A  in  the  itnd^  i 

line  AB  a  solid  angle  equal  to  the  solid  angle  D.  1 

In  the  straight  line  DV  take  any  point  F,  from  which  dn#  I 

a  11. 11.  ■  FG  perpendicular  to  the  plane  EDCi  meeting  that  plane  !■  | 
G ;    join    DG,    and  at  the   puint  A  in  the  straight  line  AB  1 

bSll.  inakck  the  angle  BAL  equal  to  the  angle  EDC  and  in  the  | 
plane  BAL  make  the  angle  BAK  equal  to  the  angle  £1>G; 

c  1%  11.  then  m^e  AK.  equol  to  DG,  and  from  the  ^oint  K  erect'  KU 


OF  EUCLID.  ^7 

It  right  ADglcB  to  the  plane  DAL ;    and  make  KH  equal  to  Bodk  ZH 
GFi  and  join  AH:  then  the  solid  angle  at  A,  which  is  contain-  ^  ■  -<r*"' 
Bd  by  the  three  plane  angles  BAL,  BAH9  HAL,  is  equal  to  the 
nU  ai^le  at  O  contained  by  the  three  plane  angles  EiJC,  EDF9 
FDG. 

Take  the  equal  str^ght  Ibes  AB,  DE,  and  joia  HB»  KB^ 
PE)  G£:  and  because  FG  is  perpendicular  to  the  plane  £QC| 
it  makes  right  angles^  with  every  straight  line  meeting  it  indj;def.ll. 
Ihit  plane  &  therefore  each  of  the  angles  FGDf  FOE  is  a  right 
B|f|e:  for  the  same  reasons  HKAt  UKB  are  ri|sht  angles:  and 
xcauie  KA)  AB  are  equal  to  GD,  DE9  each  to  each,  and 
xateia  equal  angles,  therefore  the  base  BK  is  equal^  to  thee 4.). 
te  £G :  and  KH  is  equal  to  GF,  and  HKBs  FGE  are  right 
w^fn,  therefore  HB  is  equal*  to  F£:  again,  because  AK, 
(H  are  equal  to  DG,  GF9  and  contain  right  anglea»  th.e 
bm  AH  is  equal  to  the  base  DF;  and  AB  i^  equal  to  DE; 
tfepsfere  HA,  AB  are  equal  tQ  FD,  DE,  and  the  base  HB  is  e« 
IMl  to  the  base  F£, 
dimfere    the    angle  .. 

BAH   is   equal  ^   to  //IX  /A\  ^8,1 

Ifae  angle  EOF:  for 

ike  laaie  reason,  the 

mfft  HAL  is  equal    B 

to  the   angle    FDC. 

Becaase  if   AL   and  lC**^^J/^  d 

DC  be   made  equal,  H  F 

vA  KL,  HL,  GC,  FC  be  joined,  since  the  whole  apigle  B  AL  is 

equl  to  the  whole  EDO,  and  the  parts  of  them  BAK,  EDG  ai«« 

trtfae  construction,  equal:  therefore  the  remaining  angle  KAL 

ii  equal    to  the  remaining  angle   GDC:    and  because    £A 

iL  are  equal  to  GD,  DC,  and  contain  equal  angles,  the  base 

ILk  equaK  to  the  1^  GC :  and  KH  is  equal  to  GF,  so  that 

U,  KH  are  equal  to  CG,  GF,  and  they  contain  right  ;angles; 

Ikoebre  the  base  HL  is  equal  to  the  base  FC :  again,  because 

HA|  AL  are  equal  to  FD«  DC,  and  the  base  HL  to  the  base 

IC,  the  angle  HAL  is  equal'  to  the  angle  FDC:  therefore^ - 

koiute  the  three  plane  angles  BAL,  BAH,  HAL,,  which  contain 

fe  lolid  angle  at  A,  are  equal  to  the  three  plane  angles  EDC» 

EDF,  FDC,  which  contain  the  solid  angle  at  D,  each  to  each, 

Bd  are  situated  in  the  same  order,  the  solid  angle  at  A  b  e- 

luali  to  the  solid  angle  at  D.    Therefore,  at  a  given  point  in  g  B.  11. 

i  giren  straight  line,  a  solid  angle  has  been  made  equal  to  a  gi- 

vn  solid  angle  contained  by  three  plane  angles.    Which  was  to 

cdone. 
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PROP.  XXVII.  PROB. 


a  96.11. 


b  12. 6. 
C23.5. 


1) 


TO  describe  from  a  given  straight  line  a  solid  pa- 
rallelopiped  similar  and  similarly  situated  to  one 
given. 

Let  AB  be  the  given  atraighl  line,  and  CD  the  given  solid  p«- 
rallelopiped.  It  is  required  from  AB  to  describe  a  solid  paraUe- 
lopipcd  similar  and  similarly  situated  to  CD. 

At  the  point  A  of  the  given  straight  line  AB,  make*  a  solid 
angle  equal  to  the  solid  angle  at  C,  and  let  BAK,  KAH,  HAB 
be  the  three  plane  angles  vhich  contain  it,  so  that  BAK  be  e* 
qual  to  the  angle  ECG,  and  KAH  to  GCF,  and  HAB  t» 
FCE :  and  as  EC  to  CO,  so  make^  BA  to  AK  ;  and  as  GC  to 
CF,  so  make  ^  KA  to  AH ;  wherefore  ex  eqwiH^^  as  EC  to 

CF,  so  is  BA  to  AH:  complete  the  parallelogram  liHi  tsA 
the  solid  AL:  and  L 

because,  as  EC  to 

CG,  so  BA  to  AK, 
the  sides  about  the 
equal  angles  ECG, 
BAK  are  propor- 
tionals :  therefore 
the  parallelogram 
BK  is  similar  to 
EG.    For  the  same 

reason,  the  parallelogram  KH  is  similar  to  GF,  and  HB  to  FE« 
Wherefore  three  parallelograms  of  the  solid  AL  arc  similar  to 
three  of  the  solid  CD ;  and  the  three  opposite  ones  in  each  soM 

d24. 11    A>^  equal'  and  similar  to  these,  each  to  each.    Also,  because 

the  plane  angles  which  contain  the  solid  angles  of  the  figures 

are  equal,  each  to  each,  and  situated  in  the  same  order,  the  solid 

eB.  11.    angle.s  are  equal*,  each   to  each.     'Iherefort  the  solid  AL  » 

f  ll.def.  similar*^  to  the  soHd  (  D.     Wherefore  from  a  given  straight 

11.     line  AB  a  solid  paralklopiped  AL  has  been  described  siniii&^ 

and  similarly  situated  to  the  given  one  CD.    Which  was  to  ^ 

done. 


OF  EUCLID- 


PROP.  XXVIII.    THEOR. 

id  paralleiopiped  be  cut  by  a  plane  passing  See  Note. 
le  diagonals  of  two  of  the  opposite  |danes ; 
cut  in  two  equal  parts. 

c  a  solid  paralleiopiped,  and  DE,  CF  the  diagonala 
site  parallelograms  AHi  GB^  viz.  tluMe  which  are 
ixt  the  equal  angles  in  each :  and  because  CD,  F£ 
them  parallel  to  G  A,  and  not  in  the  same  plane  with 
are  parallel  » ;  wherefore  the  diagonals  CF,  D£  are  a  9. 11. 
in  which  the  parallels  are,  C  B 

iselves  parallels  ^:  and  the 
?*  shall  cut  the  solid  AB  in- 
parts. 

he  triangle  CGF  is  equal  e 
;Ie  CBF,  and  the  triangle 
iHE;  and  that  the  paral- 
i  is  equal  ^  and  similar  to 
;  one  BE;  and  the  paral- 
;E  to  CH:    therefore  the  E 

lined  by  the  two  tiiangles 

,  and  the  three  parallelograkns  CA,  GE,  EC,  is  equal*  e  C.  Jt 
i  contained  by  the  two  triangles  CBF,  DHE,  and  the 
;lograms  BE,  CH)  EC;  because  they  are  contained 
',  number  of  equal  and  similar  planes,  alike  situated, 
'  their  solid  angles  are  contained  by  more  than  three 
I.  Therefore  the  solid  AB  is  cut  into  two  equal  parts 
5  CDEF.    Q.  E,  D. 

The  insisting  straight  lines  of  a  paralleiopiped,  men- 
he  next  and  some  following  propositions,  are  the  sides 
rallelograms  betwixt  the  ^ise  and  the  opposite  plane 
.  it.* 
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PROP.  XXIX.    THEOR. 


3  parallelopipeds  upon  the  same  base,  and  of  See  Note, 
altitude,  the  insisting  straight  lines  of  which 
nated  in  the  same  straight  lines  in  the  plane 
to  the  base,  are  equal  to  one  another. 
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Book  XI.  Let  the  solid  parallelopipeds  AH,  AK  be  upon  the  same  base 
AB,  and  of  the  same  altitude,  and  let  their  insisting  straight 
liues  AF,  AG,  LM,  l^S  be  terminated  in  the  same  straight  line 
FN,  and  CD,  CK,  BH,  BK  be  terminated  in  the  same  straight 
line  DK;  the  solid  Ad  is  equal  to  the  solid  AK. 

First,  Let  the  parallelogram!*  DG,  HN*  which  are  opposite  to 
the  base  AB»  have  a  common  aide  HG;  tbeS)  because  the  solid 
AH  is  cut  by  the  plane  AGHC  passing  through  the  ^agonaU 
AG,  CH  of  the  opposite  planes  ALGF,  CBHD,  AH  is  cut  into 

a  28.11.  two  equal  parts  •  by  the  plane  AGHC  :  therefore  the  solid  AH  is 
double  of  the  prism  which  is  contained  betwixt  the  triangles 
AL.G,  CBH:  for  the  same  rea- 
son, because  the  solid  AK  is 
cut  by  the  plane  LGHB  through 
the  diagonals  LG,  BH  of  the  op- 
posite planes  ALNG,  CBKH, 
the  solid  AK  is  double  of  the 
same  prism  which  is  contain- 
ed betwixt  the  triangles  ALG| 
CBH.  Therefore  the  solid  AH 
is  equal  to  the  solid  AK. 

But,  Let  the  parallelograms  DM,  EN  opposite  to  the  base> 
have  no  common  side:    then,  because  CH,  CK  arc  parallelo- 

b  34. 1.  grams,  CB  is  equal  ^  to  each  of  the  opposite  sides  DH,  EK  ^ 
wherefore  DH  is  equal  to  EK :  add,  or  take  away  the  common 
part  HE;    then   DE  is  equal  to  IIK:    wherefore  also  the  tri- 

cS&l.     angle  CDE  is  equal  «  to  the  triangle  BlIK:    and  the  parallelo- 

d36. 1.  gram  DC  is  equal  ^  to  the  parallelogram  HN:  for  the  same 
reason,  the  triangle  AI^G  is  equal  to  the  triangle  LMN,  and 

e24. 11.  the  parallelogram  CF  is  equal  ^  to  the  parallelogram  BMy  and 


CG  to  BN  ;  for  they  are  opposite.  Therefore  the  prism  which 
is  contained  by  the  two  triangles  AFG,  CDE,  and  the  three  pa- 
fC.  11.  rallelogranis  AD,  DG,  GC  is  equal  ^  to  the  prism  contain- 
ed by  the  two  triangles  LMN,  BHK,  and  the  three  parallelo- 
grams BM,  MK,  KL.    If  therefore  the  prism  LMNBIiK  be 


OF  e<k:lio.  BS4 

liketi  from  tttc  voUd  of  wtiich  the  baM  is  fte  parallclognni  AB)  BonlXI. 
tod  Id  whkfa  FDKN  h  tht  one  opposite  to  it;  and  if  fram  this  ^— v  ~^ 
ttfne  loM  tliere  be  Ukcn  the  prisin  AFCiCD  E ;  ttae  rcinaiaing 
(tie  psndklopipcd  AH,  ii  etjnd  to  the  remiunittg  pR- 
'  AK.     Thtrefore  solid  panllelopipedB,  tec.  Q.  K.  D. 


PROP.  XXX.    THEOR. 

SOLID  parallelopipeds  upon  the  same  base,  andsteitttfc 
<rf' the  same  altitude,  die  insisting  straight    lines  of 
which  are  not  terminated  in  the  same  straight  lines 
in  the  plane  opposite  to  the  base,  are  equ^  to  one 
another. 

Let  the  panBeIoi»peds  CM,  CM  be  upon  the  mbtc  base  AB, 
aod  of  the  unie  altitude,  but  their  insisCiDg  straight  lines  AF, 
AG,  LM,  LN,  CD,  CE,  BH,  BX,  not  terminated  in  the  same 
ktrught  lines:  the  solids  CM,  CN  are  equal  to  one  another. 

Prodtice  FD,  MH,  and  NO,  K£,  and  kt  them  meet  one  ano- 
ther in  the  points  O,  P,  Q,  R  ;  and  join  AO,  LI',  BQ,  CR:  and 
bccBiiM  the  plane  LBHM  is  patallel  t«  -the  opposite  plane  ACDF, 


M  B 


<nd  that  the  plane  LBHM  is  that  in  vhich  are  the  parallels  LB, 
MtiPtt,  in  which  also  is  the  figure  BLPg  ^  and  the  plane  ACDF 
ia  that  tn  which  are  the  parallels  AC,  FDOR,  in  which  also  » 
Uie  figure  CAOR;  therefore  the  figures  BLPtj,  CAOR  ore  in 
^rallcl  planes:  in  tike  manner,  because  the  plane  ALNO  is  pa- 
nllel  (o  the  opposite  plane  CBKE,  and  that  the  plane  ALNG  is 
that  in  ifhich  are  the  parallels  AL,  OFGNj  in  which  also  is  the 
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BookZLGgure  ALPO;  and  :he  plane  CBK.E  is  t^kt  in  which  aretbtM 
>— V— '  ndlch  CB,  KQblK.,  in  which  ftUo  i>  the  figure  CBQR:  thercfaR 
the  figures  Ai-PU)  CBQR  are  in  pdralii:!  planei:  and  tbe  plum 
ACBL,  ORQP  are  parallel ;  thererore  tlic  wdid  CP  i>  a  panlk- 
lopiped;  but  the  solid  CM|  ot  which  the  base  is  ACBL,  to  whkh 
a  99-  IL  FUHM  is  the  opposite  panlldogram,  is  equal*  to  the  solid  CP, 
«f  which  the  baae  Is  tbe  paralielograni  ACBL,  to  which  ORQP 


is  the  one  opposite ;  becauK  they  are  upon  the  same  buCi  and 
their  insisting  straight  lines  AF,  AU,  CD,  CK;  LM,  LP,  BHi 
BQ  are  in  the  same  straight  lines  t'H,  MQ :  and  the  solid  CP  i* 
equal*  to  the  solid  CN;  for  they  are  upon  the  same  base  ACBL 
Mid  their  insisting  straight  lines  AU,  AG,  LP,  LN ;  CR,  CEi 
BQ,  BR  are  in  the  same  straight  lines  OS,  RK :  therefore  tbe 
solid  CM  19  equal  to  the  solid  CN.  Wherefore  solid  puaUelotn' 
pcda,  &c.    Q.  E.  D. 


PROP.XXXL   THEOR. 

e.      SOLID  parallelopipeds  which  are  upon  equal  basCi 
and  of  the  same  altitude,  are  equal  to  one  another. 

Let  the  solid  parallelopipeds  AE,  OF  be  upon  equal  bas^ 
AB,  CD,  and  be  of  the  same  altitude;  the  solid  AE  is  equal  to 
the  solid  CF. 

First,  I^t  the  insisting  straig1il  lines  be  at  right  anglt^s  to  *^* 
bases  AB,  CD,  and  let  the  bases  be  placed  in  the  same  pla"*' 
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ad  lO  W  that  the  aide*  CL,  LB  be  in  &  straight  tine ;  therefore  Book  XL 

the  ttraiglit  line   LM,  which  is  at  right  angks  to  ilic  pUme  in  ''     '  '-' 

which  the  bases  are,   in  the  point  L,  in  common  ■to  the  iwaso-aU  IL 

lidi  AE,  CI' ;  let  the  other  insisting  lines  of  the  solids  be  AG, 

HK,  fib: ;  DF,  UP,  CN  :  jmd  first,  let  the  angle  ALB  be  equal 

to  the  angle  CLDj  then  AL,  LD  are  in  a  straight  li(it:>>      l^ro-bU-l. 

dnce  UU,  HB,  and  let  them  meet  in  Q.  and  complete  the  solid 

panJlelopiped  LK,  the  base  ol  which  is  the  parsllelagram  LQ, 

and  o(  which  LM  is  one  of-  its  iiiiiistiLig  straight  lines :  therefore, 

kouse  the  parallelogram  Afi  is  equal  to  CD,  as  the  base  AB 

b  to  the  base  L(j,  so  isc  the  base  CO  to  the  same  LQ:  and  be-<^^-^ 

amt  the  solid  parallclopiped  AR  is  cut  by  the  plane  LMLB, 

which  is  parallel  to  the  opposite  planes  AK,  DH ;  as  the  base 

AB  is  to  the  base  LQ,  so  is  •!  the   solid  AK  to  the  solid  LR  :  <>  35. 11. 

fir  the  same  reason,  because  the  solid  parallelopiped  CR  is 

cot  by  the  plane  LMhO,  which  is  pantUel  to  the  oppoute  plane* 

CP,  BR  ;    as    the        D  „  n  ' 

Imc  CD  to  the  base 

Ll),  to  is  the  solid 

CF  to  the  solid  LR: 

but  u  the  base  AB 

to  the  tMse  LQ,  so  O 

the  base  CD  to  the 

bueLQ,  as  before 

*U  proved:  there- 

bre  as  the  solid  AE 

loihe  solid  LR,so 

is  the  solid  OF  to  the  soUd  LR ;  and  therefore  the  solid  AE  is 

equal '  to  the  solid  C  P.  a  9.  &- 

But  let  the  solid  parallelopiped s  RE,  CF  be  upon  equal  bases 
SB,  CO)  and  be  of  the  same  altitude,  and  let  their  insisting 
Kriight  lines  be  at  right  angles  to  the  bases ;  and  place  the  bases 
SB,  CO  in  the  same  plane,  so  that  CL,  LB  be  m  a  straight  line  ; 
>nd  let  the  angles  SLB,  CLD  be  unequal ;  the  solid  S\i  is  also 
in  this  case  equal  to  the  solid  CF:  produce  DL,  TS  unlil  they 
aeet  in  A,  and  from  B  draw  BH  parallel  to  DA  *.  an<l  'et  HB, 
OD  produced  meet  in  Qt  and  comjdete  the  solids  AE,  LR : 
therefore  the  solid  AE,  of  which  the  base  is  the  parallelogram 
LE,  and  AK  the  one  opposite  to  it,  is  equal  f  to  the  solid  SE,  of  f  39.  It* 
which  the  base  is  LE,  and  to  which  SX  is  opposite : '  for  they  are 
nan  the  same  base  LE,  and  of  the  same  altitude,  and  iheir  in- 
lutmg  straight  lines,  viz.  LA,  LS,  BH,  BT ;  MG,  MV,  £K, 
SX,  are  in  the  same  straight  lines  AT,  GX:  and  because  the 
3G 
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Book  XI-  parallelognm  AB  is  eqinl « to  SB,  for  they  are  upon  the  am 

^■^v— '  iMse  LB;  and  betvcen  the  same  parallel  LB,  AT:  and  that  tl 

sSll.     base  SB  ii  equal  to      p  p  P 

the  base  CD ;  there- 
fore the  banc  AB  u 
equal  t6  the  baM 
CO,  amt  the  aOF^le 
ALB  is  equal  to  the  f. 
angle  CLD :  there-  "  ^ 
fore,  bj  tlie  fii-at 
case,  the  solid  AB 

is  equal  to  the  so-  .      „  u     T 

lid  Cf;  buttheao-  ^     ="  "      * 

lid  AE  is  equal  to  tbe  solid  SE,  as  was  demonstnted ;  tboRftn 
the  solid  SE  is  equal  to  the  sdidCF. 

But  if  the  insisting  Btraighl  lines  AG,  HK,  BE,  LM  i  CHi    ; 
RS,    DF,  UP,   be  not  at  right  angles'  to  the  bases  AB,  CD;  io    l 
this  case  likewise  the  solid  AE  is  etjual  to  the  solid  CF:  (IrM 
the  points  G,  K,  E,  M ;  N,  S,  F,  P,  draw  the  straight  Unea  CX^ 

hllU.  KT,  EV,  MX;  NY,  SZ,  FI,  PU,  pcrpendkularkto  theplM 
iti  which  arc  the  bases  AB,  CD;  and  let  them  meet  it  in  Am 
point!  Q,  T,  V,  X  ;  Y,  Z,  I,  U,  and  join  QT,  TV,  VX,  XQ; 
YZ,ZI.IU,U¥:  (hen,  because  GO,  KT  ai-e  at  right  anglci  V 

ni      E 


Y  Z 

,  thef  are  parallel '  to  one  another :  and  HG| 
EK  are  parallels ;  thctefore  the  plane  Mc;,  ET,  of  which  one 
passes  through  MG,  GQ,  and  the  other  through  EK,  ^T,  which 
are  parallel  to  MG,  GQ,  and  not  in  the  same  plane  with  thaa, 
k  15. 11.  are  parallel  '  to  one  another :  for  the  same  reason  the  pluM 
MV,  GT  arc  parallel  to  one  another  :  therefore  the  solid  QE  is 
a  parallelopipcd :  in  like  manner,  it  may  be  proved,  that  the  » 
ltd  VF  is  a  paralletopiped :  but,  from  what  has  been  demcmitial- 
cd,  the  solid  EQ  is  e^ual  to  the  solid  FY,  becadse  they  arc  upa 
equal  bases  MK,  PS,  and  of  the  s^me  altitude,  and  hare  tbeir 
insisting  straight  lilies  at  right  angles  to  the  bases:  and 'the  Mr 
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Jid  EQ  i$  equal>  to  the  solid  AE ;  and  the  solid  FY  to  tlie  solid  BookXI 
CF;  because  they  are  upon  the  same  bases  and  of  the  same  alti-  ^'^v—^ 
tnde:  therefore  the  solid  AE  is  equal  to  the  solid  CF.  Where- ^£^'  ^ 
fcre  solid  parallelopipeds,  Sec.    Q.  £.  D.  <^  «« 


.m  11. 


PROP.  XXXII.    THEOR. 


SOLID  parallelopipeds  i^ich  have  the  same  alti-  See  Note. 
tude,  are  to  one  another  as  their  bases. 

Lst  ABi  CD  be  solid  parallelopipeds  of  the  same  altitude*: 
they  are  to  one  another  as  their  bases;  that  is*  as  the  base  AE 
to  the  base  CF,  so  is  the  solid  AB  to  the  solid  CD. 

To  the  straight  line  FG  apply  the  parallelogram  FH  equa^aCor.45. 
to  AE,  so  that  the  angle  FGU  be  equal  to  the  angle  LCG,  and     1- 
Qonpkte  the  solid  parallelopiped  GK  upon  the  base  FH,  one  of 
nhsie  insisting  Uoes  is  FD,  whereby  the  solids  CD,  GK  must  be 
cf  the  saoie  altitude:  therefore  the  solid  AB  is  equal >»  to  theb31.lL 
solid  GK,  because             ^  D  K 

Ifcey  are  upon  e-^ ^  , 

rn,  and    are   dt 
the    same     al^jJfl} 
tQde:      and     be- 
came   the  .  solid 
l>arailelopiped  CK'^ 
ia  cut  by  the  plane  ^^  A 
^G  which  is  pa-/      * 
>^llel  to  its  opposite  planes^  the  base  HF  is'  to  the  base  FC,  as  c  35. 11. 
Uie  solid  HD  to  the  solid  DC :  but  the  base  UF  is  equal  to  the 
bttse  AEtand  the  solid  GK  to  the  solid  AB:  therefore,  as  the 
*Wse  AE  to  the  base  CF,  so  is  the  solid  AB  to  the  solid  CD. 
Vrherefore  solid  parallelopipeds,  &c.   Q.  E.  D. 

CoR.  From  this  it  is  manifest  that  prisms  upon  triangular  ba» 
^s,  of  the  same  altitude,  are  to  one  another  as  their  bases. 

Let  the  prisms,  the  bases  of  which  are  the  triangles  AEM, 
CFG,  and  NBO,  PDQ  the  triangles  opposite  to  them,  have  the 
^une  altitude;  and  complete  the  parallelograms  AE,  CF,  and 
the  solid  parallelopipeds  AB,  CD,  in  the  first  of  which  let  MO, 
^ttid  in  the  other  let  GQ  be  one  of  the  insisting  lines.     And  be- 
cause the  adid  parallelopipeds  AB,  CD  have  the  same  altitude, 
^hcy  are  to  one  another  as  the  base  AE  is  to  the  base  CF  i  where- 
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^Mk  XI.  [ore  the  prisms,  which  are  their  halvc9>,  are  to  one  onatbcr  u 
^"""^  the  base  A£  to  the  buu  CF;  that  ii,  u  the  uiangle  AEH  to  tbe 
dS&U.  (riangleU'U. 


PROP.XXXIII.   THEOR. 


SIMILAR  solid  parallelopipeds  are  one  to 
in  the  triplicate  ratio  of  their  homologotis  ddes. 

Let  AB,  CD  be  uroilar  solid  parallelepipeds,  and  the  ude  AE 
homologous  to  the  side  CF:  the  solid  A B  has  to  the  solid  CD, 
the  triplicate  ratio  of  that  which  AE  has  to  CF. 

Produce  AE,  GE,  HE,  and  in  these  produced  take  £K  eqorf 
to  CF,  EL  equal  to  FN,  and  EM  equal  to  FU  j  ^  complete  tbe 
ptirslleIog;rain  KL,  aod  the  solid  KO :  because  K.E,  EL>  are  equal 
to  CF,  FN,  and  the  angle  KEL  equal  to  the  angle  CFN,  becaae 
it  ia  equal  to  the  angle  Ai^G,  which  is  equal  to  CFN,  by  reana 
that  the  solids  AB,  CD  are  similar ;  therefijre  tbe  paraUelogram 
£L  is  similttT  and  equal  to  the  par^lck^ram  CN :  iiir  tbe  aame- 
reason,  the  paralklogram  MK  is  sunilar  and  equal  to  CR,  and 
also   OE 


Therefore  three 
parallelograms  of 
the  solid  KO  are 
equal',  and  siitiilar 
to  three  parallelo- 
grams nf  (he  so- 
lid CD  :  and  the 
three  opposite  ones 
in  each  solid  are 
34. 11.  equal  ■  and  simi- 
lar lo  these  :  there- 
fore' the  solid  RO 
etjual  * 


1) 


.hK- 


b  C.  11. 


O 


milar  to  the  solid  CD :  complete  the  parallelogram  GK,  and  com- 
plcic  (he  solids  LX|  LP  u|>on  the  bases  GK,  Kl^  so  that  EH  be 
an  insisting  soaiglit  line  in  each  of  them,  whereby  they  must  be 
of  the  same  alti(ude  with  the  solid  AB:  and  because  (he  solida 
AB,  CD  are  similar,  and,  by  permutation,  as  AE  is  to  CF,  so  is 
EG  to  FN,  and  so  is  EH  to  l-'K ;  and  FC  is  equal  (o  EK,  and 
FN  to  EL,  and  FK  to  EM  :  thtrelore  as  AE  to  EK,  so  is  EG  to 
EL,  and  so  is  HE  to  EMi  but,  as  AE  to  EK,  so«is  the  paral- 
lelogram AG  to  the  parallclugiam  GK;  and  as  GE  to  EL,  so  ii.' 
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GK  to  KL,aiid  as  HE  to  EM.so*  isPE  to  KM:  therefore  as  the  Book  XL 
pumllelogram  AG  to  the  paralMbg^ram  GK,  so  is  GK  to  KL,  and  ^"*v-"^ 
P£  to  KM:  but  as  AG  to  GK,  so  <>  is  the  solid  AB  to  the  so-^  ^*  ^ 
lid  EX;   and  as  GK  to  KL,  sod  is  the  solid  EX  to  the  solid ^^'^^ 
PL;  and  as  PE  to  KM,  80<i  is  the  solid  PL  to  the  solid  KG: 
vid  therefore  as  the  solid  AB  to  the  solid  EX,  so  is  EX  to  PL« 
and  PL  to  KG:  but  if  four  magnitudes  be  continual  propor- 
tionals, the  first  is  said  to  have  to  the  fourth  the  triplicate  ratio 
cf  that  which  it  has  to  the  second :    therefore  the   solid   AB 
lis  to  the  solid  KG  the  triplicate  ratio  of  that  which  AB  has 
Id  EX:   but  as  AB  is  to  EX,  so  is  the  parallelogram  AG  to 
Hk  parallelogram  GK,  and  the  straight  Hne  AE  to  the  straight 
ioe  EK.     Wherefore  the  solid  A  B  has  to  the  solid  KG  the  tri- 
plicate ratio  of  that  which  AE  has  to  EK.    And  the  solid  KG  is 
flfiil  to  the  solid  CD,  and  the  straight  line  EK  is  equal  to  the 
Sbiight  line  CF.     Therefore  the  solid  AB  has  to  the  solid  CD     ' 
Hk  triplicate  ratio  of  that  which  the  side  AE  has  to  the  homola- 
|oas  side  CF,  &c.#  Q.  E.  D. 

■ 

Coa.  From  this  it  is  manifest,  that,  if  four  straight  lines  be 
•ondiinal  proportionals,  as  the  first  is  to  tlie  fourth,  so  is  the 
aofid  parallelopiped  described  from  the  first  to  the  similar  solid 
nnilarly  described  from  the  second ;  because  the  first  straight 
line  has  to  the  fourth  the  triphcata  ratio  of  that  which  it  has  t» 
the  second. 


,■  'fn 


TrOP.  D.    TRppR^  /. 


SOLID  paraUelopipeds  contained  by  parallelograms  Set  Not«. 

?iiangular  to  one  another,  each  to  each,  that  is, 
which  the  solid  angles  are  equal,  each  to  each,  havp 
to  one  another  the  ratio  which  is  the  same  with  the 
ratio  compounded  of  the  ratios  of  their  sides. 

Let  AB,  CD  be  solid  paraUelopipeds,  of  which  AB  is  contained 
^  the  parallelograms  AE,  AF,  AG  equiangular,  each  to  each,  to 
the  parallelograms  CH,  CK,  CL,  which  contain  the  solid  CD. 
The  ratio  which  the  solid  AB  has  to  the  solid  CD,  is  the  same 
vith  that  which  is  compounded  of  the  ratios  of  the  sides  AM  to 
DL,  AN  to  Di(,  and  AG  to  li^\. 
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BMkXL     Produce  MA,  NA,  OA  to  P,  Q,  R,  bq  thkt  AP  beequil  t» 

*— «— '  DL,  AQ  to  DK.  mid  AK  to  UH  ;  and  cotnpltrU  the  lolid  paiil- 
lLlapi]>(.tl  AX  contuncd  by  the  parallelqgrania  AS,  AT,  AV  it 
milii''  and  equal  tn  CH,  CK.|  CL,  etch  to  enchi     ThcrcCbre  the 

a  C.  11.  aolid  AX  ia  equal  ■  to  the  solid  CD.  ComplcKe  likcwue  the  aoW 
AY,  the  Imik  of  which  ia  AS,  and  of  which  AO  ia  one  of  ita  !■• 
aiaiiii^  atraight  linea.  Take  auy  alraight  line  «i  and  u  HA  tp 
AP,  w  make  a  to  b ;  and  aa  N  A  to  AQ,  >o  nuke  b  to  c  t  ud  « 
AO  lo  AR|  ao  c  to  d :  then,  bccauM  the  p«ntlelogram  AE  h 
equiangular  to  AS,  AE  ia  to  AS,  aathe  atnigfat  line  K  toi^i^ 
\t  demonatrated  in  the  S3d  prop,  book  6,  and  the  •olids  AV,  AXi 
being  betwixt  the  pandlel  pUnea  BOY,    EAS,  arc  of  the  aaiM 

b»,  U.  altitude.  ThereloK:  the  aoiid  AD  ia  to  the  solid  AY,  U^ll» 
base  AE  to  the  hue  AS ;  that  is,  aa  the  atraight  line  •  ia  10  b 

e  35. 11.  ^^  t]^  ,om  AY  is  to  the  aolid  AX,  as<  the  buc  OQ  U  M  l¥ 
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base  QTt ;  that  is.  as  ihe  straight  tine  OAtoAR;  thatis.asihe 
sirui|;iit  line  c  tu  Ihc  straight  line  d.  And  because  the  solid  .AB 
is  to  the  solid  AY,  as  a  is  tn  c,  and  the  solid  AV  lo  the  solid  vX 
aa  c  iii  tr>  di  ex  xi/uali,  tlie  solid  AU  is  to  the  solid  aX, 
or  CD  wiiich  is  eiiual  to  it.  as  the  sirjiijht  line  a  is  to  d.  But 
'  ^  ■  ^  the  ratio  uf  a  to  d  is  s  lid  to  be  compounded  *  of  ihe  ratios  of  a  to  b, 
b  to  c,  and  c  to  d.  which  ai-e  the  same  witli  the  ratios  of  the  site 
M.\  to  \P,  NA  to  AQ.  and  OA  to  AH.  each  to  euch.  And  the 
«dcs  AP.  AQ,  All  -re  equal  to  the  sides  DL.  DK,  DIl,  each  » 
each.  Therefore  the  solid  .\U  has  lo  the  solid  (JD  the  niio 
which  is  the  same  with  tliat  which  is  compounded  of  the  talin 
of  the  adcs  AM  to  DL,  AN  to  DK.,  and  AO  to  DH.    Q.  li.  D. 
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i  bases  and  altitudes  oi  equal  solid  panlldopi-  seexwh 
re  reciprocally  propcvtional;  and  if  the  bases 
itudes  be  reciprocally  proportional,   the  solid 
ipipeds  are  equal. 

Bt  CD  be  equal  solid  pusllelo^pedst  their  biKs  u« 

lily  proportioiMl  to  their  altitudem ;  thU  i»,  u  the  baw 

I  the  base  NP.  so  ia  the  altitude  trf'  the  aiflid  CD  to  the 

■ftiic  solid  AB. 

Let  the  insisting  strtugbt  lines,  AU,  EF,  LB,  HS.;  CM, 

,  Pit  be  at  right  angles  to  the  bases.    As  the  base  £H 

ic  NP,  so  ia  CM  to 

'  the  base   EH  be    K  B  R  D 

the  base  NP.  then 
Jie  solid  AB  is  like* 
■1  to  the  solid  CD, 
U  be  equal  to|AC. 

if  the   bMcsJwiiH  ; 
Kpial,  but^the  alti- 

;.  CM  be  not  equal,  A.  E  C  N 

Shall  the  solid  AB 

to  the  soUd  CD  But  the  solids  are  equal,  by  the  hypo- 
Tberebre  the  altitude  CM  is  not  unequal  to  the  altitude 
it  is,  they  are  equal.  Wherefore  as  the  base  EH  to  the 
,  so  is  CM  to  AG. 

Let  the  bases  EH,  NP  not  be  equal,  but  £H  greater 
other:  since  then  the  solid  AB  is  equal  to  the  solid  CD, 
therefore    greater  R  D 

:  tar,  if  it  be  not, 
also,  in  this  case,  . 
le  solids  AB,  CD 
1,  which,  by  the 
lis,  are  equal, 
icn  CT  equal  to 

complete  the  so- 

llelopiped  CV  ofH 

le  bue  is  NP,  and 

CT.     Because  the  ,^  _ 

J  is  equal   to  the 

I,  therefore  the  solid  AB  is  to  the  solid  C V,  aa  ■  the  so*  a  7-  s. 


\ 
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BdokXI.IidCDtolhewlidCV.  But  m  the  solid  AB  to  the  solid  CV,  n 
«—,->«<«  k  is  the  base  EH  to  the  biue  NP  {  for  the  solidi  Afi,  CV  tre  o 
b33.  11.  the  sttine  altitude i  and  as  the  solid  CD  to  CV,  so'  is  tbi 
c35.  IL  base  MP  to  the  base  PT,  and  so  d  j,  the  straight  line  MC  B 
dl.&      CT;  uidCTiiequal  to  AG.     Therefore,  u  the  base  EH  toll* 

base  NP,  so  is  MC  to  AG.     Wherefore,  the  bases  of  the  nil 

parallelopipeds  AB>   CQ  are  reciprocally  pn^rtiooal  to  tba 

altitudes. 
Let  now  the  bases  of  the  solid  panllelopipeds  AB,  CD  be  n 

ciprocallf  proportional  to  their  altitudes  ;  viz.  as  the  b»e  ES 

to  the  base  NP,  so  the  alti- 


tude of  the  solid  CD  to  the 
altitude  of  the  solid  AB; 
the  solid  AB  is  equal  to 
the  solid  CD.  Let  the  in- 
sisting lines  bC}  as  before, 
at  right  angles  to  the  bases. 
Then,  if  ihc  base  EH  be 
equal  to  the  base  NP,  since 
EH  is  to  NP,  astheAlti- 


R 


N 


tude  of  the  solid  CD  is  to  the  altitude  of  the  solid  AB,  there 
fore  the  altitude  of  CD  is  equal  •  to  the^lude  of  AB.  Butu 
lid  parallelopipeds  upon  equal  bases,  aol  of  the  same  altitude 
J  II  are  equal' to  one  another:  therefore  the  solid  AB  is  equal  to  th 
solid  CD. 

But  let  the  bases  EH,  NP  be  unequal,  and  let  EH  be  ih 
greater  of  the  two.     Therefore,  since  as  the  buse  EH  totbebss 
NP,  so   is  CM  the  alti- 
tude of  the  solid  CD  to 
AG  the  altitude  of  AB, 
CM    is    greater  *    than 
AG.      Again,   take  CT 
equal  to   AG,   and  com- 
plete, as  before,   the  so- 
lid CV.      And   because 
the  base   EH    is  to   the    H 
base  NP,  as  CM  to  AG, 

and  that  AG  is  equal  to  A  E  C  N 

C  T,  therefore  the    base 

EH  is  to  the  base  NP,  as  MC  to  CT.  But  as  the  base  EH  is  to  NP, 
so  ••  is  the  solid  AB  to  the  solid  CV;  forthe  solids  AB,  CVareof 
the  same  altitude}  and  as  iMCtoCT,  soisthcbHseMPtotheluit 


D 

^^■^^ 

\  \ 

II                 I-         P 
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n,  wd  the  tolid  CD  to  the  «>lid<  CV:  and  tberefora  u  theBwAn. 

Mfid  AB  to  the  Mlid  CV,  so  »  tht:  solid  CD  to  the  (olid  CV;  ^-^— * 
ttat  ift,  each  of  ihe  solids  AB,  CD  has  the  same  ratio  in  Uu:  solid  '  ^-  ^l- 
tVi  ^d  therefore  the  irahd  AB  is  i'C[tiiil  lothe  solid  CD. 

Second  general  case.  Let  the  insiating  itnight  lines  I-'E, 
BU  GA,  KH;  XN,  DO,  MC.  RP  not  be  at  right  angles  to 
Ac  bases  of  the  solids;  and  rram  the  points  F,  B,  K,  G;  X| 
n  Ri  M  draw  perpendiculars  to  the  planes  in  which  are  the 
Uea  £H,  NP  meeting  those  pUnes  in  the  points  S,  Y,  V,  T; 
1^  I.  U.  Z ;  and  complete  the  solids  FV,  XU,  which  an  pa- 
nidopipeda,  as  was  proved  in  the  last  part  of  prop.  31,  of 
m  book.  In  this  case,  likewise,  if  the  bolids  AB,  CD  be 
equal,  their  bases  are  reciprocull]'  proportional  to  their  altitudes, 
<B.  the  base  EM  to  the  base  NP,  as  the  altitude  of  the  solid 
CD  10  the  altitude  of  the  solid  AB.  Because  the  solid  AB  is 
1901  to  the  soU'i  CD,  and  that  the  solid  BT  it  equali  to  the  k  39.  or 
■id  BA,  for  they  are  upwi  the  same  base   t'K,  and  of  the  ^-  ^- 


tttt  ilikudc;  and  that  the  solid  DC  is  equal  K  to  the  solid 
DZ,  being  upon  the  same  base  XR,  and  of  the  same  altitude ; 
Ikrelbre  the  solid  BT  is  equal  to  the  solid  DZ:  but  the  bases 
■t  reciprocally  proportional  to  the  altitudes  of  equal  solid  pa- 
tiQelopipeds  of  which  the  insisting  straight  lines  are  at  right 
Mfies  to  their  bases,  as  before  w^s  proved:  therefore  as  the 
wic  FK  to  the  base  XR,  so  is  the  altitude  of  the  solid  DZ  to 
tk  ^tiludc  of  the  solid  BT:  and  the  base  FK  is  equal  to  the 
bue  EH,  and  the  base  XH  to  the  base  NP;  wherefore  as  the 
bue  EH  to  the  base  NP,  so  is  the  altitude  of  the  solid  DZ  to 
(be  altitude  of  the  solid  B T :  but  the  altitudes  of  the  solids 
DZ,  DC,  as  also  of  the  solids  BT,  BA,  are  the  same.  There- 
fore as  the  base  EH  to  the  base  NP,  so  is  the  altitude  of  the 
3  H 
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Soak  Xf .  solid  CD  to  the  altitude  of  the  solid  A  B  j  ifaat  U,  the  bases  of  As 
'"V™^  solid  parailclopipcds  Ati,  CD  are  reciprocally  propotlioDal  to  that 
aTtitudcs. 

Next,  Let  the  bases  of  the  solids  AB,  CD  be  ptciproullf  prch 
portional  to  their  altitudes,  viz.  the  base  bH  to  the  base  NP,  uilw 
altitude  of  the  sojld  CD  to  the  altitude  of  the  solid  AB;  the  soiij 
AB  is  eqUiil  to  the  solid  CD ;  ihc  same  construction  being  nndt; 
becausci  as  the  base  hH  to  the  base  NP,  so  is  the  altitude  of  tte 
■olid  CU  to  the  allilude  of  the  solid  AB;  and  that  the  base  EBs 
equal  to  the  base  FK ;  and  t\P  to  XK ;  therefore  the  base  FKii 
to  the  base  XK,  as  the  aluuidc  of  ibe  sc^d  CD  to  the  altkiKkif - 


A  E 


C  N 


AB :  but  the  altitudes  of  the  solids  AB,  BT  are  the  same,  as  iIm 
of  CD  and  DZ ;  therefore  as  the  base  FK  to  the  base  XR,  so  ii 
the  altitude  of  the  solid  DZ  to  the  altitude  of  the  solid  BT; 
wherefore  the  bases  of  the  sulids  BT,  DZ  are  reciprocally  propoi^ 
tional  to  their  altitudes;  and  their  insisting  straight  lines  are  it 
right  angles  to  the  bases;  wherefore,  as  was  before  proved,  the 
1 29.  or  solid  BT  is  equal  to  the  aolid  DZ :  but  BT  is  equal  e  to  the  solid 
30'  11-  BA,  and  DZ  to  the  solid  DC,  because  they  are  upon  the  »<K 
bases,  and  of  the  same  altitude.  Therelbre  the  solid  AB  ii  cqutl 
to  the  solid  CD.    Q.  E.  D. 
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PROP.  XXXV.    THEOR. 

V  froni  the  vertices  of  two  equal  plane  angles,  SeeHate. 

be  dravm  two  straight  lines  elevated  above  the 
-s  in  which  the  angles  are,  and  containing  equal 
s  with  the  sides  of  those  angles,  each  to  each ; 
if  in  the  lines  above  the  planes  there  be  taken  any 
s,  and  from  them  perpendiculars  be  dmwn  to  the 
-s  in  which  ihe  first-named  angles  are ;  and  from 
xnnts  in  which  they  meet  the  planes,  straight  Imes 
:awn  to  the  vertices  of  the  angles  first  numed ; 

straight  lines  shall  contain  equal  angles  with  the 
>;ht  lines  which  are  above  the  jilancs  of  the  angles. 

:  Bag,  EDF  he  two  eijua]  plane  an^'es  ;  and  from  the 
A,  D  let  the  straight  hnes  AG,  DM  be  clevutei^  dbove 
lanes  of  the  angles,  making  equal  angks  with  their  sides, 
o  each,  viz.  the  angle  GAB  equal  to  the  angle  MOE,  and 
to  MDF;  and  in  AG,  DM  let  an^  points  G,  M  be  ta- 
u>d  from  tliem  let  perpendiculars  GL,  MN  be  drawn  to 
ancs  BAG)  EUF,  meeting  these  planes  in  the  points  L,  N ; 
lin  LA]  ND :  the  angle  GAL  is  equal  to  the  angle  MDN. 


ke  AH  equal  to  DM,  and  through  H  draw  HK  parallel 
L:    but  GL  is  perpendicular  to  the  plane  BAG  ;    where- 
IK  is  perpendicular  ■  to  the  same  plane:  from  the  points  &&U. 
,  to   the   straight  lines  AB,  AC.  UK.  IIF.  drav  pcrpcn- 
rs  KB,  KG,  NE,  NF;    and  join  HB,  BC,  ^IIi,   EF: 
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BMfc  XL  because  HK    is  perpendicular  to  the   plane   BAG,  the  plak 
**'v-^  HBK  which  passes  through  HK  is  at  right  angles  ^  to  the  (dm    ! 
bis.  11.  BAC;    and  AB  is  drawn  in  the  plune  BAC  at  right  angletti  ^ 
the  common  section  BK  of  the  t^o  plaDes;    therefore  AB  il   > 
c4Jef.ll. perpendicular  *  to  the  plane  HBK,  and  makei  right  Utgkl'   ' 
<34ief.ll.  with  every  straight  line  meeting  it  in  that  plane i   but  BH  incdi 
ll  ID  that  phnc :  tbcrcfore  ABH  w  a  right  angle :   fer  Hx  mm 
rett*«n<   DEM  i>  a  Tight  angle,  and  is  tbcrebre  efjnal  t»  ritt 
avgle  ABH ;  and  the  angle  HAB  ia  equal  to  the  aogle  HDB>. 
Thercibrc  in  the  tvo  triangles  HAB.  InDE  there  arc  two  aBjiIci  ' 
in  one  equal  to  two  angles  in  the  other,  each   to  eacfa*  mi 
one  side  equal  to  one  side.  oppoHtte  to  one  of  the  equal  aitg|» 
in  eacb,  vix.  HA  equal  to  DM:   therefore  the  remaining  iim 
•  3&  I-    are  equal  ■■  each  to  each:   wbeftfbre  AB  it  equal  to  DE-     ta 
the  same  nunner,  if  H('  and  MF  be  joined,  it  tnay  be  demfr 
atrated  that  AC  is  tqual  to  OF:    therefore,  since  AB  ii  equaltl 
DE,   BA  and  AC  are  equal  to  ED  and  DF^    and  the  O^   | 


BAC  is  equal  to  the  angle  EDF;  wherefore  the  base  BC  ii 
equd  ^  to  the  butic  EV,  and  the  rcmuiiiing  angles  to  the  remMO* 
ing  angles:  the  angle  ABC  is  theretbrc  equal  to  the  al^ 
ULI'"j  und  the  right  angle  Aj.K  is  equjl  to  the  right  angll 
DtN,  whence  the  rcmuiiiing  angle  CBK  is  equal  to  the  re- 
muiiting  angle  FLN :  for  the  sumc  reaiion,  the  angle  BCK.  b 
equul  to  the  angle  El'N  ;  thentore,  in  the  two  triangles  BCl, 
El'N,  thcrt  arc  two  angles  in  one  equal  to  two  angles  in  tbe 
Other,  each  to  each,  ai,d  one  side  equal  lo  one  side  adjacent 
to  the  equiil  angles  m  each,  viz  BC  equal  to  Eh  ;  the  other 
aides,  ihcrelort.  are  equal  lo  the  uiher  sides ;  BK  then  u  equal 
to  IN:  and  AB  is  equal  to  DE  j  wherefore  AB,  BK.  are  equal 
lo  DE.  i,Ni  diid  thiy  cuntaiii  right  unglcsj  wherefore  Ui» 
base  AK  is  equal  to  ihe  base  UN :    and  since  AH  is  equal  t^ 
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the  square  of  AH  is  equal  to  the  square  of  DM :  hot  the  BonkXL 
»  of  AK,  KH  are  equal  to  the  square  t  of  AH9  because  ^  v'-^ 
is  a  right  angle ;  and  the  squares  of  DN,  NM  are  equal  S  ^«  1* 
square  of  DM,  for  DIMM  is  a  right  angle :  whe^fore  the 
5s  of  AK,  KH  are  equal  to  the  squares  of  DN^  NM;  and  of 
the  square  of  AK  is  equal  to  the  square  of  ON:  therefore 
maining  square  of  KH  is  equal  to  the  remaining  square  of 
and  the  straight  line  KH  to  the  straight  Kne  NM  t  and  bc« 
HAi  AK  are  equal  to  MD,  DN,  each  to  each,  and  the  base 
>  the  base  MN,  as  has  been  proved;  therefore  the  angle  HAS. 
lal^  to  the  angle  MDN.    Q.  £.  D.  h  8. 1. 

a.  From  this  it  is  manifest,  that  lU  firom.the  vertices  of  two 
plane  angles,  there  be  elevated  two  equal  straight  lines 
ning  equal  angles  with  the  sides  of  the  angles,  each  to 
the  perpendiculars  drawn  from  the  extremities  of  the 
Maight  lines  to  the  plants  of  the  frst  angles  are*eq^  to 
lotber. 


Mother  Demonairatioh  (if  the  Coroliary, 

;  the  plane  angles  BAG,  EDF  be  equal  to  one  another,  and 
Ei,  DM  be  two  equal  straight  lines  above  the  planes  of  the 
I,  containing  equal  angles  with  BA,  AC  ;  £D,  DF,  each  to 
viz.  the  angle  HAB  equal  to  MDE,  and  HaC  equal  to  the 
MDF ;  and  from  H,  M  let  HK,  MN  be  perpendiculars  to 
anes  BAG,  EDF :  HK  is  equal  to  MN. 
:ause  the  solid  angle  at  A  is  contained  by  the  three  plane 
s  BAG,  BAH,  HAG,  which  are,  each  to  each,  equal  to 
iree  plane  angles  EDF,  EDM,  MDF  containing  the  solid 
at  D  ;  the  solid  angles  at  A  and  D  are  equal,  and  therefore 
ide  with  one  another ;  to  wit,  if  the  plane  angle  BAG  "be  ap- 
to  the  plane  angle  EDF,  the  straight  hue  AH  coincides  with 
as  was  shown  in  prop.  B  of  this  book :  and  because  AH  is 
to  DM,  the  point  H  coincides  with  the  point  M :  wherefore 
which  is  perpendicular  to  the  plane  BAG,  coincides  with 

which  is  perpendicular  to  the  plane  EDF,  because  these!  13. 11. 
I  coincide  with  one  another :  therefiwe  HK  is  equal  to  MN. 


THETlBUSMSSriB 


PROP.  XXXVL    THEOR. 

• 

SetNote.     I^  f^^'^^  Slight  lines  be  propcMtionals,  the 

paralklc^ipied  deacnbed  froiQ  all  three  as  its  sii 

equal  totfie  equilirteral  parallelepiped  describee 

.the  mean'  proportional,   one  of  the  solid  an| 

which  h  eohtained  by  three  plane  angles  equal 

'  ,  to  each,  to  the  \hreie^  plane  angles  containing  < 

,  tfae^Mlid  angles  of  the  other'  figure.  # 

Let  Ai  Bf  C  be  tltfte  praportiooiilsi  vis.  A  to  B,  as  B  to  I 
X  tolid  deBcribed  from  A,  B*-£  Is  eqtwl  to  the  equibitenl  \ 

scribed  from  B%  equiangular  to  the  other. 

Take  a  solid  angle  D  contained  by  three  plane  anglet 
FDG»  G1>E:  and  make  each  of  the  stt*aighi  lines  £ 
DG  equal  to  B«  and  complete  the  solid  parallelopipe 
make  LKL  equal  to  A^  and  at  the  point  K  in  the  strai 
a26.1L  LK  make*  a  solid  angle  contained  by  the  three  plane 
LKAf,  M&N,  NKC  equal  to  the  angles  EDb\  FDG, 


O 


H 


\ 

\ 

F 

\ 

\ 

E 


each  to  each ;  and  make  KN  equal  to  Bi  and  KM  t 
C ;  and  complete  the  solid  parallelopjped  KG  :  and  bee 
A  is  to  B,  so  is  B  to  C«  and  that  A  is  equal  to  LK. 
to  each  of  the  straight  lines  DK,  DF,  and  C  to  KM ; 
fore  LK  is  to  ED.  as  DF  to  KM  ;  that  is,  the  sides  al 
equal  angles  are  reciprocally  proportional ;  therefore 
bl4. 6.  rallelogram  LM  is  equal  *>  to  EF:  and  because  EDF,  L 
two  equal  j)lane  angles,  and  the  two  equal  straiprht  lin 
KN  are  drawn  from  their  vertices  above  their,  planes^  i 
tain  equal  angles  with  their  sides;  fherefore  the  per| 
lars  from  the  points  G,  N^  to  the  planes  EDF,  LK^ 
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fiiit«  to  one  another:   therefore  the  solids  Kd  DH  are  of  the  BoolcXf. 
•ime  aliiludc ;   'uiul  they  art   upon  equal  ba^itrs  L»VU   l.F;    and  ^— v--' 
Ibtrrefori  tJay  arc  equal  ^  to  ont:  anoihtr:    but  thr  sohci  KC)  is^  Cor.  35. 
dncribed  froin  tl.e  ihrct  straight  (intrs  A*  B«  C.  and  the  solid  DH      ^l- 
from  the  straight  ITne   B*     it  therclore  three  straiglu  hnes^  bcc.  d  31. 11. 
Qp  E.  D. 


PROP.  XXXVII.     THEOR. , 

IF  four  straight  lines  be  proportionals,  the  similar  See  Note, 
solid  paralleloiiipeds  similarly  described  from  them 
shall  also  be  proportionals.  And  if  the  similar  paral- 
kbpipeds  similarly  described  from  four  straight  tines 
be  proportionals,  the  straight  lines  shall  be  propor- 
tionals. 

Let  the  four  straight  lines  AB,  CD,  EF,  GH  te  proportionals, 
m.  as  AB  to  CD,  so  \iV  to  GH ;  and  let  the  similar  parallelopi- 
pedi  AK,  CL,  KM,  GN  be  similarly  described  from  them.  AK 
HtoCUas  EM  toGN. 

Make  *  AB,  CD,  (),  P  continual  proportionals,  as  also  EF,  GFT.  a  11.6s. 
%  R:  and  because  as  AB  is  to  CD,'So  EF  to'  *U ;  and  that  CD  ib  ^  b  IL  5L 


A^ 


I, 


£ 


G 


N 


^ 


U 


^t^"' 


Q    '■    R 


to  O,  as  GH  to  Q,  and  O  to  P,  as  Q  to  R  ;  therefore,  ex  aquall  <=,  ^  22. 5. 
AB  is  to  P,  as  EF  to  R:    but  as  AB  to  P,  so  ^  is  the  solid  AK  to  acor  35- 
Ac  solid  CL;    and  as  EF  to  R,  so^is  the  solid  EM  to  the  solid      U. 
GN:  therefore  *  as  the  solid  AK  to  the  solid  CL,  so  is  the  solid 
EM  to  the  Boljid  GN. 
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Bookn.     But  let  the  solid  AK  be  to  the  solid  CL,«8  the  solid  EM  to  te 

*^¥--^  soHd  GN :  the  straight  line  AB  is  to  CD,  m  £F  to  GH. 

esr.  IL      Take  AB  to  CD,  as  EF  to  ST,  end  from  ST  describe  •  asoH 

,  parallelop^>ed  SV  similar  and  similarly  situated  to  either  of  the 

solids  EM,  GN:   and  because  AB  is  to  CD,  as  EF  to  ST  9  mi 

that  from  AB,  CD  the  solid  parallelopipeds  AK,  CL  are  sinilsrif 

described ;  and,  in  like  manner,  the  solids  EM,  SV  from  the 

s^traight  lines  EF,  ST;   therefore  AK  is  to  CL,  as  EM  to  SV: 


£9.5. 


but,  by  the  hypothesis,  AK  is  to  CL,  as  EM  to  GN :  theitbre 
GN  is  equal  ^  to  SV :  but  it  is  likewise  similar  and  similarly  situ- 
ated to  SV ;  therefore  the  planes  which  contain  the  solids  GN, ' 
SV  are  similar  and  equal,  and  their  homologous  sides  GH,  ST 
equal  to  one  another:  and  because  as  AB  to  CD,  so  £F  to  STfv 
and  that  ST  is  equal  to  GH ;  AB  is  to  CD,  as  EF  to  GH.  There- 
fore, if  four  straight  fines,  &c.    Q.  E.  D. 


See  Note. 
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PROP.  XXXVin.    THEOR. 


*^  IF  a  plane  be  perpendicular  to  another  plane,  and 
a  straight  line  be  drawn  from  a  point  in  one  oC 
the  planes  perpendicular  to  the  other  plane,  this 
straight  line  shall  fall  on  the  common  section  of  the 
planes,** 


*<  Let  the  plane  CD  be  perpendicular  to  the  plane  AB9  aiid  kt 
^  AD  be  their  common  section ;  if  any  point  E  be  taken  in  ^ 
^  plane  CD,  the  perpendicular  drawn  from  E  to  the  plane  AB  shiE 
«  feu  on  AD. 


i 
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if  it  does  not,  let  it,  if  posaible,  M  eltewbere,  as  EF;  B«MkXI. 
tmeetthe  plane  AB  ID  the  point  F;  and  from  F  draw ■)  ^"V^ 
Jane  Afi,  a  perpendicalor  FC  to  D  A|  which  is  also  per-  a  13-  L 
]ar>>  toiiieplaneCD;  and  join  EG :  then  becaiuc  FG  MdtfJl' 
Endicular  to  tbe  plane 
d  the  straight  tine  EC, 
i  in  that  plane,  meets  it ; 
■e  FGE  is  a  right  an- 
lut  EF  is  also  at  right 
to  the  plane  AB ;   and 
cEFGisa  right  angle;   - 
<rc  two  of  the  angles  of 
ogle  EFG  are  equal  to- 
to  two    right    angles; 

I  absurd :  therefore  the  perpendicular  from  the  pc^nt 
le  plane  AB,  does  not  bU  elsewhere  than  upon  the 
line  AD;  it  therclbrc  Ms  upon  h.  If  thncfbrea 
&c.    Q.  E.  D. 


PROP.  XXXIX.    THEOR. 

solid  parallelopiped,  if  the  adei  of  two  of  die  seeNpte 
planes  be  divided  each  into  two  equal  parts, 
mon  section  of  the  planes  passit^  ttut>ugh  tbe 
-'  division,  and  the  diameter  of  the  st^  pand- 
I  cut  each  other  into  two  equal  parts. 


^. 


Vn  THE  ELEMENTS 

■jAatfaOl'  aiml<lilr-1wcwWL  KL,  BA  are  encti  of  ihetn 
^^'V-^Wj^nidMffal  the  Hmt:  plane  with  >u  KL  U  parullcil 
h9.U.'  jmitbeCMWe  tX^  MN  krc  each  of  them  pamllel  to  BA, 

'       In  Um  MBM  pine  witb  ii,  KL  in  pBralld  b  lo  MN  ;    vherelbre 

KL)  MN  ut  in  one  plane.     In  like  manner,   it  may  be  pruned, 

,     that  XOf  PR  in  tat  ^e  pUne.     Let  YS  be  the  common  urciion 

c^tiM  pbtrnKNi-Xit ;  ami  UG  the  diamcier  of  the  solid  ]wTal- 

Idopiped  AFi  TS  wqd  UG  do  meet,  and  cut  one  hnothtr  tntd 

'    tvo'cqiui  pM«. 

Join  DY,  TE,  BS,  &G.      Because  DX  is  parallel  (o  OE,  the 

cm.     ilieimte  apgid  D^Y,  YOE  are  equals  lo  oncunothcr:  sndbe- 

eunc  DX  is  equal  u     D  K.  F 

OE,  wi  xy  to  YU» 

•ndconiaio  eipMlui* 
glet.  tbefaneOTb 
A4.1.  '  eq|aaI«Mib<lMeY£t 
'     anfl  ^  oAer  aA^ta 
■re  equal;  tbereiore 
tile  angle  XYD    it 
'    equal  to  the  angle 
-    '    OYE,  andDYEum 
etfcl.    stnif^ht'IinetfiM-the 
Mraereaaoa  IlKGiaa 
atralgbt  the,  and  BS  " 
c^altoSGiaodbe-    - 
'  caiiKCAbeqiiflaiid 
parmlkl  to  OB,  and  al- 
so equal  and  parallel 
to  EG ;  iherefbrc  DB 

■B  equal  and  parallel  ^  to  EG  :  and  DE.  BG  join  the! 
»  33. 1.  tiea  ;  therefore  Db  1>  equal  and  parallel  "to  BG  :  und  DG.  Y  S 
■re  drawn  from  points  in  the  one,  to  points  in  the  other ;  and  are 
therefore  in  oae  plane:  whence  .1  is  manifest,  that  DG,  YS  murt 
meet  one  another;  let  them  meet,  in  T:  and  because  DE  i$  ps- 
rallel  to  BG,  the  alternate  angles  FDT,  BGT  are  equal'  i  and 
fU-l.     the  angle  DTY  is  equal  *■  to  the  angle   GTS:    therefore  ii 

triangles  OTY,  UTS  there  are  two  an^ka  in  the  one  equij  V» 
two  angles  in  the  other,  and  one  side  equal  to  one  side,  opposite 
(otwo  of  the  eqaalangk-a,  vit.  DY  to  GS  ;  for  they  are  the  hatnt 
(  3S.  1.  of  DE,  BG :  therefore  the  remaining  sides  ure  equal  t,  each  to 
each.  Wherefore  DT  is  equal  to  TO,  and  YT  equal  to  TS. 
Wherefore,  if  in  a  solid,  &c.    Q.  £.  D. 


OF  EUCLID. 


PROP.  XL.    THEOR. 

IF  there  be  two,  triangular  prisms  of  the  same  al- 
jtude,  the  base  of  one  of  which  is.  a  parailelogram» 
nd  the  base  of  the  other  a  triangle ;  if  the  parallelo* 
ram  be  double  of  the  triangle,  the  prisms  shall  be 
qoal  to  one  another. 

Let  the  prisms  ABCD£F>  GHKLMN  be  of  the  same  altitude, 
le  first  whereof  is  contained  by  the  two  triangles  ABE,  CDF, 
nd  the  three  parallelograms  AD*  DH,  EC;  and  the  other  by 
letwo  triangles  GliK,  LMN  and  the  three  parallelograms  LH, 
[N,  NG ;  and  let  one  of  them  have  a  parallelogram  AF,  and  the 
tbcr a  triangle  Gi: IK  for  its  base;  if  the  pdrallelogram  AF  be 
ooble  of  the  triangle  GHK,  the  prism  ABCDEF  is  equal  to  the 
mm  GHKLMN. 

Complete  the  solids  AX,  GO ;  and  because  the  parallelogram 
\S  is  double  of  the  triangle  GHK ;  and  the  parallelc^pram  HK 


B 


D 


nble  *  of  the  same  triangle ;   therefore  the  parallelogram  AF  a  34. 1. 

I  equal  to  HK.     But  solid  parallelopipedt  upon  equal  bases,  and 

ttbe  same  altitude,  are  equal  ^  to  tee  another.     Therefbre  the  b  31  IL 

ifid  AX  is  equal  to  the  solid  GO;   and  the  prism  ABCDEF  is 

life  of  the  solid  AX  ;  and  the  prism  GHKLMN  hall  «  of  the  c  28. 11. 

bd  GO-     Therefore  the  prism  ABCDEF  is  equal  to  the  prism 

HKLMN.     Whcrefoi-e,  if  there  be  two,  btc.    Q.  L.  D. 


^r  » 


ELBHElirTS  OF  EUCLID. 


BOOKXIL. 


LEMHA-I.  .       ■.•"■':?^,1 

KXn.  -Wfaich  is  tbe  fint  praporitian  of  the  tenth  book,  mdH^Mi 
*'ni~-'     toMnwofttejprdpudtioiuorUibbo^.  '■  "^ 

teMote.     IF  from  the  greater  of  two  unequal  magnitudcSi  i 
there  be  taken  more  than  its  half,  and  from  the  re- 
mainder more  than  its  half,   and  so  on ;     there  sbaU 
at  length  remain  a  magnitude  less  than  the  least  of- 
the  proposed  magnitudes. 

Let  AB  and  C  be  two  unequal  magnitudesi  of  vliich  AB '»  : 
the  greater.     If  from   AB  there   be  taken  more 
than  its  half^  and  from  the  remainder  more  than 
its  hti£,  and  so  on ;  there  shall  at  lengih  remain     A 
a  magnitude  less  Own  C. 

For  C  nuj  be  multiplied  so,  as  at  length  to 
become  greater  than   AB.     Let   it  be   so  multi-  ^' 
plied,   and  let    D£  its  multiple   pe  greater  than 
AB,  and  let  DE  be  divided  into  DP,   FG,   GE, 
each  equal  to  C'      From   AB  take  BH  greater  H 
than   iu  half,      and    from     the     remainder  AH  (}^  "• 

take  HK  greater  than  its  half,  and  -so  on,  until 
there  be  as  Toaaj  divisions  in  AB  as  there  ai'e 
in  DE:  and  let  the  divisicuis  in  .AB  be  AK, 
KH,  HB I  and  the  divisions  in  ED  be  DF,  F  G, 
GE.    And  because  DE  is  greater  than  AB,  utd 


THE  ELEMENTS,  Sec.  25d 

that  EG  taken  from  D£  is  not  greater  than  its  half,  but  BH  ta-  B.  XIL 
ken  from  AB  is  greater  than  its  half;  therefore  the  remainder  ' 
GD  is  greater  than  the  remainder  HA.    Again,  because  GD  is  * 
greater  than  HA,  and  that  GF  is  not  greater  than  the  half  of 
GD,  but  HK  is  grater  than  the  half  of  HA ;  therefore  the  re^ 
mainder  FD  is  greater  than  the  remainder  AK.    And  FD  is 
equal  to  C,  therefore  C  is  greater  than  AK ;  that  Is*  AK  is  less 
than  C.    Q.  £.  D. 

.    And  if  only  the  halves  be  taken  away,  the  same  thing  may  in 
&t  same  way  be  demonstrated. 


PROP.  I.  THEOR. 


SIMILAR  polygons  inscribed  in  circles  are  to  one 
IIM)lher  as  the  squares  of  their  diameters. 

Let  ABCDE,  FGHKL  be  two  circles,  and  in  them  the  si- 
ailar  polygons  ABCDE,  FGHKL;  and  let  BM,  GN  be  the 
Auneters  of  the  circles ;  as  the  square  of  BM  is  to  the  square 
tf  GM,  so  is  the  polygon  ABCDE  to  the  polygon  FGHKL. 

Join  BE,  AM,  GL,  FN :  and  because  the  polygon  ABCDE  is 
limtlar  to  the  polygon  FGHKL,  and  similar  polygons  are  divided 
iatoiinnilar  triangles;  the  triiu)gles  ABE,  FGL  are  similar  and 


I 


equiangular  b;  and  therefore  the  angle  AEB  is  equal  to  the  angle  b  6. 6 
ftiG:   but  AEB  is  equal  *=  to  A^MB,  because  they  stand  up-c21.  SL 
iQQ  Ihe  same  circumference ;  and  the  angle  FLG  is,  for  the  same 
itaton,  equal  to  the  angle  FNG:  therefore  also  the  angle  AMH 
is  equal  to  FNG :  and  the  right  angle  BAM  is  equal   to  the 
right^  angle  GFN;  whei*efore  the  remaining  angles  in  the  tri»d31.3L 
•ftgles  ABM)  FGN  are  equal,  and  they  arc  equiangular  to  one*. 


\\ 


ti4  THE  BUEMENTS 

B-XII.  VwtlMrt  thOKfore'u  BM  ut  GN,  m*  u  B A  to  GF  ;  and  ttere- 
Wi'^>«i'fi>retlwiau|>llctae.ntio<tf.BM  (oUN.isihc  sami.-'  w'ub  tht- i^u- 
«4&  '  |]fic«l«  ntiot^  BAtaGFi  but  the  ntiooC  the  G(juBr«  of  BM  la 
fit,  dcf.^  •^lare  of  GH.  it  tlw  Ai|Akue>  r«tiD  of  that  which  MM  hiia 
S.hBS.5.to  ON}  ud  tb«  nUo  of  4w  p^goo  ABODE  tg  the  (xilrgon 


FGHKL  i6  the  divticatei  of  that  whicb  BA  tuui  |6  GPj  d 
fore,  u  tbe  aqnan  of  BM  to  the  aqun  oif  GM,  m  h  the-pi^ngB' 
ABCD£  to  the  ptdreoB  PGHKL.  .  Waterafan  wfe' 
ace.    Q.E.D. 


PROP.  II.  THEOR. 

See  Note.     CIRCLES  are  to  one  another  as  the  squares  of 
their  diameters. 

Let  ABCD,  EFCH  be  two  circles,  and  BD,  FH  their  dianK- 
tcrs :  as  the  tiquarc  of  BD  to  tbe  square  of  FH,  ao  is  tbe  ciick 
ABCD,  to  the  circle  EFGU. 

For,  if  it  be  not  so,  the  iquare  of  BD  ahall  be  to  the  sqaua 
of  FH,  as  the. circle  ABCD  is  to  some  apace  either  leas  thdii  tbs 
circle  EFGljIi  or  greater  than  it*.  First,  let  it  be  to  a  ipace 
S  less  than  the  circle  EFGH;  and  in  the  circle  EFGS 
describe  the  square  EFGH:  this  square  is  greater  tbin 
half  of  the  cirele  EFGH;  because  if,  through  'the  poind 
E,   F,   G,   H,   there  be   drawn  tangents   to   the   circle,   the 

*  For  there  iasoraetqiure  equal  to  the  circle  ABCD;l«tPbe  the  tided 
it,and  to  three  straight  ImeaBD.FH,  and  P,  there  cm  be  I.  fourth  propor- 
tional; let  thia  be  Q;  Iherefbre  the  aquareB  at  theac  ruur  Btraight  linca  are 
]iroportiw>ab;  that  ia,  tnthe  aquareaof  BD,  FH,  and  the  circle  ABCD, Hit 
pOHiblethercDiaybeafourthproportionaL  LetthiabeS  Andinlikemaa- 
ncr  are  tobciuulerstood  some  tbiiigtin  some  of  ttiefoUowtDg  propositions 


OF  EUCLID.  fiS« 

jOire  EFGH  is  half*  of  the  square  described  about  the  circle :  B.  XIL 
Ad  the  circle  is  less  than  the  square  described  about  it ;  there*  ^— v**^ 
Mre  the  square  EFGH  is  greater  than  half  of  the  circle.  Divide  ^  ^^^* 
Iw  circumferences  EF,  FG,  GH,  HE,  each  into  tvo  equal  parts 
1  the  points  K,  L,  M,  N,  and  join  EK,  KF,  PL,  LG,  GM,  MH, 
IN,  K£:  therefore  each  of  the  triangles  EKF,  FLG,  GMH, 
INE  is  greater  than  half  of  the  segment  of  the  circle  it  stands 
d;  because,  if  straight  lines  touching  the  circle  be  drawn  through 
lie  points  K,  L,  M,  N,  and  parallelograms  upon  the  straight 
iocs  EF,  FG,  GH,  HE  be  completed ;  each  of  the  triatigles  EKF, 
FLO,  GMH,  HNE  shall  be  the  half«  of  the  parallelogram  in 
vhich  it  is :  but  every  segment  is  less  than  the  parallelogram  In 
which  it  is:  wherefore  each  of  the  triangles  EKF,  FLG,  GMH, 
HNE  is  greater  than  half  the  segment  of  the  circle, which  con* 
tabs  it:  and  if  these  circumferences  before  named  be  divided 
och  into  two  equal  parts,  and  their  extremities  be  joined  by 
ttiigbt  lines,  by  continuing  to  do  tbis>  there  will  at  length  re- 
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nftin  segments  of  the  circle,  which,  together,  shall  be  less  than 
Ibe  excess  of  the  circle  EFGH  above  the  space  S :  because,  by 
the  preceding  lemma,  if  from  the  greater  of  two  unequal  mag- 
filtiides  there  be  taken  more  than  its  half,  and  front  the,  remain* 
der  more  than  its  half,  and  so  on,  there  shall  at  length  remain  a 
Mgnitude  l^ss  than  the  least  of  the  proposed  magnitudes.  Let 
then  the  segments  EK,  KF,  FL,  LG,  GM,  MH,  HN,  NE,  be 
those  that  remain  and  are  together  less  than  the  excess  of  the 
oifde  EFGH  above  S:  therefore  the  rest  of  the  circle,  viz.  the 
^HOB  EKFLGMHM,  is  greater  than  the  spa«e  S.  Describe 
ikewiie  in  the  circle  ABCD  the  polygon  AXBOCPDR  similar 
o  the  polygon  EKFLGMHN:  as,  therefor^,  the  square  of  BD 
s  to  the  square  of  FH,  so>»  is  the  polygon  AXBOCPDR  to  the  b  1. 13. 
polygon  EKFLGMHN:  but  the  square  of  BD  is  also  to  the 
of  FH|  as  the  circle  ABCD  is  to  the  space  S:  therefore 


m 
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%Tn.  u  Ac  dide  ABCD  it  is  the   space  S,   so  Is*  the  potrgoa 

*— >*^  AXBOCPDH  to  the  potyfcon   EKl-LGMHN:  but  the  cirele 

eJl-.A     ABCD  ii  gmter  than  tlw  polygon  contained  in  it;  nberefoce' 

414. 5.     t)ie  >p>ee  S  m  gr«Uer'  ttan  liie  polygon  EKFLGMHN  :  but  it 

ii  likcwlK  lea%  M  lua  bpen  demonstraied  ;  which  is  impouiUt. 

TbettfotK  the  tqan  of  BD  is  not  to  the  square  of  FU,  at  tbe 

cirdfe  ABCSislDaiif  aiMceleas  th&n  the  circle  El'GH.     lotk' 

■Mne  mtanBri  it  latf  ba  demonstrated,  thai  neither  is  the  «quan 

of  FH  to  the  imwrt  of  BD.  as  the  circle  El'GH  is  to  any  »p«c 

Jen  tbu  Ibe  circle  ABCO.     Nor  is  the  square  of  BD  to  the 

'      aquwe  of  FHt  u  the  drde  ABCD  is  to  any  space  greater  than 

the  circle  EFGH:  for,  if  pouible,  let  it  be  so  to  T,  a  ^pacc  greit- 

er^hto  the  drde  EFGHi  therefore,  inversely,  as  the  squereof 

FH  to  thcf  iquare  of  BD,  W  is  the  space  T  to  tiieciftlc  ABCD. 


But  as  the  spacet  T  is  to  the  circle  ABCDi  so  is  (he  tHAf-: 
EFGG  to  some  apacei  which  must  be  leas'  than  the  wA'' 
A  BCD,,  because  the  space  T  ii  greater,  b^  hypotheus,  thanAll!; 
circle  EFGH.    Therefore  as  the  square  of  FH  is  to  tbetqiMfl^ 

'1* 
t  Tor,  at  Id  Hic  llnegring  note  tt*,  It  wu  expl^tted  how  it  wu  |m"^ 
there  coidd  be  a  fmrthpropaniaDal  tothetqaaia  of  BD,  FH,  aodllMdril' 
ABCD,  which  wu  named  &  So  in  like  manner  there  can  be  a  foartbpi^ 
portkinxl  to  this  other  qnre,  named  T,  and  the  circki  AB'.'D,  EFGH-  Am 
the  like  ia  to  be  undentood  in  some  of  the  fothnring  pr^xitf  tlons.  "-i 
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soil  thedrde  EFGH  to  a  tpttx  lets  than  the  drckB,  Zll. 
,  which  hu  been  demoDitraict)  to  be'  impoaaible:  there-  ^— —-* 
E  *quare  of  BO  ii  not  to  the  square  of  PH,  as  the  circle 

lltouij  space  greater  than  the  circle  EFGH:  and  ithu 
motuitrated,  that  neither  is  the  square  of  BO  to  the  sqiure 

M  the  circle  ABCO  to  an^  apace  ten  than  the  circle 
I  wberefbre.  as  the  square  of  BD  to  the  iquarc  of  FH| 
e  drcle  ABCD  to  the  circle  EFGH  f.  Circles  therefore 
4    Q.  E.  D. 


PROP.  III.    THEOR. 


ERY  pyrBmid  haying  a  triangular  base,  m^SasKote. 
ided  into  two  equal  and  similar  pyramids  hav- 
iaogular    bases,   and   which  are  similar  to  the 
pyramid;  and  into  two  equal  prisms  which  to- 
aie  greater  than  half  of  the  whole  pyiamid. 

Iwre  be  a  pyramid  of  which  the  base  is  the  triangle  ABC 

Krtex  the  point  D  :  the  pyramid  ABCD  may  be  dlTlded 

I  equal  and  similar  pyramidt  having  j. 

ar  bases,  and   similar  to  the  whole; 

1  two  equal   pritms   which   together 

Iter  than  half  of  the  whole  pyramid. 

te  AB,  BC,  CA,  AD.  DB,  DC,  each 

>  equal  parts  in  the  pmnta  E,  F,  G, 

,  and  join    EH,  EG,  GH,  HK,  KL, 

U  K.F,  FG.     Because  AE  is  equal  to 

I  AU  to  HD,  Ht;  ia  parallel*  to  DB: 

utme  reason  HK  ia  pandld  to  AB  : 

w  UEBK.  is  a  parallelogram,  and  HK 

0  EB :  but  EB  is  equal  to  AE ;  there- 

1  AE  is  equal  to  HK  :  and  AH  is  equal 

wherefore  EA,  AH  arcequal  to  KH,  j 
ch  to  each ;  and  the  angle  CAH  ia  / 
O  the  angle  KHD  ;  therefore  the  base  j,  „  ^  c 

qual  to  the  base  KD,  and  the  triangle 

ne  aa  a  fbmth  proportional  to  the  iqaaNt  of  BD,  FH,  and  the  ^- 
Dupoubk,  BadtbatHcaaiiekhabelwiwrptater  ton  the  dr. 
1,  h  miMt  be  cual  to  k. 

»K  I 
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B-  XII  AEH  eqml'  uid  umilar  to  the  triangle  HKDi  Ibr  the  in 
SM»m^  reuon,  the  triangle  AGH  is  equal  and  Bimilar  to  the  tritiif 
4  i  }•  HLD  i  and  becaiue  the  two  Uraight  lines  EH,  HC  which  mi 
one  another  are  parallel  to  KD,  OL  that  meet  one  another,  I 
e  10. 1^  >i*  ™>t  >o  t'lc  ume  pllne  with  them,  they  contair  equal*  ang^ 
thcFefbre  the  angle  EHC  lb  equal  to  the  angle  KUL.  Agi 
becauie  EH,  HG  are  equal  to  &D,  OL,  each  to  each,  vid  I 
angle  EHG  equal  to  the  angle  KDL  ;  therefore  the  base  EC 
equal  to  the  base  KL  ;  and  the  triangle  EHG  equal'  and  simi 
to  the  triangle  KDL:  for  the  same  reason  the  triangle  AEG 
alio  equal  and  aimiUr  to  the  triiingte  HKL.  Therelbrc  the  ] 
ratuid  or  which  the  base  is  the  triangle  AEG,  and  of  which  i 
vertex  is  the  point  H,  is  equal '  and  simiUr  to  the 
base  of  which  is  the  triangle  KHL,  and  vef 
tex  the  point  D  :  and  because  HK  is  purallel 
lo  AB  a  side  of  the  triangle  ADD,  the  tri- 
angle ADS  is  equiangular  to  the  triangle 
HDK,  and  their  sides  are  proportionals  i : 
therefore  the  triangle  ADB  is  similar  lo 
the  triangle  HDR:  and  for  the  tame  rea- 
lon,  the  triangle  DBC  is  similar  to  the  tri- 
angle  PKL ;  and  tlie  triangle  ADC  to  the 
triangle  HDL;  and  also  the  triangle  ABC 
to  the  triangle  AEG  :  but  the  triangle  AEG 
is  similar  to  ihe  triangle  HK.L,  as  before 
wqs  proved;  therefore  the  triangle  ABC  is 
tiai.6-  similar''  to  the  triangle  HKL,  And  the  J 
pyramid  ot  which  the  base  is  the  triangle 
ABC,  and  vertex  the  point  D,  is  thereforeu 
iQ  tl.b  viniiUr' to  the  pyramid  of  which  the  base 
ii.def.ll  is  the  triangle  HKL,  and  vertex  Ihe  same  point  O  :  but  the 
mmid  of  which  the  base  is  the  triangle  HKL,  and  vertex 
point  D,  is  similar,  as  has  been  proved,  to  the  pyramid  the  b 
of  which  is  the  triungle  AEG,  and  vertex  the  {wint  H :  wht 
fore  the  pyramid,  the  base  of  which  is  the  triangle  ABC,  and  < 
tex  the  point  D,  ii  similar  to  the  pyramid  of  which  the  haseis 
triangle  AEG  and  vertex  II:  therefore  each  of  thp  pyran 
AEGH,  HKLD  is  similar  tu  the  whole  pyramid  ABCD  ;  and 
is  equal  to  FC,  the  parallelogram  EB>'G  is  double 
the  triangle  GFC  :  but  when  there  are  two  prism s of  the  samt 
titudc,  of  which  one  has  a  parallelogram  for  its  Inse,  and  the  oi 
a  triangle  that  is  halt  of  the  parallelogram*  these  prisms  are  o 
,  ■  to  one  another ;  therefore  the  prism  having  the  purallelog 
EBt'G  for,  its  base,  and  the  straight  line  KH  opposite  to  i 
equal  to  the  prism  having  the  triangle  GI'C  for  its  base, 


li41  1. 
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theti 


e  HKL  opposite  to  it ;  for  they  are  of  the  sante 


Idf  tXJCLltS.  Vi 

becaute  they  are  between  the  parallel  ^  planes  ABC>  H^  i  fi.  ^ll 
is  manifest  that  each  of  these  prisms  is  greater  than  either  "■-  ▼  -^ 
5  pyramids  of  which  the  triangles  AEG,  HKL  are  the  ^1^*  11* 
and  the  vertices  the  points  H,  D ;  because,  if  EF  be  join- 
e  prism  hairing  the  parallelogram  EBFG  for  its  base,  and 
it  straight  line  Opposite  to  it,  is  greater  than  the  pyramid 
ich  the  tMse  is  the  triangle  EBF,  and  vertex  the  point  K ; 
lis  pyramid  is  equal  ^  to  the  pyramid  the  base  of  wliich  is  ell.  1%  . 
iangle  AEG^  aiid  vertex  the  point  H ;  because  they  are 
hetl  by  equal  and  similar  planes :  wherefore  the  prism 
f  the  parallelogram  EBFG  for  its  base,  and  opposite  side 
s  greater  than  the  pyramid  of  which  tlK'  base  is  the  triun- 
EG,  and  vertex  the  point  H :  and  the  prism  of  which  the 
s  the  parallelog^m  EBFG,  and  opposhe  side  KU,  is  equal 
prism  having  the  triangle  GFC  for  its  base,  and  HKL  the 
le  opposite  to  it;  and  the  pyramid  of  which  the  base  is  the 
le  AEG,  and  vertex  H,  is  equal  to  the  pyramid  of  which 
ise  is  the  triangle  HKL,  and  vertex  D :  therefore  the  two 
s  before  mentioned  are  greater  than  the  two  pyramids  of 
:  the  bases  are  the  triangles  AEG,  HKL,  and  vertices  the 
i  H,  D.  Therefore  the  whole  pyramid  of  which  the  base 
triangle  ABC,  atid  vertex  the  point  D,  is  divided  into  two 
pyramids  similar  to  one  another,  and  to  the  whole  pyra- 
and  into  two  equal  prisms;  and  the  two  prisms  are  toge- 
;reaterthan  half  of  the  whole  pyramid.    Q.  E.  D. 
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PROP.  IV.    THEOR- 

ieeNote.  IF  there  be  two  pyramids  of  the  stftne  altitude,  i^ 
on  triangular  bases,  and  each  of  them  be  divided  in- 
to two  e<^ual  pyramids  similar  to  the  whole  pyramid! 
and  also  mto  two  equal  prisms ;  and  if  each  of  these 
pyramids  be  divided  in  the  same  manner  as  the  firrt 
two,  and  so  on:  as  the  base  of  one  of  the  first  twi 
pyramids  b  to  the  base  of  the  other,  so  shall  aU  the 
prisms  in  one  of  them  be  to  all  the  prisms  in  the  othefi 
that  are  produced  by  the  same  number  of  divisions* 


Let  there  be  two  pyramids  of  the  same  altitude  u|x>n  the  tri* 
an^lar  bases  ABC|  DCF,  and  having  their  vertices  m  the 
points  Gy  H ;  and  let  each  of  them  be  divided  into  two  eqvl 
pyramids  similar  to  the  whole,  and  into  two  equal  prisms;  loA 
let  each  of  the  pyramids  thus  made  be  conceived  to  be  dividel 
in  the  like  manner,  and  so  on :  as  the  base  ABC  is  to  the  base 
DCF,  so  are  all  the  prisms  in  the  pyramid  ABCG  to  all  the 
prisms  in  the  pyramid  DEFIi  made  by  the  same  number  of  di- 
visions* 

Make  the  same  construction  as  in  the  foregoing  proposition: 

»  2. 6.  and  because  BX  is  equal  to  XC,  and  Al^  to  LC,  therefore  XL 
is  parallel  » to  AB,  and  the  triangle  ABC  similar  to  the  tri- 
angle LXC:  for  the  same  reason,  the  triangle  D£F  is  similtf 
to  RVF:  and  because  BC  is  double  of  CX,  and  £F  double  of 
FV,  therefore  BC  is  to  CX,  as  EF  to  F V :  and  upon  BC,  CK 
are  described  the  similar  and  similarly  situated  rectilioeii 
figures  ABC,  LXC ;  and  upon  EF,  FV,  in  like  manner,  tf« 
described  the  similar  figures  DEF,  RVF:  therefore,  as  the  tii- 

i>  22. 6.  *"S'*  ABC  is  to  the  triangle  LXC,  so  *»  is  the  triangle  DEF  t» 
the  triangle  RVF,  and,  by  permutation,  as  the  triangle  ABC 
to  the  triangle  DEF,  so  is  the  triangle  LXC  to  the  triangle 
RVF:  and  because  the  planes  ABC,  OMN,  as  also  the  pliiKS 

c  15. 11.  ^EF,  STY  are  parallel  «,  the  perpendiculars  drawn  from  the 
points  G,  H  to  the  bases  ABC,  DEF,  which,  by  the  hypothe- 
sis, are  equal  to  one  another,  shall  be  cut  each  into  two  eqinl 

vll7  IL  *P*^**  ^y  ^*^^  planes  OMN,  STY,  because  the  straight  lines 
GC,  HF  are  cut  into  two  equal  parts  in  the  points  N,  Y  bf 
the  same  planes:  therefore  the  prisms  LXCOMN,  RVFSTY 
are   of  the  same  altitude ;  and  therefore,  as  the  base   LXC  tt) 
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faue  RVF;   that  is,  w  the  tmngk  ABC  to  the  (rknglc  B  ZIL 
f  ,  M  *  n  the  prism  having  the  trUnglt:  ULC  for  i»  buc,  ^"^^"^ 
iOMN  the  triingk  t^poute  to  it,  to  the  prism  of  which  the*^-^ 
e  i«  the  triangle  RVF,  aod  the  opposite  triangle  STY:  and     "' 
■DM  the  two  priuna  in  the  pyragnid  ABOG   are  equal  to 

another,  and  alao  the  two  prisms  in  the  pyramid  OEFil 
Ml  to  one  another)  as  the  pritm  of  which  the  baic  is  the  pa- 
efegmm  KBXL  and  opposite  side  MO*  to  the  prism  having 
trian^  LXC  for  its  base,  and  OHN  the  triangle  opposite 
iti  so  is  the  prism  of  which  the  base^  is  the  puvUelogTam  b  7.  ft 
iVR,  and  opposite  aide  TS,  to  the  prism  of  which  the  base 
die  triangle  RVF,  and  t^iposite  triangle  STY.  ThereCbre, 
apoQcniki,  as  the  priams  KBXLMO^  LXCOMN  ti^ther 


imto  the  prinn  LXCOMN,  so  are  the  prisms  PEVRTS, 
TSTYi  to  the  prism  RVFSTY:  and,  permutando,  aa  the 
nu  KBXLMO,  LXCOMN  are  to  the  prisms  PEVRTS, 
TSTY,  so  is  the  prism  LXCOMN  to  the  prism  RVFSTY; 
M  the  prism  LXCOMN  to  the  prism  RVFSTY,  so  is,  as 
been  proved,  the  base  ABC  to  the  base  D£F:  therefore, 
be  base  ABC  to  the  base  DEF,  so  are  the  two  prisms  in  tbe 
unid  ABCG  to  the  two  prisma  in  the  pyramid  DLFH  :  and 
wise  if  the  pyramids  now  madiT,  for  example,  the  two  OMNG, 
YH,  be  divided  in  the  aame  manner;  as  the  base  OMN  is  to 
baae  STTY,  so  shall  the  two  prisms  in  the  pyramid  OMNG 

0  tbe  two  prisms  in  the  pyramid  STYH  :  but  tbe  base  OMK 

1  the  base  STY,  as  the  base  ABC  to  the  base  DEF;  thcre- 
,asibebase  ABC  to  the  base  DEF,  so  are  the  two  prisma 
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B.  XII.  ^n  ^^^  pynitiiA  ABCG  to  the  two  priuns  in  the  pyramid  DEFH 
and  90  are  the  two  prisms  in  the  pyramid  OMNG  to  the  tm 
prisms  in  the  pyramid  STYU  ;  and  so  are  all  four  to  all  fbv 
and  the  same  thmg  may  be  shown  of  the  prisms  made  by  difid 
ing  the  pyramids  AKLO  and  DPHS,  and  of  all  made  by  th 
same  number  of  divisions.    Q.  E.  D. 


PROP.  V.   THEOR. 


Set  Note.     PYRAMIDS  of  the  same  altitude  which  hare  tri- 
angular  bases,  are  to  one  another  as  their  bases. 

Let  the  pyramids  of  whicl)  the  triangles  ABC,  DEP  are  the 
bases,  and  of  which  the  vertices  are  the  points  G,  H,  be  of  the 
same  altitude :  as  the  base  ABC  to  the  base  D£F|  so  is  the  ^ 
ramid  ABCG  to  the  pyramid  DLFH. 

f*or,  if  it  be  not  so,  the  base  ABC  must  be  to  the  base  DEFi 
as  the  pyramid  ABCG  to  a  solid  either  less  than  the  pyrapid 
D£FU,  or  greater  than  it  *.  First,  let  it  be  to  a  solid  less  than 
it,  viz.  to  the  solid  Q  :  and  divide  the  pyramid  DEFH  into 
two  equal  pyramids,  similar  to  the  whole,  and  into  two  equal 

a  3. 12.  prisms :  therefore  these  two  prisms  are  greater  »  than  the  half 
of  the  whole  pyramid.  And  again,  let  the  pyramids  made  hj 
this  division  be  in  like  manner  divided,  and  so  on,  until  the 
pyramids  which  remain  undivided  in  the  pyramid  DEFH  be, 
all  of  them  toj^ether,  less  than  the  excess  of  tlie  pyramid  DEFH 
above  the  solid  Q:  let  these,  for  example,  be  the  pyramids 
DPRS,  STYH  :  therefore  the  prisms,  which  make  the  rest  of 
the  pyramid  DLFH,  arc  greater  than  the  solid  Q:  divide  like- 
wise the  pyramid  ABCG  in  the  same  manner,  and  into  is 
many   parts,  as  the  pyramid    DEFH:  therefore,  as  the  base 

3  4.12.  ABC  to  the  base  DEF,  so  •»  are  the  prisms  in  the  pyramid 
ABCG  to  the  prisms  in  the  pyramid  DEFH :  but  as  the  base 
ABC  to  the  base  DEF,  so,  by  hypothesis,  is  the  pyramid  ABCG 
to  the  solid  Q;  and  therefore,  as  the  pyramid  ABCG  to  the 
solid  Q,  so  are  the  prisms  in  the  pyramid  ABCG  to  the  prisnu 
in   the   pyramid   DEFH :  but  the   pyramid    ABCG   is   greatei 

c,  14  5.  than  the  prisms  contained  in  it ;  whei-efore  «  also  the  solid  Q  v 
greater  than  tlie  prisms  in  the  pyramid  DEFH.  But  it  is  als* 
less,  which  is  imi^ossible.     Therefore  the  base  ABC  is  not  t 

♦  This  may  be  explained  the  same  way  as  at  the  note  f  in  proposition  2.  i 
-he  like  caijo. 
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the  bue  D£F|  a&  the  prramid  ABCG  to  Bor  wlid  which  is  less  B.  XIL 
thui  the  pyramid  DEFH.  In  the  Mmc  manner  it  maj  be  de-  ^^  ^ 
nomtrated,  thai  the  base  DEF  is  not  to  the  base  ABC,  as  the 
pfnupid  DhFH  to  any  sohd  which  is  less  than  the  pjrramid 
ABCG.  Not  can  the  baM  ABC  be  to  the  bwe  DEF,  as  the  py- 
nmid  ABCG  to  any  solid  which  is  greater  than  the  pyni- 
uA  DEFH.  For,  if  it  be  possible,  let  it  be  so  to  t  greater,  vis. 
the  Mhd  Z-  And  because  the  buse  ABC  is  to  the  base  DEF  as 
the  pyramid  ABCG  to  the  solid  Z ;  by  inversion,  as  the  base 
DbF  to  the  base  ABC,  so  i«  the  solid  Z  to  the  pyramid  ABCG. 
9u  at  the  solid  Z  is  to  the  pyramid  ABCG,  so  is  the  pyramid 


X^EFHtOBome  solid*,   which  must  be  less*  than  the  pyramid  cU.  9- 

-^BCG,  tiecause  the  solid  Z  is  greater  than  the  pyramid  DEFH. 

.^nd  therefore,  as  the  base  DEF  to  the  base  ABC,  so  is  the  py- 

i'«mid  DEFH  to  a  solid  less  than  the  pyramid  ABCG  ;    the  con- 

X^trf  to  which  has  been  proved.    Therefore  the  base  ABC  is  not 

Vio  the  luse  DEF,  as  the  pyramid  ABCG  to  any  solid  which  ii 

^feater  than  the  pyramid  DEFH.     And  it  has  been  proved,  that 

vtuther  is  the  bsK  ABC  to  the  base  DEF,  as  the  pyramid  ABCG 

to  any  solid  which  is  less  than  the  pyramid  DEFH.     Thereferei 

r    aalhe  base  ABC  is  to  the  base  DEF,  so  is  the  pyramid  ABCG 

\     to  tbe  pyramid  DEFH.    Wherefiire  pyramids,  Sec.    Q.  E.  D. 


*  This  Aiay  be  czpliiMd  th«  n 


c  WSJ  w  U>c  like  M  the  ID 
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PROP.  VI.    THEOR. 

See  Note.  PYRAMIDS  of  the  same  altitude  which  have 
polygons  for  their  bases,  are  to  one  another  as  their 
bases. 


Let  the  pyramidB  which  have  the  polfgons  A^BCDE,  FGHKL 
for  their  basest  and  their  vertices  in  the  |x>inu  My  N|  be  of  tte 
same  altitude:  as  the  base  ABCDE  to  the  base  FGHKL,  9oii 
the  pyramid  ABCDEM  to  the  pyramid  FGHKLN. 

Divide  the  base  ABCDE  into  the  triangles  ABC«  ACD,  ADE; 
and  the  base  FGHKL  into  the  triangles  FGii»  FHK,  FKL:  md 
upon  the  bases  ABC,  ACD,  ADE  let  there  be  as  many  pyiiF 
mids  of  which  the  common  vertex  is  the  point  M,  and  upon  the 
remaining  bases  as  many  pyramids  having  their  oommon  nx* 
tex  in  the  pbint  N :  therefore,  since  the  triangle  ABC  is  to  the 
&  1^  triangle  FGH,  as  « the  pyramid  ABCM  to  the  pyramid  FGHN; 
and  the  triangle  ACD  to  the  triangle  FGH,  as  the  pyramil 
ACDM  to  the  pyramid  FGHN  $  and  also  the  triangle  ADE  to 

M 


B 


1 


245. 


the  triangle  FGH,  as  the  pyramid  ADEM  to  the  pyramid  FGHN;  ] 
b  2.  Cor.  1^  jji  (he  first  antecedents  to  their  common  consequent,  so  ^  lit  ^ 
all  the  other  antecedents  to  their  common  consequent ;  that  is,  as  ' 
the  base  ABCDE  to  the  base  FGH,  so  is  the  pyramid  ABCDEM 
to  the  pyramid  FGHN :  and,  for  the  same  reason,  as  the  biK 
FGHKL  to  the  base  FGH,  so  is  the  pyramid  FGHKLN  to  the 
pyramid  FGHN  :  and«  by  inversion,  as  the  base  FGH  to  the  btit 
FGHKL,  so  is  the  pyramid  FGHN  to  the  pyramid  FGHKLNt 
then,  because  as  the  base  ABCDE  to  the  base  FGH,  so  is  the  pyn^ 
mid  ABCDEM  to  the  pyramid  FGHN;  andasthebaseFGHtotbe 
base  FGHKL,  so  is  the  pyramid  FGHN  to  the  pyramid  FGHKLN  f 
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'    therefbrei  ex  equali  s  as  the  base  AfiCDE  to  the  base  FGHKl^  Bl  Zit. 
;    n  the  pyramid  ABCDEM  to  the  pyramid  FGHKLN.      There-  ^"^^H 

'-  ..-^..    -^  C23.SL 


f    Ibce  pyramids.  Sec.    Q«  E.  D. 


PROP.  VII.    THEOR. 

EVERY  prism  having  a  triangular  base  may  be 
fivided  into  three  pyramids  that  have  triangular  bases^ 
ttd  are  equal  to  on^  another. 

Let  there  be  a  prism  of  which  the  base  is  the  triangle  ABC, 
aid  let  DEF  be  the  triangle  opposite  to  it :  the  prism  ABCDEF 
nay  be  divided  into  three  equal  pyramids  having  triangular 
Ihks. 

Jdn  BD,  EC,  CD ;  and  because  ABED  is  a  parallelogram 
of  which  PD  is  the  diameter,  the  triangle   ABD  is  equal*  to  a  34  L 
the  triangle  EBD ;  therefore  the  pyramid  of  which  the  base  is 
tk  triangle  ABD*  .ad  vertex  the  point  C,  is  equal  ^  to  the  py-b  5.  13. 
nmiid  of  which  the  base  is  the  triangle  F2BD,  and  vertex  th^ 
point  C  ;  but  this  pyramid  is  the  same  with  the  pyramid  the 
hie  of  which  is  the  triangle  EBC,  and  vertex  the  point  D  ;    for 
Ihey  are  contained  by  the  same  planes :  therefore  the  pyramid 
of  which  the  base  is  the  triangle  ABD«  and  vertex  the  point  C, 
ii  equal  to  the  pyramid,  the  base  of  which  is  the  triangle  EBC, 
nd  vertex  the  point  D :    again,  because  FCBE  is  a  paralle- 
logram of  which  the  diameter  is  CE,  the 
triangle   ECF  is  equal  *  to   the  triangle  F 

teB;    therefore  the  pyramid  of   which 
the  bflfie  it  the  triangle  ECB,  and  vertex 
the  point  D,  is  equal  to  the  pyramid,  the 
hue  of  which  is  the  triangle   ECF,  and 
vertex  the  point  D :  but  the  pyramid  of 
vUchthe  base  is  the  triangle  ECB:  and 
Wex  the  point  D«  has  been  proved  equal 
Is  the  pyramid  of  which  the  base  i^  the 
tiiuigle  ABDy    and   vertex  the  point  C- 
Therefore  the  prism  ABCDEF  is  divided  into  three  equal  pyra- 
Bads  having  triangular  bases,  viz,  into  the  pyramids  ABDC, 
EBDC,  ECFD :   and  because  the  pyramid  of  which  the  base  is 
the  triangle  ABD,  and  vertex  the  point  C,  is  the  same  with  the 
pfnmv^  of  which  the  base  is  the  triangle  ABC,  and  vertex  the 
point  D,  for  they  are  contained  by  the  same  planes ;   and  that  the 
pyramid  of  which  the  base  is  the  triangle  ABD,  and  vertex  the 

3  L 
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B.XII.  point  C«  has  been  demonstrated  to  be  a  third  part  of  the 
^^f^  the  base  of  which  is  the  triangle  ABC,  and  to  which  DEI 
o^^bite  trianj^le ;  therefore  the  pyraniid  of  which  the  bai 
triangle  ABC,  and  vertex  the  point  D,  is  the  third  par 
prism  which  has  the  same  base,  viz,  the  triangle  ABC,  ai 
is  the  opposite  triangle.    Q   £.  D. 

Coa.  1.  From  this  it  is  manifest,  that  every  pyramii 
third  part  of  a  prism  which  has  the  same  base,  and  is  of  ( 
altitude  with  it ;  for  if  the  base  of  the  prism  be  any  othc 
than  a  triangle,  it  may  be  divided  into  prisms  having  tri 
bases. 

Coa.  3.  Prisms  of  equal  altitudes  are  tQ  one  another  \ 
bases;  because  the  pyramids  upon  the  same  bases,  anc 
c  €.  12.    same  altitude,  are  « to  one  another  as  their  bases. 


PROP.  VIII.    THEOR. 


SIMILAR  pjrramids  having  triangular  bas 
one  to  another  in  the  triplicate  ratio  of  that  o 
homologous  sides. 

Let  the  pyramids  having  the  triangles  ABC,  DEF  i 
bases,  and  the  points  G,  H  for  their  vertices,  be  similar, 
inilarly  situated  ;  the  pyramid  ABCG  has  to  the  pyramid 
the  triplicate  ratio  of  that  which  the  side  BC  has  to  the  1 
gous  side  LF. 

Complete  the  parallelograms  ABCM,  GBCN,  ABC 
the  solid  parallelopiped   BGML  contained  by  these  plai 
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those  opposite  to  them :  and,  in  like  manner,  complete  tl 
parallelopiped  EHPO  contained  by  the  three  parallel 
DEFP,  HbFR,  D£HX,  and  those  opposite  to  them :  a 
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OK  the  pyramid  ABCG  is  similar  to  the  pyramid  DEFH,  the  B.  ZIL 
igle  ABC  is  equal*  to  the  angle  DEF,  and  the  angle  GBC  to  the  ^v-^ 
^HEF,  and  ABG  to  DEH:  and  AB  i8>»  to  BC,  as  DE  to  EF ; »  l^-  dcf 
at  isy  the  sides  about  the  equal  angles  are  proportionals ;  where-      ^^ 
lethe  parallelogram  BM  is  similar  to  EP :  for  the  same  reason,  ^^  ^^^' 
c  parallelogram  BN  b  similar  to  ER,  and  BK  to  EX :  there- 
re  the  three  parallelograms  BM,  BN,  BK  are  similar  to  the 
ice  EP)  ER)  EX:  but  the  three  BM,  BN,  BK,  are  equal  and 
BDilar*  to  the  three  which  are  opposite  to  them,  and  the  three  c  S4.  U. 
P,  £R,  EX,  equal  and  similar  to  the  three  opposite  to  them : 
berefure  the  solids  BGML,  EHPO  are  contained  by  the  same 
kmber  of  similar  planes ;    and  their  solid  angles  are  equal  ^ ;  d  B.  IL 
id  therefore  the  solid  BGML,  is  similar*  to  the  solid  EHPO : 
It  similar  solid  parallelopipeds  have  the  triplicate  *  ratio  of  that  e  33. 11. 
hich  their  homologous  sides  have :    therefore  the  solid  BGiVlL 
II  to  the  solid  EHPO  the   triplicate  ratio  of  that  which  the 
de  BC  has  to  the  homologous  side  EF  :  but  as  the  solid  BGML 
to  the  solid  EHPO,  so  is'  the  pyramid  ABCG  to  the  pyramid  f  15. 5. 
EFH ;  because  the  pyramids  are  the  sixth  part  of  the  solids, 
noe  the  prism,  which  is  the  half s  of  the  solid  parallelopiped.  g  2a  11. 
triple^  of  the  pyramid.      Wherefore  likewise    the    pyramid  h  7. 12. ' 
BCG  has  to  the  pyramid  DEFH,  the  triplicate  ratio  of  that 
bich  BC  has  to  the  homologous  side  EF.    Q.  E.  D. 
CoR.     From  this  it  is  evident,  that  similar  pyramids  which  See  Note* 
(ve  mqltangular  bases,  are  likewise  to  one  another  in  the  tri- 
icite  ratio  of  their  homologous  sides :  for  they  may  be  divided 
to  iiroilar  pyramids  having  triangular  bases,  because  the  simi- 
r  |K)lygons,  which  are  their  bases,  may  be  divided  into  the  same 
imber  of  similar  triangles  homologous  to  the  whole  polygons ; 
erefore  as  one  of  the  triangular  pyramids  in  the  first  multan- 
ilar  p3rramid  is  to  one  of  the  triangular  pyramids  in  the  other, 
I  are  all  the  triangular  pyramids  in  the  first  to  all  the  triangu- 
r  pyramids  in  the  other;    that  is,  so  is  the  first  multangular 
rramid  to  the  other:  but  one  triangular  pyramid  is  to  its  simi- 
r  triangular  pyramid,  in  the  triplicate  ratio  of  their  homologous 
des;  and  therefore  the  first  multangular  pyramid  has  to  the 
htTy  the  triplicate  ratio  of  that  which  one  of  the  sides  of  the 
^  has  to  the  homologous  side  of  the  other.  "- 


THE  ELEMENTS 


PROP.  IX.     THEOR. 


1 


THE  bases  pnd  altitudes  of  equal  p>Tamids  havlrft 
trianjfular  bases  are  reciprocally  proponJonal :  aiu 
trbnguliir  pyramids  of  which  iht;  bases  and  altitudes 
are  rt-ciprocaUy  prc^oniorud,  are  equal  to  one  m* 
Act.  ' 

Let  the  pyramida  of  which  tlie  triangles  ABC,  DEF  mrt  tte - 
\  b>sc&,  and  which  have  their  venioes  in  the  points  G,  H,  be  equd 
to  one  another:  llie  buba  and  altitudes  of  the  pfrumida  AlKGi  < 
Dht  H  are  reciprocullr  proportional,  viz.  the  base  ABC  is  to  the 
base  D\i.?,  a»  Uie  altitude  of  the  pyramid  DEFH  to  the  ihiiudt 
of  lilt  pyramid  ABCti. 

C:oint»ltte    the  parallclograitis    AC,   AG,  GC,  DF,  DH,  MF,    i 
and  ttie  aoUd  par»tlclopipeds  DGML,  LHFU  contained  byihtM    ' 
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A  B  D  E      . 

ptme*  tnd  -thsee  (4>poute  to  tbem :  and  becauM  th«  "pffvtk- 
ABCG  is  equal  lo  the  pyramid  DEFH,  and  that  the  aoUd  BGUl*' 
b  Mmtuple  of  the  mrramid  ABCG,  and  the  aolid  EHPO  Kxtofk 

alJU.&(^thep7rainidD£FH;  thcrelbn:  the  lolidBGHLbeqQal' la 
the  Mdid  LHPO :  but  the  baaei  and  aldtudes  <£  equal  atdid  p»,. 

I,34^1]_  rallelopipedi  arc  reciprocally  propoittaoal  ^  1  thereJm  at  tW  ' 
baae  BM  U>  the  baie  £P,  lo  is  the  ahitade  oF  the  aotid  EHPO  la 
the  altitude  of  the  mAA  SGML :  but  ai  the  baae  BH  to  the  ban 

CI5.S.  EP,K>is<lhetiiaii^  ABC  10  the  trian^DEFi  therefcrcHi 
the  triangle  ABC  to  the  triangle  DEF.  ao  u  the  altitude  of  the 
aoUd  EHPO  to  tbe  aldtode  of  the  lolid  SGML :  but  the  altitude 
of  the  Mlid  EHPO  i*  the  ume  with  the  altitude  of  the  pframid 
PEFIii  and  the  altitude  of  the  solid  BGHLIsthesame  with  the 
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itvde  of  the  pyramid  ABCG :  therefore,  as  the  base  ABC  to  B.  TIL 

i  baae  DEF,  so  is  the  altitude  of  the  pyramid  DEFH  to  the  ^  »  "^ 

itude  of  the  pyramid  ABCG  :     wherefore  the  bases  and  alti- 

ks  of  the  pyramids  ABCG,   DEFH  are  reciprocally  propor^ 

nil* 

Again,  Let  the  bases  and  altitudes  of  the  pyramids  ABCG| 

WH  be  reciprocally  proportional,  viz.  the  teise  ABC  to  the 

K  DEF,  as  the  altitude  of  the  pyramid  OEFH  to  the  altitude 

the  pyramid  ABCG :  the  pyramid  ABCG  is  equal  to  the  py- 

sud  DEFH. 

The  same  construction  being  made,  because  as  the  base  ABC 

the  base  DLF,  so  is  the  altitude  of  the  pyramid  DEtH  to  the 

imdeof  the  pyramid  ABCG :  and  as  the  base  ABC  to  ttie  base 

£F,    so  is  the  parallelogram  BM  to  the  parallelogram  EP : 

erdbre  the  parallelogram  BM  is  to  EP,  as  the  aithude  of  the 

Tuid  DEFH  to  the  altitude  of  the  pyramid  ABCG:  but  the 

&iide  of  the  pyramid  DEFH  is  the  same  with  the  altitude  of 

e  solid  paralleiopiped  EHPO ;  and  the  altitude  of  the  pyramid 

BCG  is  the  same  with  the  altitude  of  the  solid  paralleiopiped 

GML:   as,  therefore,  the  base  BM  to  the  base  EP,  so  is  the 

tkude  of  the  solid  paralleiopiped  tHPO  to  the  altitude  of  the 

£d  paralleiopiped  BGML       But  solid  parallelopipeds  having 

leir  bases  ami  altitudes  reciprocally  proportional,  art  equal  ^  to  b  34. 11. 

X  another.     Therefore  the  solid  paralleiopiped  BGML  is  equal 

» the  solid  paralleiopiped  EHPO.     And  the  pyramid  ABCG  is 

lenxth  part  of  the  solid  BGML,  and  the  pyramid  DEFH  is  the 

izth  part  of  the  solid  EHPO.     Therefore  the  pyramid  ABCG  is 

Vod  to  the  pyramid  DEFH.    Therefore  the  bases,  &c  Q.  £.  D. 


PROP.  X.    THEOR- 

EVERY  ccme  is  the  third  part  of  a  cylinder  which 
is  the  same  base,  and  is  of  an  equal  altitude  with  it. 

Let  a  cone  have  the  same  base  with  a  cylinder,  viz.  the^rcle 
ADD,  and  the  same  altitude.  The  cone  is  the  third  part  Sr  the 
ffinder ;  that  is,  the  cylinder  is  triple  of  the  cone. 

If  the  cylinder  be  not  triple  of  the  cone,  it  must  either  be 
icater  than  the  triple,  or  less  than  it.  First,  Let  it  be  greater 
MB  the  triple;  and  describe  the  square  ABC'D  in  the  circle; 
lis  square  is   greater  than  the  half    of   the  circle  A  BCD*: 

*  As  was  shown  is  prop.  2.  of  this  book. 


VIk  ■'■  THE  ELI^tikNTS 

.  1^*1^  Upon  the  square  ABCD  erect  a  prism  of  the  saihe  aldt 

^^Y^^  the  cylinder  ;  this  prism  is  greater  than  half  of  thei 
because  If  a  square  be  described  about  the  circle,  and 
erected  upon  the  square,  of  the  same  ahitude  with  the  > 
the  inscribed  square  is  half  of  that  circumscribed^  i 
these  square  bases  are  erected  solid  parallelopipcds, 
prisms  of  the  same  altitude ;  therefore  ibe  pnsm  '■ 
•quare  ABCD  is  the  half  of  the  prism  upon  the  squit 
bed  about  the  circle;    because  they  are  to  one  anothw 

«3S.tt  bases*:  and  the  cylinder  is  less  than  the  prism  upon  di 
described  about  the  circle  AUCD:  therefore  the  prii 
the  square  ABCD  of  the  same  altitude  with  the  c]^ 
greater  than  half  of  the  cylinder  Bisect  the  circun 
AB,  BC,  CD,  DA  in  the  paints  £,  F,  G,Hi  and  jotO  . 
BF,  FC,  CO,  CD,  DH,  HA:  then,  each  of  ihe  irianj^ 
BFC,  CCD,  DHA  is  greater  than  the  half  of  the  s^ 
the  circle  in  which  it  stands,  as  was 
ibown  ia^Tfop..  >«,  of   tl^    book.    ■  * 

Enct  -fntn  I^OB  -miA  -  at  ilme'    -. 
ttumglin  o<  tbe  MBdc  ahiuide  with     ^ 
tb»  cyUnderi    |BKA.6f^detc  priimi 
1b  g(ttt«r.  Omi  hitf  of  the  aegnuot  j.  w 
«S  the  cflbder  n  which  it  te(   be-     ■ 
€:ause  i^  through  the  point*  E,  F,  G, 
H>    pAraUeli  be  drawn   to    AB,    fiC, 
CD,     DA,     and    partUelognimi    be 
completed  upon  the  aame    AB,    BC, 
CD,     DA,    end    aolid  panJlelojupeds  ^ 

be  erected    liptxi    the    parallelograms;    the    prisms  u 
triangles  ABB,  BFC,  CUD,  DHA  are  the  halves  of  t 

hSCor.  parallclopipeds '.  And  the  segments  of  the  cylinder  w 
7. 13.  upoa  the  segments  of  the  circle  cut  off  by  AB,  BC,  C 
are  less  than  the  solid  parallelopipeds  which  contau 
Therefore  the  prisms  upon  the  triangles  AEB,  BFC 
DHA,  are  greater  than  half  of  the  seginents  of  the  cy 
Which  Uiey  are  i  therefore,  if  each  of  the  circumfereno 
Tided  into  two  equal  parts,  and  strught  lines  be  dra 
the  Mints  of  diTisioa  to  the  cxtremitin  of  the  circumi 
and^sn  the  triangles  thvia  made,  prisms  be  erected  of  t 
iltitade  witU  the  cylinder,  and  ao  on,  there  roust  at  k 

e  Leai- '  mun  some  segoenti  of  the  cylinder  which  together  a 
than  the  excess  of  the  cylinder  above  the  triple  of  I 
I^  th«n  be  tbaae  upoo  the  aegments  of  the  circle  AE, : 
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FCf  CG,  GD,DH,  HA.     Therefore  the  rest  of  the  cylinder,  that  ^  xn. 
18,  the  prism  of  which  the  base  is  the  polygon  AEBFCGDH,and  ^""^f^^ 
of  which  the  altitude  is  the  same  with  that  of  the  cylinder,  is 
greater  than  the  triple  of  the  cone:  but  this  prism  is  triple^  of^  1-  ^^' 
the  pyramid  upon  the  same  base,  of  which  the  vertex  is  the  same     ^*  ^ 
with  the  vertex  of  the  cone  ;  therefore  the  pyramid  upon  the  base 
AEBFCGDH,  having  the  same  vertex  with  the  cone,  is  greater 
than  the  cone,  of  which  the  base  is  the  circle  A  BCD  :   but  it  is 
aho  leas,  for  the  pyramid  is  contained  within  the  cone  ;   which  is 
impossible.      Nor  can  the  cylinder  be  less  than  the  triple  of  the 
cone.     Let  it  be  less,  if  possible :  therefore,  inversely,  the  cone 
is  greater  than  the  third  part  of  the  cylinder.     In  the  circle  A  BCD 
deM:ribe  a  square ;   this  square  is  greater  than  the  half  of  the 
'  drde:  and  upon  the  square  ABCD  erect  a  pyramid  having  the 
nme  vertex  with  the  cone:    this  pyramid  is  greater  than  the 
half  of  the  cone  ;  because,  as  was  before  demonstrated,  if  a  square 
be   described  about  the  circle,  the 
iquare  ABCD  is  the  half  of  it ;  and                    •  H 
is,  upon  these  squares,  there  be  erect- 
ed solid  parallelopipeds  of  the  same 
altitude  with  the  cone,  which  arc  also 
prismsi  the  prism  upon  the  square 
ABCD  shall  be  the  half  of  that  which     £ 
is  upon  the  square  described  about 
the  circle  i   for  they  are  to  one  ano- 
ther as  their  bases «;   as  are  aho  the  _\^    »■    I 4^^       e32.lh 

third  parts  of  them :  therefore  the 
pyramid,  the  base  of  which  is  the 
iquare  ABCD,  is  half  of  the  pyramid 

upon  the  square  described  about  the  circle  :  but  this  last  pyramid 
is  greater  than  the  cone  which  it  contains  ;  therefore  the  pyramid 
Upon  the  square  ABCD,  having  the  same  vertex  with  the  cone, 
IB  greater  than  the  half  of  the  cone.  Bisect  the  circumferences 
Afi,  BC,  CD,  DA  in  the  points  E,  F,  G,  H,  and  join  AE,  EB,  BF, 
FC,  CG,  OD,  DII,  HA :  therefore  each  of  the  triangles  AEB> 
BFC,  CGD,  DHA  is  greater  than  half  of  the  segment  of  the  cir- 
cle in  which  it  is :  upon  each  of  these  triangles  erect  pyramids 
hviDg  the  same  vertex  with  the  cone.  Therefore  each  of  these 
pyramids  is  greater  than  the  half  of  the  segment  of  the  cone  in 
which  it  is,  as  before  was  demonstrated  of  the  prisms  and  seg- 
ments of  the  cylinder ;  and  thus  dividing  each  of  the  circumfer- 
ences into  two  equal  parts,  and  joining  the  points  of  division  and 
their  extremities  by  straight  lines,  and  upon  the  triangles  erect- 
ing pyramids  having  their  vertices  the  same  with  that  of  the  cone, 
and  so  on,  there  must  at  length  remain  some  segments  of  the 
ooae,^  which  together  shall  be  less  than  the  excess  of  the  cone 


Tqyntiiyrg 


V-  XII.  above  tht  third  part  of  the  cylinder.     Let  iheae  be  the  segmc&ti 
^-*— ^  upon  AE,  tB,  BF,  IC,  CC.  GD,  DH,  HA.     Therefore  the  tea 

of  the  cone,  tliat  ■&.    the    pyramid. 

of    which    the  base  is  the  polygon  H 

AliBKCGUH.  and  of  which  the  ver- 
tex is  the  same  iftth  that  of  (he  cone, 

is  greater  than  the  third  pari  of  the 

cylinder.       But  this  pynicnid  is  the 

third  part  of  the  prism  upon  the  same 

base  AEBFCGDH,  and  uf  the  same 

altitude  with  the  cylinder.    Thcrelbre 

this  prism  b  greater  than  the  cylinder 

of  which  the  base  is  the  circle  ABCD. 
'  But  it  i&  also  less,  for  it  b  contained 

within  the  cylinder;   which  is  impos- 

sihle.     Thci-efore  the  cylinder  is  not  less  than  Che  triple  of  lli> 

cone.      And  it  has  been  demonstrated  that  neither  is  it  gie&tc 

than  the  triple.     Therefore  the  cylinder  is  triple  of  the  cooct  c 

the  cone  is  the  third  part  of  the  cviinder.     Wherefore  every  cone 

&c.    Q.  E.  D. 


IfbOP^  XI.'   TBBOR. 


Sea  Note.     CONES  atid  cylinders  of  die  same  alUtude,  are  t» 
one  aDother  as  their  bases. 


.  Let  the  cones  and  cyliiiderSf  of  whUh  the  bases  are  tlie  cbcfci 
ABCD,  EFGH,  and  the  axes  EX.,  MM,  and  AC,  EG  tbc  diaW  I 
teraof  their  bases,  be  of  the  same  alutude.     As  the  circle  ABPD  < 
to  the  circle  EFGH,  so  is  the  cone  AL  to  the  cone  EN.  ,  ^  | 

If  it  be  not  so,  let  the  circle  ABCU  be  to  the  circle  EFG&"  , 
as  the  cone  AL  to  some  solid  either  less  than  the  cobe  £N»  ^. '{ 
greater  than  it.  First,  let  it  be  to  a  solid  lesa  thao  ^t  viz.  %-. , 
the  solid  X;  and  let  Z  be  the  solid  which  is  equate tbed^' 
cess  of  the  cone  EN  above  the  solid  X ;  therefore  the  cone  SX^ 
is' equal  to  t|ie  solids  X,  Z  together.  Id  the  drde  EFGH  d^' 
scribe  the  square  EFGH,  therefore  tbb  square  u  greater  Ihitk 
the  half  of  die  drclet  up(»i  the  square  EFGH  erect '«  pyi*- 
mid  of  the  same  altitude  with  the  cone ;  this  pjrramid  is  greattf 
than  half  of  the  cmm.  For,  if  a  square  be  described  about  die 
circlei  and  a  prranud  be  erected  upon  it,  having  the  same  Tcr- 
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tex  with  the  cone*,  the  pynmid  inscribed  in  the  cone  ii  balf  B-  XII. 
■it  the  pyramid  circumscribed  about  it,  bccauu  tfacy  arc  to  one  *"  "v^ 
■Bother  as  their  buses*:  biit  the  cone  is  less  than  the  circum-a&lS. 
Kribeil  pyramid  ;  therefore  the  pyrumitl  of  which  the  base  is  the 
■qnare  LFGH,  snd  its  vertex  the  satne  with  that  of  the  cone,  is 
Minter  than  half  of  the  cone:  divide   the  circumfrrences  EF^ 
FCGH,  HE,  euch  into  two  equal  purU  in  the  punta  O.  Pt  R, 
V«td  join  FJi,  UF,  FP,  PG,  GR,  RH,  MS,  SE:  therefore  each 
if  Ibe  triangles  EOF,  FPG,  GRH,  USE  is  greater  than  half  of 


Ac  a^ment  of  the  circle  in  which  it  is:  upon  each  of  thca6 
Angles  erect  a  pyramid  having  the  same  vertex  with  the  cone; 
wh  of  these  pyramids  is  greater  than  the  half  of  the  scgiuent 
4  the  coite  it>  which  il  is :  anil  thus  dividing  each  of  these  cir* 
MpieRnces  into  two  equal  parts,  ami  from  the  puinta  of  division 
fawng  straight  lines  to  the  extremities  of  the  circumferences, 
■dupcA  each  of  the  triangles  thus. made  erecting  pyramids, 
Mng  Uie  same  vertex  witti  the  cohe,  and  so  on,  there  must  at 
Ingih  remain  some  segments  of  the  cone  which  are  together 
losb  tiiu,  ^e  solid  Z:  let  these  be  the  segments  upon  EU,  OFibLcm.!. 

•  Votez  is  put  in  place  ef  alTitude  whicb  it  in  the  Greek,  becane  At  pyn. 
tU,  ia  whM  ^lowE,  is  suppoied  to  be  ciicunwcribed  about  ibe  cone,  uid  » 
^haveibewraerenen.    And  the  ume  change  is  made  in  some  ptaeeifoW 


tri  T^EtEMEirrS' 

V.Xli   FP,>C,CR,'RH,HS,8E:lhcrefore'Wii 

'^i'*^  viz.  the  pyramiO  of  which  the  base  uthe  psIfBoilEt^S 

and  its  vertex  the  same  with   that  of  nh»  cail»».b  craH 

the    solid    X:    in    the     circle    AttCD    dMedbr- -ttic  ■. ) 

ATQYCVDQ  similar  to  the  polygon  EOraGBH^^cM 

'  it  erect  a  pyramid  having  the  same  TerttX>  vllk  .tlM 'OV 

'  *  L 13.    and  because  as  the  srgiiarc  of  AC  is  tA  the  irtw  of  BG 

the  polygon  ATUVCVDQ  to  the  polfSOD  EOFPCH^ 

b3.t3.     as  the  square  of  AC  to  the  square  M  EG*  M  U*  tb 

clLS.    ABCD  to  the  circle  ETOII;  therefore  dw  cir^  ABCt 

the  citx:Ie  El'GH,  as  the  polygon  ATBTCVDQ  to  tt 


gon  EOFPGRHS:  but  as  the  circle  ABCD  to  the  circle ' 
BO  is  tbe   cone  AL   to  the    solid   Xt   and   as   the   ] 

dS.tS.  ATBYCVDQ  to  the  polygon  EOFPGRH.S,  so  is<>  th 
iiiid  of  which  the  base  is  the  first  of  these  polygons,  a 
tex  L,  to  the  pyramid  of  which  the  base  is  the  other  f 
and  its  vertex  Ni  thereforei  as  the  ctme  AL  to  the  solii 
ia  tbe  pyramid  of  which  the  bale  is  the  polygon  ATBY< 
and  vertex  L,  to  the  pyramid  the  base  of  which  is  the  { 
EOFPGRHS,  and  vertex  N:  but  the  cone  AL  ia  gvat 

0I4.A  the  pyramid  contained  in  it;  therefore  the  sdid  X  is  g 
than  the  pynftiid  in  the  cone  EN ;  but  it  is  less,  as  was 
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dhfiord :  therefore  the  circle  ABCD  is  not  to  the  circle  B.ZII, 
B  the  cone  AL  to  anj  solid  which  is  less  than  the  cone  ^^v^^ 
the  same  manner  it  may  be  demonstrated  that  the  circle 

not  to  the  circle  ABCD,  as  the  cone  EN  to  anjr  solid 
the  cone  AL.  Nor  can  the  circle  AUCD  be  to  the  circle 
s  the  cone  AL  to  any  solid  greater  than  the  cone  EN : 
»e  possible,  let  it  be  so  to  the  solid  If  whk|i  is  greater 
cone  KN :  therefore,  by  inversion,  as  the  circle  £FGH 
:le  AUCD,  io  is  the  scdid  I  to  the  cone  AL :  but  as  the 

the  cone  AL,  so  is  the  cone  EN  to  some  solid,  which' 
less*  than  the  cone  AL,  because  the  solid  I  is  greater  a  14  5. 
cone  £N :  therefore  as  the  circle  EFGH  is  to  the  cir- 
),  so  is  the  cone  EN  to  a  solid  less  than  the  cone  AL, 
s  shown  to  be  impossible:  therefore  the  circle  ABCD 
he  circle  EFGH,  as  the  cone  AL  b  to  any  solid  great- 
le  cone  EN :  and  it  has  been  demonstrated  that  neither 
:le  ABCD  to  the  circle  EFGH,  as  the  cone  AL  to  any 
than  the  cone  EN :  therefore  the  circle  ABCD  is  to  the 
GH,  as  the  cone  AL  to  the  cone  EN :  but  as  the  cone 
lone,  so  ^  is  the  cylinder  to  the  cylinder,  because  the  cy^  15. 5. 
e  triple^  of  the  cone,  each  to  each.    Therefore,  as  the  c  10. 13. 
CD  to  the  circle  EFGH,  so  are  the  cylinders  upon  them 
le  altitude.    Wherefore  cones  and  cylinders  of  the  same 
*e  to  one  another  as  their  bases.    Q.  E.  D. 


PROP.XIL    THEOR. 


LAR  cones  and  cylinders  have  to  one  ano-  see  Note. 

triplicate  ratio  of  that  which  the  diameters 
bases  have. 


cones  and  cylinders  of  which  tlie-bases  are  the  circles 
HFGH,  and  the  diameters  of  the  bases  AC,  EG,  and 
the  axis  of  the  cones  or  cylinders,  be  similar:  the  cone 
the  base  is  the  circle  ABCD,  and  vertex  the  point  1 , 
;  cone  of  which  the  base  is  the  circle  EFGH,  and  Ter- 
;  triplicate  ratio  of  that  which  AC  has  to  EG. 
the  cone  ABCDL  has  not  to  the  cone  EFGHN  the  tri- 
io  of  that  which  AC  has  to  EG,  the  cone  ABCDL  shall 
triplicate  of  that  ratio  to  some  solid  which  is  less  or 


I- 

n 


976 


THE  ELEMENTS 


B.  XII.  greater  than  the  cone  EFGHN.  Firat,  let  it  hav^  ^  to  a  leNi 
'  viz.  to  the  solid  X.  Make  the  same  constructioD  aa  in  the  pr^ 
ceding  propoaiuon,  and  it  may  be  demonstrated  the  very  sane 
way  as  in  that  proppsition,  that  the  pyramid  of  which  the  hue 
is  the  polygon  EOFPGRHS,  and  vertex  N>  is  greater  than  the 
solid  X.  Describe  also  in  the  circle  ABCO  the  polyi^ 
ATBYCVDQ  similar  to  the  polygon  EOFPGRHS,  upon  whiob 
^rect  a  pyramid  having  the  same  vertex  with  the  cone;  andkt 
LAQ  be  one  of  the  triangles  containing  the  pyramid  upoQ 
the  polygon  ATBYCVOQ  the  vertex  of  which  is  L;  and  let 
MES  be  one  of  the  triangles  containing  the  pyramid  upon  the 


A 


polygon  EOFPGRHS  of  which  the  vertex  is  N ;  and  join  KQf 
M'7 :  because  then  the  cone  ABCDL  is  similar  to  the  cone 
a  34  dcf.  EFGHN,  AC  is»  to  EG,  as  the  axis  KL  to  the  axis  MN;  and 
11.  as  AC  to  EG,  so«»  is  AK  to  EM;  therefore  as  AK  to  EM, 
so  is  KL  to  MN ;  and,  alternately,  AK  to  KL,  as  EM  to 
MN:  and  the  right  angles  AKL,  EMN  arc  equal;  therefore 
the  sides  about  these  equal  angles  being  proportionals,  the 
triangle  AKL  is  similar  ^  to  the  triangle  EMN.  Again,  be- 
cause AK  is  to  KQ,  as  EM  to  MS,  and  that  these  sides  are 


b  15.  5, 
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XNit  equal  angles  AKQ,  EMS,  because  these  angles  are,  each  B.  XII. 

ftheoiy  the  same  pan  of  four  right  angles  at  the  centres  K,  M;  ^--nr"^ 

lerefore  the  triangle  AKQ  is  similar*  to  the  triangle  EMS: a 6. 6. 

id  because  it  hus  been  shown  that  as  AK  to  KL>  so  is  EM  to 

IN,  and  that  AK  is  equal  to  KQ,  and  EM  to  MS,  as  QK  to 

L,  so  is  SM  to  MN ;  and  therefore  the  sides  about  the  right 

igies  QKL,  SMN  being  proportionals,  the  triangle  LKQ  is  si- 

lihtr  to  the  triangle  NMS:  and  because  of  the  similarity  of  the 

risngles  AKL,  EMN,  as  LA  is  to  AK,  so  is  NE  to  EM ;  and 

f  the  similarity  of  the  triangles  AKQ,  EMS,  as  KA  to  AQ,  so 

(E  to  ES ;  ex  £qual^.  LA  is  to  AQ,  as  NE  to  ES.     Again,  be-  b  22. 5. 

sue  of  the  similarity  of  the  triangles  LQK,  NSM,  as  LQ  to 

)K,  so  NS  to  SM;  and  from   the  similarity  of  the  triangles 

UQ,  MES,  as  KQ  to  QA,  so  MS  to  SE;  ex  aquaU^y  LQ  is  to 

}A,  as  NS  to  SE :  and  it  was  proved  that  QA  is  to  AL  as  SE 

oEN;  therefore,  again,  rx  £quaUy  as  QL  to  LA,  so  is  SN  to 

^:  wherefore  the  triangles  LQA,  NSE,  having  the  sides  about 

dl  their  angles  proportionals,  are  equiangular^  and  similar  to  c  5. 6. 

ne  another :  and  therefore  the  pyramid  of  which  the  base  is 

^  triangle  AKQ,  and  vertex  I«,  is  similar  to  the  pyramid  the 

M9e  of  which  is  the  triangle  EMS,  and  vertex  N,  because  their 

lolid  angles  are  equal  ^  to  one  another,  and  they  are  contained  d3«  It 

ff  the  same  number  of  similar  planes:  but  similar  pyramids 

vhtch  have  triangular  bases  have  to  one  another  the  triplicate 

^niio  of  that  which  their  homologous  sides   have ;   therefore «  8.  }3l 

he  pyramid  AKQL  has  to  the  pyramid  EMSN  the  triplicate 

ittio  of  that  which  AK  has  to  EM.     In  the  same  manner,  if 

straight  lines  be  drawn  from  the  points  U,  V,  C,  Y,  B,   T 

o  K,  and  from  the  points  H,  Ri  G,  P,  F,  O  to  M,  and  py- 

^vnids  be  erected  upon  the  triangles  having  the  same  vertices 

^th  the  cones,  it  may  be  demonstrated  that  each  pyramid  in 

k  first  cone  has  to  each  in  the  other,  taking  them  in  the  same 

Mtier,  the  triplicate  ratio  of  that  which  the  side  AK  has  to  the 

^  EM;  that  is^  which  AC  has  to  EG:  but  as  one  antece- 

knt  to  its  consequent,  so  are  all   the  antecedents  to  all  the 

BoDseqtients^;   therefore  as  the  pyramiJ  AKQL  to  the  pyra-f  12*^ 

■hid  EMSN,  so  is  the  whole  pyramid  the  base  of  which  is  the 

polygon  OQATBYCV,  and  vertex  L,  to  the  whple  pyramid 

tf  which  the  base  is  the  polygon  HSEOFPGR,  and  vertex  N. 

llHierefore  also  the  first  of  these  two  last  named  pyramids  has 

0  the  other  the  triplicate  ratio  of  that  which  AC  has  to  EG. 

lot,  by  the  hypothesis,  the  cone  of  which  the  base  is  the  cir- 

Je  AfiCD,  and  vertex  L,  has  to  the  solid  X,  the  triplicate 

Ilio  of  that  which  AC  has  to  EG ;  therefore  as  the  cone  of 

hich  the  bate  !s  the  circle  ABCD,  and  vertex  I^,  is  to  the 


TUt 'BllYta^tS 


B.  ZII.  eelid  X,  so  is  the  i>)Tamid  the  base  of  which  i*  thfe'  peAfd 
'*-"'  '-'  DQATDYCV,  antT  xeiiex  L,  to  the  pyrumid  the  base  of  wW 
is  ihc  polygon  IISEOFPGR  and  vertex  N:  but  the  said  ca 
is  greater  ih&n  ihe  pyramid  containtd  ii)  ii,  iherefore  the  *A 
«  U.a-  X  is  grcJter"  than  the  pyramid,  the  base  of  which  is  the  poi 
gon  HSEOFPGK.  and. vertex  N;  but  it  is  also  less;  whicl^ 
itnpossible:  therefore  the  cone,  of  whit^h  the  base  is  the  at{ 


ABCD,  and  Vertex  L,  bu  not  to  aaj  solid  which  is  len  tba  tH 
cooe  of  which  the  biac  is  the  circle  EJGH  and  vertex  N,  tbe  td 
plicate  ratio  of  that  which  AC  has  to  EG.  In  the  aamc  ubb* 
it  may  be  demc^rated  that  neither  has  the  oone  EFCHHi 
toy  solid  which  is  lets  than  the  cooe  ABCDL,  the  tripHoi 
ratio  of  that  which  EG  has  to  AC.  Nor  can  the  «me  ABCpI 
have  to  any  solid  which  is  greater  than  tlte  cone  EFGHN,  til 
triplicate  ratio  of  that  which  AC  has  to  EG :  for%if  it  be  fdm 
Uc>  let  it  ha?e  it  to  a  greater,  via.  to  the  solid  Z :  thcrcfar 
inverselT,  the  solid  Z  has  to  the  cone  ABCDL,  the  IripHal 
ratio  of^that  which  EG  has  to  AC:  but  as  the  solid  Z  is  I 
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le  ABCDLy  so   k  the  cone  EFGHN  to   some  apHd,  B.XI>. 
must  be  less*  than  the  cone  ABCDLy  because  the  solid  ^^^^ 
eater  than  the  cone  EFGHN :  therefore  the  cone  EFGHN  ^  ^^  ^- 
a  solid  which  is  less  than  the  cone  ABCDL9  the  tripli- 
do  of  that  which  EG  has  to  AC,  which  was  demonstrat- 
e  impossible :  therefore  the  cone  AfiCDL  has  not  to  any 
reater  than  the  cone  EFGHN,  fhe  triplicate  ratio  of  that 
\C  has  to  EG ;  and  it  was  demonstrated  that  it  could  not 
lat  ratio  to  any  solid  less  than  the  cone  EFGHN :  there- 
e  cone  ABCDL  has  to  the  cone  EFGHN  the  triplicate 
:  that  which  AC  has  to  EG:  but  as  the  cone  is  to  the 
o^  the  cylinder  to  the  cylinder;  for  every  cone  is  tiheblS.  5. 
art  of  the  cylinder  upon  the  same  base,  and  of  the  same 
:  therefore  also  the  cylinder  has  to  the  cylinder  the  tri- 
ratio  of  that  which  AC  has  to  EG.    Wherefore  similar 
kc.    Q.E.D. 


PROP.Xin.    THEOR. 

a  cylinder  be  cut  by  a  plane  parallel  to  its  op- See  Note, 
planes,  or  bases;  it  divides  the  cylii^^er  into 
ylinders,  one  of  which  is  to  the  other  as  the 
f  the  first  to  the  axis  of  the  other. 


the  cylinder  AD  be  cut  by  the 
GHf  parallel  to  the  opposite 
AB,  CD,  meeting  the  axis 
the  point  K,  and  let  the  line 
i  the  common  section  of  the 
jH  and  the  surface  of  the  cy- 
AD:  let  AEFC  be  the  paral- 
m,  in  any  position  of  it,  by  the 
ion  of  which  about  the  straight 
^  the  cylinder  AD  is  described ; 
t  GK  be  the  common  section 
;  plane  GH,  and  the  plane 
:  and  because  the  parallel 
ABy  GH  are  cut  by  the  plane 
'I  AE,  KG,  their  common  sec- 
with  it,  are  parallel*;  where- 
K  is  a  parallelogram,  and  GK 
to  £A  the  straight  line  from 
ntre  of  the  circle  AB:  for  the 
*eason  each  of  the  straight  lines 


a  16. 11. 
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B.  xn.  drawn  from  the  point  K  to  the  line  GH  mvf  be  proved  tofc 

^^r*"^  equal  to  those  which  are  drawn  from  the  centre  of  the  cirele 

AB  (o  its  civcumfereoce«  and  are  therefore  all  equal  to  one  m«* 

a  15  de£  ^^^^'    Therefore  the  line  GH  Is  the  circumference  of  a  drdth 

I,       of  which  the  cemre  is  the  point  K :  therefore  the  plane  GH  dS« 

Yides  the  cylinder  AD  into  the  cylinders  AH,  GD ;  for  they  are 

the  same  which  would  foe  described  by  the  revolution  of  the 

parallelograms  AK,  GP,  about  the  straight  lines  EK*  KF:  tad 

it  is  to  be  shown,  that  the  cylinder  AH  is  lo  tie  cylinder  UC, 

as  the  axis  ER  to  the  axis  KF. 

Produce  the  axis  EF  both  ways;  and  take  any  number  ef 
straight  lines  EN,  NL,  each  equal  to  £K ;  and  any  number  FX| 
XM,  each  equal  to  FK ;  and  let  planes 
parallel  to  AB,  CD  pass  through  the  points 
L,  N,  X,  M:  therefore  the  common  sec- 
tions of  these  planes  with  the  cylinder 
produced  are  circlesy  the  centres  ot  which 
are  the  points  L,  N,  X,  M,  as  was  proved 
of  the  plane  GH:  and  these  plines  cut 
off  the  cylinders,  PR,  RB,  DT,  TQ:  and 
because  the  asses  LN,  NE,  EK  are  all 
equal,  therefore  the  cylinders  PR,  RB, 
bll.  13.  BG  areb  to  one  another  as  their  bases; 
but  their  bases  are  equal,  and  therefore 
the  cylinders  PR,  RB,  BG  are  equal:  and 
because  the  axes  LN,  NE,  KK  are  equal 
to  one  another,  as  also  the  cylinders  PR, 
RB,  BG,  and  that  there  are  as  many  axes 
as  cylinders;  therefore,  whatever  multi- 
ple the  axis  KL  is  of  the  axis  KE,  the 
same   multiple    is   the  cylinder  PG  of 
the  cylinder  GB:  for  the  same  reason, 
whatever  multiple  the  axis  MK  is  of  the 
axis  KF   .!ie  same  multiple  is  the  cylin- 
der QG  of  the  cylinder  GD:  and  if  the  axis  KL  be  equal  to  the 
axis  KM,  the  cylinder  PG  is  equal  to  the  cylinder  GQ ;  and  if 
the  axis  KL  be  greater  than  the  axis  KM,  the  cylinder  PG  is 
greater  than  the  cylinder  QG;  and  if  less,  less:  since  there- 
fore there  are  four   magnitudes,  viz.  the  axes  EK,  KF,  and 
the  cylinders  BG,  GD,  aud  that  of  the  axis  EK  and  cylinder 
BG,  there  has  been  taken  any  equimultiples  whatever,  viz,  the 
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L.  and  cylinder  PG ;  and  of  the  Bxi»  KP  and  cylindcrGD,  .9.  XU. 
limultiples  wbuever,  viz.  the  xxn  KM  and  cylinder  GQ.-~^^^^^ 
las  been  demoDStcatedi  if  the  axis  KJ<  be  greater  than  the 
M,the  cylinder  PG  is  greater  than  the  cylinder  CQ;  and 
I,  equal ;  and  if  lessi  less :  therefore  ^  the  axis  LK  is  to  d  5.  dcf 
( KF,  ai  the  cylinder  BG  to  the  cylinder  GO.    Where-  ^- 
a cylinder, kc.    Q..E.Di 


PROP.  XIV.    TUEOR. 


NES'  and  cyUnders  upon  equal  ba^es  are  to  dde 
r  as  tbeir  altitudes. 


Jie  cylinders  EB,  FD  be  upon  the  equ«l  btses  AB,  CD : 

;ylinder  ED  to  the  cylinder  FD,  lo  is  the  axis  GH.  to  the 

QC«  the  axil  KL  to  the  point  N,  and  make  LN'eqnal 
ixis  GH,  and  let  CM  be  a  cylinder  of  which  the  base  is 
d  axis  LN ;  and  because  the  cylinders  EB,  CM  have  . 
le  altitude,  they  are  to  one  anothier  as  their  bases  ■ :  but  all.  la 
lacft  are  equal,  therefore  also  the  cyjindcm  £B,'CM  arc 

And  because  the  cylin- 
r  is  cut  by  the  plane 
iTallel    to    its   opposite 

ts  the  cylinder  CM  to 
inder  FD,  so  is  >•  the 
t  te  the  axis  KL.  But 
inder  CM  is  equal  to. 
inder  EB.  and  the  axis 
the  axis  GH  :  therefore 
lyUnderEBtothe  cylin- 
',  so  is  the  axis  GH  to 
I  KL  :  and  as  the  cylin- 
>  to  the  cylinder  FD,  so 

cone  ABG  to  the  cone  CDK,  because  the  cylinders  are  c.  15.9. 
of  the  cones  :  therefore  also  the  axis  GH  is  to  the  axis  d 

th«  cone  ABG  to  the  cone  CDK,  and  the  cylindei  EB  to 
inder  FD.    Wherefore,  cones,  &c.    Q.  C  D. 


b  13.  !■;, 
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^n.        THE  bases  and  altitiicUti  of  equal  cones  atid  cj'Hlt 
'  dens  are  reciprocally  proportit^nal ;  and,  if  tlie  ba»esM^ 
altitudes  Ik  If  ciprocally  proportional,  llic  cones  aid 
cylinders  arc  equal  to  one  another. 

Let  tlic  circle*  ABCD.  FFCIt.  tht  diamiui*  ofwbW.  uj 
JVCi  l^G>  be  tJic  hoittft,  and.KUMN  ihe  axes,  us  nU^  ibc  aJ^ 
tiulcs,  of  I'tiual  cones  und  cjliiKUrs;  and  let  Al.C.  KNOljcllil 
cones,  and  AX.  L'.O  tlic  cylinder!:  the  IiiLscti  ihd  altltOijei  t| 
the  tylindyra  aX,  KO  nrt  rtiiiirorallj'  proportional;  thnlii|M 
ihc  bane  ABCU  to  the^ase  EPCH,  m  is  the  altitude  KH  a 
the  oKitude  Kl..         '^ 

Either  tlif  Bliitude  MN  ii  efitisil  (o  ihc«ltiluite  Kl^ortkW 
sititudirs  arc  ii'il  tt\iiii\.  Tiriit,  ki  ihi-m  be  e(|uul ;  and  ibe 
lindcrs  AX.  EU  bcint;  aKnci|ual,  unil  coitc*  nnd  cjtiai  ' 
all-llL  ''"'  ^"<ne  aliimdc  being  to  oni;  anollter  as  theii' basiM*i 
Vjt*  fore  the  base  ABCD  is  equal  *  to  tho  bate  KI"GH  j  and  a* 
h!tse  ABCt)  i^  to  the  bast  Et'UH,  no  i»  the  Bitiiude  MJ^' 
tlie  jiltitucli 


But  kt  ibe  alti- 
tude* K.L,  MN' 
be  unequal,  and 
MN  the  greaiti- 
of  ttle  two,  and 
foom  MN  take 
MPc^qualtoKU 
and,  through  the 
jjoint  P,  cu-.  the 
cylinder  EO  by 
the  plane  TVS, 
parallel  to  the  op- 


poshe  plMiUof  the  ctrcin  F.PC.H,  RO;'  tiMKfilfS  (ie.c# 


■nwil  section  6t  the  plthe  TYS  ttlid  the  cfHiitler  bd^'tkl  #■■ 
dct  andMAMquentT^  KS  is'ft  tjrllnder,  iht:  baW 6t  *MdK ^W. 
circle  KFCiU,  aitti  altitude  MP  i  and  because^  the  cylinaT-fX 
is  e<]iial  to  the  cylinder  I'.U,  as  AX  i%  to  the  criiiidcr  KS, » 
b7.S.  *'n  the  cylinucr  K.O  to  the  same  ES.  But  astbe  rvlinderAS 
to  the  cylinder  ES,  so  ■  is  the  base  ABCU  to  the  bu'se  El^B; 
for  the  cylinders  AX,  ES  are  of  the  same  aliitiidci  andaslk 
13.12.  cylinder  EO  to  the  cylinder  ES,  so  <■  is  the  altitude  MN  <■ 
the  altitude  MP,  because  th«  cylinder  FX)  is  cut  by  the  pluc 
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llel  to  its  opposite  plan£8«     Therefore  a»  th^  base  B,  XIL 

the  base  £KGH«9o  is  the  altitude  MN  to  the  altitude  ^'w.'^ 

VIP  is  equal  tp  the  altitude  KL.;  wherefpce  as  the 

:>  to  the  base  EFGIi,  so  is  the  allitude  MN  to  the 

j't  that  is«  the  bases  and  altitudes  of  the  tt|ual€yhn- 

i^O  are  recipt-ocally  propoitionaL 

the  bases  and  ahitudes  of  the  cylinders  AX,  EO  be 

y  proportional,  viz.  the  base  ABCD  to  xhe   base 

the  altitude  MN  to  the  altitiyle  KL:  the.  cylinder 
al  tq  the  cylinder  EO* 

L  the  base  A  BCD  be  equal  to  the  base  EFGH;  thon 
the  base  A  BCD  is  to  the  base  EFGH,  so  is  the  alu<« 
o  the  itiiiiude  KL;  MN  is  equal^  to  KL,  and  there-  b  A.  5. 
linder  AX  is  equal*  to  the  cylinder  EO.  a  11. 1% 

he  bases  ABCD,  EFGH  be  unequal,  and  let  ABCD 
Iter;  and  because  as  ABCD  is  to  the  base  EFGH,  ^ 
iide  MN  to  the  altitude  KL;  therefore  MN  is  great- 
.L«  Then,  tiie  same  construction  being  mode  i)s  be- 
ise  as  the  base  ABC  I)  to  the  base  EFGH,  so  is.the 
N  to  the  altitude  KL;  and  because  the  altitude  KL 

the  altitude  MP  ;  therefore  the  base  ABCD  is»  to 
FGH,  as  the  cylinder  AX  tq  the  cylinder  ES;  and  as 
e  MN  to  the  altitude  MF  or  KL,  so  is  the  cylinder 

cylinder  ES:  therefore  the  cylinder  AX  is  to  the  • 

S,  as  the  cylinder  EO  is  to  the  same  ES;  whence 
er  AX  is  equui  to  the  cyhndc.r  EO:  and  tl)e  same 
holds  ill  cones.     Q.  E^  D. 


rUOP.  XVL    PROfi. 


ascribe,  in  the  greater  of  two  circles  that  have 
;  centre,  a  polygon  of  an  even  number  of 
es,  tliat  shall  not  meet  the  lesser  circle. 


CD,  EFGH  be  two  j^iven  circles  having  the  same 
it  is  required  to  inscribe  in  the  greater  circle  ABCD 
of  an  even  nuiiiber  of  equal  sides,  that  shall  not  meet 

circle* 

h  the  centre  K  draw  the  straight  line  BD,  and  from 

G,  xrherc  it  meets  ibe  circumference  of  the  lesser 


jjl^.rfrcfa,*  SnV  G A  at  rifjht  angles  to  BD,  snd  produce  it  toljr 
*"'**'  therefore  AC  touches'  the  circle  KFCH;  then,  if  the  crrcun- 
hi^^    '''"'"^''  BAD  be  bisected,  and  the  hair  of  it  be  again  btiectcd, 
jr?*"    Btid'su  on,  there  must  at  length  rentatn  a  circumference  less^ 
than    AD  i    let  this  be    LD ;    and 
fi-om  the  point  L  dra»  LM  per- 
pendicular to  BD,  end  produce  it 
td  N;  and  joiii  LD,  DN.     There- 
fore LD  is  equal  to  DN :  and  bc- 
'  cause  LN  is  parallel  tu  AC,  and  (hat    '. 
AC    (ouches    the    circle    EFGH; 
'       thererore  LN  does  not   meet    the 
circle  EFGH;  and  much  less  shall 
'     -    the  straight  Imes  LD,  DN  meet  the 
circle  EKCH:   so  Ihal  \f  straight 
lines  eijual  tu  LD  be  applied  in  ilie  circle  ABCD  fi-om  the  polot 
L  around  to  N,  there  shall  be  described  in  the  circle  a  polygon 
■    of  an  even  number  of  equal  sides  not  meeting  the  lesser  circle 
Whicb  was  to  be  done.  ^  i 


^  two  trapeziums  ABCD,  EFGH  be  inscritnA 
in  the  circles,  the  centres  of  which  are  the  points  K, 
L ;  and  if  the  sides  AB,  DC  be  parallel,  as  also  EF, 
HG ;  and  the  other  four  sides  AD,  BC,  EH,  FG  be 
all  eatial  to  one  another ;  but  the  side  AB  greater 
than  EF,  and  DC  greater  than  HG  ;  the  strai^t  !Jnc 
KA  from  the  centre  of  the  circle  in  which  the  greater 
sides  are,  is  greater  than  the  straight  line  LE  dnivrn 
£-oin  the  centre  to  llie  circumference  of  the  o^ 
circle. 

If  tt'beixngib'te,  let  KAIienot  greater  than  LE{  tbefl  tA 
must  be  either  equal  to  it  or  less.  First,  let  KA  be  eqMlltf^ 
LE:  therefore,  because  in  two  cqtial  circles,  AB,  BC  in  dHf 
one,  ate  equal  lo  EH,  FCi  in  the  other,  the  circumferewtt 
AD.  BC  are  equal*  to  the  circumferences  EH,  FG;  but  \» 
cfeuse  the  straight  lines  AB,  DC  are  respectively  greater  tbn 
lEF,  tiH,  the  circumferences  AB,  DC  arc  greater  than  EI^ 
HG)  therefore  the  whole  circumference  ABCD  is  grCaCcr 
than  the  wliulu  EFGH ;  but  it  is  also  equal  to  if,  irhicb  i* 
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thcKtbre  tha  Anight  line  KA  ia  not  equil  to  B.XII. 

&A  be  less  thu  LE,  ud  make  LM  equd  to  K.A, 

ic  centre  L,  and  dututco  LM,  deKiibe  the  circle 
eeting  the  straight  tines  LE,  LF,  LG,  LH,  in  M, 
nd  join  MN,  NO,  OP»  FM,  which  are  respectively 
ud  less  than  HP,  PG,GH,  HE:  then,  because  EU>3-'6. 
Juui  MP,  AD  is  greater  than  MP;  and  the  cirates 


fOP  are  equal ;  therefore  the  circumference  AD  is 
I  MP;  for  the  same  reason,  the  circumference  fiC 
len  NO ;  and  because  the  straight  line  AB  is  greater 
hich  is  greater  than  MN,  much  more  is  AB  greater 
herefore  the  cii'cumfereDce  AB  is  greater  than  MN ; 
same  reason,  the  circumference  DC  is  gi-eatcr  than 
ire  the  whole  circumference  ABCD  is  greater  than 
dNOP  i  but  it  is  likewise  equal  to  it,  vhich  is  int* 
crefo/e  KA  is  not  leas  than  LG;  nor  is  it  equal  to  it  t 
t  line  KA   must  therefore  be  greater   than  LE. 

I  if  there  be  an  isosceles  triangle,  the  sides  of  which 
AD,  BC,  but  its  base  less  than  AB  the  greater  of 

:s  AB,  DC  ;  the  straight  line  KA  mar,  >»  the  same 
demonstrated  to  be  greater  than  the  straight  line 
the  centre  to  the  circumference  of  the  circle  de* 

It  the  trianglr. 


».'  Tail  I      jli  ^_..       ': 

-■<l»-.iM,^''.-  ■  ■..■(!>«!•?■■■.'«*  ,'t«^,l"     .<jJ-  rtJH  w.-!  -cH  .'r.«l 

have  the  aamft  centrt,  a  stdid  polyhedroo,  the  ttjpevff- 

cics  of  which  shall  not  meet  the  Ksscr  Iphae*    i 

Let  there  Ik  t-nrospheic*  obout  tlic,JWne  cMM  A ; 
quired  to  di-toibc  in  the   greater  BiM^  |KdjlNdrai^'^«!tM> 
perfkiei  of  wjiicli  jihall  npi  meet  l)«  Inwr  sphere."    ■  \     N 

Hel  the  tpliere^  be  tut  by  a  plart-  pai4"B  thrtvghtb»]i 
the  cominon  seclbns  of  it  with  ihs  •pberea-ttlwHrbi ' 
because  the  epheie  is  described  by  ibf  rtnthillktt^  ^ 
cle  fibQUl  l\K  diaiiieler  remuintii^  uQipOTCibk ;  ~-*^-' 
(:vi;r  position  the  scmicirctc  Ite  concelTetl,  the ' 
of  ibc  plane  in  whkh  it  is  with  the  MiperfienaF^W-^ 
the  circtunfcrenct;  of  a  circle  ;  and  tbu  i>  k  greiT cftde' 
sphere,  becuust-the  diameter  of  the  aphecQj^whi^lMH 

»1S.S-  tl>e  diemcnr  oF  the  circle  U  greater'  than  mj  lUSght  Bnaiiir 
the  cihilaDoepheRi  let  then  the  cinle  mndefafUfe  accdfio 
of  the  plane  with  the  greater  iphere  be  BCO^  and  with  tlie 
ICHcr  •pherc  be  FGH )  and  draw  the  two  diameten  SO,  C£ 
at  lif^t  ta%\e%  to  one  another;  and  in  fiCOE,  the  grcaitr  of 

bid- 13.  the  tvrO'CircIet,  deicribe^t  poljrKun  of  an  even  oainbir  of 
cq«al  lidea,  not  meeting  the  lesser  circle  FUH ;  andlctjceaidea, 
i*  BE,  tb«  fourth  part  of  the  circle,  be  3Ki  KL,  LM,  H£  |  join 
ILA  and  produce  it  to  N ;  and  fram  A  draw  AX  at  right  •■• 
gW  to  the  pltine  of  the  circle  fiCDE,  mcetic^j,-  the  superficies 
of  the  sphere  in  the  point  X;  and  let  planes  pass  tbroi^b  AX 
nnd  each  of  the  straight  lines  BD,  KN,  which,  from  wlaitliai 
been  skid,  shall  produce  i;reat  ciitles  on  the  supcrfictet  of  tki 
BpherC)  and  let  BXU,  KXN  he  the  seRiicirclea  thua  madt 
upMithediametert  BO,  XN:  therefore,  because  XA  la  at  light 
angles'  to  the  plane  of  the  circle  BCDE,  eVcrj  plane  wUek 

cie  11,  paatnttAtM^h  XAis  at  right*  angles  to  the  plane  of  the  firdt 
BCDE;  wherefore  the  aemicircleii  BXD,  KXN  are  at  rilHkl 
angles  to  that  plane;  and  becauBc  the  semicircles  BKU,  BSJli 
KXN,  tipon  the  equal  diameters  BD,  XN  arc  equal  to  one  an- 
other, their  halves  Uii,  BX,  KX,  are  equal  to  one  an- 
other: therefore,  as  manj  sides  of  the  polfgon  as  are  in 
BE,  so  manf  there  are  in  DX,  KX  equal  to  tbe  sides  BK, 
XL,  LMf  ME:  let  these  polygons  be  described,  and  their 
sides  be  BO,  OP,  PB>  RXi   K»,  ST,  TV,  yx.~«nd  join 
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aiT 


-OSi  PT,  Rr ;  *Dd  from  the  pointi  O,  S,  driirOV,SQ  pcrpen-  B.  Xll. 
dlcular^  to  AB,  AK :  and  because  (he  plane  DOXD  ii  U  right'  *—«-<>' 
^f\di  to  the  plane  BCDE,  m6  in  tine  of  them  BOXD,  UV 
is  drawn  perpendiduUr  to  AB  the  common  Kction  of  the  planet, 
therefore  UV  is  perpendkiilar  ■  to  the  plane  BCDL  :  for  ttic  a^.def 
sane  reason  ^  is  perpendicular  to  the  tame  [riane,  because     li- 
the plane  KSXN  is  at  right  angles  to  the  plane  BCDE.     Jmh 
VQ  ;   a&d  becaiise  in  tlie  equal  semicirclea  BXO,  KXN  the 


circuiafcrences  BO,  KS  arc  equal,  and  OV,  SQ  are  perpen> 
dicular  to  their  diameters,   therefore  '  OV  is  equal   to  aQ,d36. 1. 
and-DV  equal  Lo  KQ  :  but  [he  whole  BA  is  equal  to  the  whole 
KA,   therefore  the  remainder  VA  is  equal  ta  the  remainder 
QA :  as  therefore  BV  is  to  VA,  so  ia  XQ  to  QA,  wherefore 
VQ  is   parallel  •  to  BX :  and  because  OV,  SQ  are  each  ofe3.6, 
them  at  right  angles  to  the  plane  of  the  circle  BLDE,  OV  is 
parallel  '  to  SQ;  and  it  has  been  proved  that  it  is  also  equal  r&  II. 
to  it ;  therefore  QV^,  SO  are  equal  and  parallel'  :  and  because  g  33. 1. 
QV  is  parallel  to  HO,  and  also  to  KB,  OS  is  paralkl  ^  to  BX  i  h  9.  It 
and  therefore  BO,  KS  which  join  them  are  in  the  aame  plane 


MiJtK-  ia>»iiKhrfii^  pitnlfelB  are,  ud  ^t  qittdrtlateral 

^^^*  »  IB  (Hieiplene  :  and  if  PB,  TK  be  joineil,  and  perp«ndiciiI«K 

be  dravti'froiD  tbe  points  P,  T  to  ilie  straight  Unci  AB,  AKt 

it  may  be  demonstrated,  that  TP  is  parallel  U>  KB  in  tlie  rcr; 

.    ii.  same  way  that  SO  was  shown  to  be  parallel  lo  itic  same^Bj 

ftft'lL  wbtrefare^TP  is  parallel  to  laO,  and  ilit  quadrilateral  fiuurt 
SUPT  is  in  one  plane :  for  tl)«  same  reason,  tlic  quadrilatcnl 

b&lL    TPRVij in c«e plane;  and  thcfigurcVKX is al»oin<ae pinch 


Therefore,  if  from  the  poirtts  O,  S,  P,  T,  R,  Y  there  be 
straight  lines  to  the  point  A,  there  shall  be  foi-med  a 
Ifhedron  between  the  circumferences  BX,  RX  cotni 
pyramids,  the  bases  of  which  are  the  quadrilaterals 
SOPT,  TPRY,  and  the  triangle  YRX,  and  of  which  the 
moD  vertex  is  the  point  A :  and  if  the  same  constructitM  kc 
made  upon  each  of  ihe  oidea  KL.  LM,  ME,  as  has  been 
Upon  BK,  and  the  like  be  done  also  in  the  other  three 
drants,   and  in  the   other  hemisphere ;    there   shall 
ned  a  solid  polyhedron  described   in   the  sphere,  com^i 


liree  UH^ 
I  be> 
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led  of  pyramidsy  the  bases  of  which  are  the  aforesaid  quadri-  B.ZII. 
ateral  figures^  and  the  triangle  YRX,  and  those  formed  in.^'^nn^ 
he  like  manner  in  the  rest  pf  the  sphere^  the  scommon  vertex 
if  them  all  being  the  point  A :  and  the  superficies  of  this  so* 
id  polyhedron  does  not  meet  the  lesser  sphere  in  which  is  the 
ircle  FGH:  for,  from  the  point  A  draw*  AZ  perpendicularall.il. 
0  the  plane  of  the  quadrilateral  KBOS,  meeting  it  in  Z,  and 
Din  BZ,  ZK:  and  because  AZ  is  perpendicular  to  the  plane 
LBOS,  it  makes  right  angles  with  every  straight  line  meeting 
t  in  that  plane;  therefore  AZ  is  perpendicular  to  BZ  and  ZK: 
nd  because  AB  is  equal  to  AK^  and  that  the  squares  of  AZy 
l^  are  equal  to  the  square  of  AB;  and  the  squares  of  AZ, 
IK  to  the  square  of  AK** ;  therefore  the  squares  of  AZ,  ZB  ^  ^^*  ^- 
ire  equal- to  the  squares  of  AZ,  ZK:  take  from  these  equals 
he  square  of  AZ,  the  remaining  square  of  BZ  is  equal  to  the 
tmaining  square  of  ZK;  and  therefore  the  straight  line  BZ 
s  equal  to  ZK :  in  the  like  manner  it  may  be  demonstrated, 
hat  the  straight  lines  drawn  from  the  point  Z  to  the  points  O, 
iare  equal  to  BZ  or  ZK;  therefore  the  circle  described  from 
he  centre  Z,  and  distance  ZB,  shall  pass  through  the  points  K,  O, 
i,  and  KBOS  shall  be  a  quadrilateral  figure  in  the  circle :  and 
Kcause  KB  is  greater  than  QV,  and  QV  equal  to  SO,  there- 
ore  KB  is  greater  than  SO:  but  KB«4s  equal  to  each  of  the 
traight  lines  BO,  KS;   wherefore  eacih  of  the  circumferences 
vtMby  KB,  BO,  KS  is  greater  than  that  cut  ofi*  by  OS ;  and 
hese  three  circumferences,  together  with  a  fourth  equal  to  one 
if  them,  are  greater  than  the  same  three  together  with  that  cut 
iff  by  OS ;  that  is,  than  the  whole  circumference  of  the  cir- 
Je;  therefore  the  circumference  subtended  by  KB  is  grater 
ban  the  fourth  part  of  the  whole  circumference  oT  the  circle 
^OS,  and  consequently  the  angle  BZK  at  the  centre  is  great- 
T  than  a  right  angle :  and  because  the  angle  BZK  is  obtuse, 
he  square  of  BK  is  greater*^  than  the  squares  of  BZ,  ZK;Cl3.3. 
bat  is,  greater  than  twice  the  square  of  BZ.   Join  KV,  and 
ecause  in  the  triangles  KBV,  OBV,  KB,  BV  are  equal  to  OB, 
)V,  and  that  they  contain  equal  angles;  the  angle  KVB  is 
Qoal*^  to  the  angle  OVB:  and  OVB  is  a  right  angle;  there- d 4. 1. 
are  also  KVB  is  a  right  angle:  and  because  BD  is  less  than 
vice  DV,  the  rectangle  contained  by  DB,  BV  is  less  than 
fice  the  rectangle  DVB ;  that  is*,  the  square  of  KB  is  less  e  8.  6. 
ttn  twice  the  square  of  KV:  but  the  square  of  KB  is  greater 
lan  twice  the  square  of  BZ;  therefore  the  square  of  KV  is 
neater  than  the  square  of  BZ:  and  because  BA  is  equal  to 
K,  and  that  the  squares  of  BZ,  ZA  are  equal  together  to  tlie 
(uare  of  BA,  and  the  squares  of  KV,  VA  to  the  square  of 
K;  therefore  the  squares  of  BZ,  ZA  are  equal  to  the  squares 
KV,  VA ;  and  of  these  the  square  of  KV  is  greater  than  the 

3  O 
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B.  XII.  square  of  BZ;  therefore  the  square  of  VA  is  less  than  ttie 
^  v^^  square  of  ZA,  and  the  straight  line  AZ  greater  than  VA: 
much  more  then  is  AZ  greater  than  AG ;  because»  in  the  pre- 
ceding proposition,  it  was  shown  that  KV  falls  without  the 
circle  FGH:  and  AZ  is  perpendicular  \p  the  plane  KBOSi  and 
is  therefore  the  shortest  of  all  the  straight  lines  that  can  be  drawn 
from  A9  the  centre  of  the  sphere,  to  that  plane.  Therefore  the 
plane  KBOS  does  not  meet  the  lesser  sphere* 

And  that  the  oUier  planes  between  the  quadrants  BX|  KX 
fall  without  the  lesser  sphere,  is  thus  demonstrated:  from  the 
point  A  draw  A I  perpendicular  to  the  plane  of  the  quadrila- 
teral SOPT,  and  join  U);  and,  as  was  demonstrated  of  tl|e 
plane  KBOS  and  the  point  Z,  in  tlie  same  way  it  may  be  ahowA 
that  the  point  I  is  the  centre  of  a  circle  described  about  SOPT; 
and  that  OS  is  greater  tJian  PT ;  and  PT  was  shown  to  be  pa- 
rallel  to  OS:  therefore,   because   the  two  trapeziums  KBOS» 
SOPT  inscribed  in  circles  have  their  sides  BK,  OS  paralleli  as 
also  OS,  PT;  and  their  other  sides  BO,  KS,  OP,  ST  all  equal 
to  one  another,  and  that  BK  is  greater    than   OS,   and  OS 
aZlem.  greater  than  PT,  therefore  the  straight  line   ZB  is  greatet^ 
^'       than  10.     Join  AO  which  will  be  equal  to  AB;  and  because 
AI09  AZB  are  right  angles,  the  squares  of  AI,  lO  are  equal 
to  the  square  of  AO  or  6f  AB ;  that  is,  to  the  squares  of  AZ, 
ZB;  and  the  square  of  KB  is  greater  than  the  square  of  lO. 
therefore  the  square  of  AZ  is  less  than  tlie  square  of  AI ;  and 
the  straight  line  AZ  less  than  the  straight  line  AI :  and  it  waa 
proved  that  AZ  is  greater  than  AG;  much  more  tlien  is  AI 
greater  than  AG ;  therefore  the  plane  SOPT  falls  wliolly  with- 
out the  lesser  sphere:  in  the  same  manner  it  may  be  demon- 
strated that  the  plane  TPRY  falls  without  the  same  sphere,  aa 
also  the  triangle  YHX,  viz.  by  the  cor.  of  2d  lemma.     And 
after  the  same  way  it  may  be  demonstrated  that  all  the  planes 
"■vhich    contain  the   solid   polyhedron,    fall   without   the    lesser 
sphere.     Therefore  in  the  greater  of  two  spheres  which  have  the 
same  centre,  a  solid  polyhednni  is  described,  the  superficies  of 
wliir:h  does  not  meet  the  lesser  sphere.     Which  was  to  be  done. 

But  the  straight  line  AZ  may  be  demonstrated  to  be  greater 
than  AG  otherwise,  and  in  a  shorter  manner,  without  the  help 
of  prop.  16,  as  follows.  From  the  point  G  draw  GU  at  right 
angle?:  to  AG,  and  join  AU.  If  then  the  circumference  BE  be 
hisccted,  and  its  half  again  bisected,  and  so  on,  there  will  at 
lenr^tli  be  left  a  circumference  less  than  the  circumference 
which  is  subtended  by  a  straight  line  equal  to  GU,  inscribed  in 
the  circle  BCDE:  let  this  be  the  circumference  KB:  therefore 
the  siraigiit  line  KB  is  less  than  GU:  and  because  the  angle 
BZK  is  obtuse,  as  was  ptx)ved  in  the  preceding,  therefore  BK 
is  greater  than  BZ:  but  GU  is  greater  than  BK;  milch  mqtt 
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then  Is  GU  greater  than  BZ,  and  the  square  of  GU  than  the  B.  XII. 
•qaare  of  BZ;  and  AU  is  equal  to  AB;  thertTore  the  square  *^-^^-^ 
of  AU|  that  is,  the  squares  of  AG,  GU  are  equal  tt>  the  square 
of  AB,  that  is,  to  the  squares  of  AZ,  ZB  ;  but  the  square  of  BZ 
is  less  than  the  square  of  GU;  therefore  the  square  of  AZ  is 
greater  than  the  square  of  AG,  and  the  straight  line  AZ  con- 
sequently greater  than  the  straight  line  AG. 

CoR.  And  if  in  the  lesser  sphere  there  be  described  a  solid 
polyhedron,  by  drawing  straight  lines  betwixt  the  points  in 
which  the  straight  lines  from  the  centre  of  the  sphere  drawn 
to  all  the  angles  of  the  solid  polyhedron  in  the  greater  sphere 
meet  the  superficies  of  the  lesser ;  in  the  same  order  in  which 
are  joined  the  points  in  which  the  same  lines  from  the  centre 
neet  the  superficies  of  the  greater  sphere ;  the  solid  polyhe- 
droa  in  the  sphere  BCDE  has  to  this  other  solid  polyhedron 
the  triplicate  ratio  of  that  which  the  diameter  of  the  sphere 
BCD£  has  to  the  diameter  of  the  other  sphere:  for  if  these 
two-  solids  be  divided  into  the  same  number  of  pyramids,  and 
in  the  same  order,  the  pyramids  shall  be  similar  to  one  ano- 
fhetf  each  to  each ;  because  they  have  the  solid  angles  at  their 
common  vertex,  the  centre  of  the  sphere,  the  same  in  each  py- 
nmid^  and  their  other  solid  angle  at  the  bases  equal  to  one 
tnother,  each  to  each^  because  they  are  contained  by  three  «b.  11: 
plane  angles  equal  each  to  each :  and  the  pyramids  are  contained 
by  the  same  number  of  similar  planes ;  and  are  therefore  similar  b  b  11. 
to  one  another,  each  to  each  :  but  similar  pyramids  have  to  dcf.  11. 
one  another  the  triplicated^  ratio  of  their  homologous  sides. c cor. 8. 
Therefore  the  pyramid  of  which  the  base  is  the  quadrilateral  12. 
KBOS9  and  vertex  A,  has  to  the  pyramid  in  the  other  sphere 
of  the  tame  order,  the  triplicate  ratio  of  their  homologous 
BJkies ;  that  is,  of  that  ratio  which  AB  from  the  centre  of  the 
greater  sphere  has  to  the  straight  line  from  the  same  centre  to  ^' 
the  aiipcrficies  of  the  lesser  sphere*  And  in  like  manner,  each 
ffyramid  in  the  greater  sphere  has  to  each  of  the  same  order  in 
the  lesser,  the  triplicate  ratio  of  that  which  AB  has  to  the  sc- 
midiameter  of  the  lesser  sphere.  And  as  one  antecedent  is  to  its 
consequent,  so  are  all  the  antecedents  to  all  the  consequents. 
Wherefore  the  whole  solid  polyhedron  in  the  greater  sphere  has 
to  the  whole  solid  polyhedron  in  the  other,  thc^  triplicate  ratio 
of  that  which  AB,  the  semidiameter  of  the  first,  has  to  the  semi- 
fiameter  of  the  other;  that  is,  which  the  diameter  BD  of  thr 
greater  has  to  the  diameter  of  the  other  sphere. 
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PROP.XVnL   THEOH. 


1* 


SPHERES  have  to  doe  nodier  the  ti|pl^^ 
of  tfatt.irtucb  t^ifiam^^ 


•  * 


V 


L«t  ABCv  SEP  bt  tir»  il^icteti  of  Vid^  tte  di^^ 
EF,    Tbs  tplMK  ABC  liM,to  thci  tpbere  DJSFtbe 
tio  of  that  vUdi  AC  hrt  lo  EP.  r    y,.j 

Fo^  if  k^M  Mt»  the  iphoie  ABC  than  Imvo  :t6  o^  jpl^^ 
dur  iMi  or^gnMr  tfaui  DEP,  the  tripBi^  fitlov^  ip^ 
which  BC  hM  to  BF.    Flrs^  let  kfaoTBthatniftb  to  o  IbMia^^ 
.  lo  the  iphero.  GH)L ;  end  let  the  q^here .  DEP  hove  the  «tae 
ojr-lS.  centre  witU  OHK}  end  in  She  greater  sphere  DEF.  deecribe^ 


a  solid  poIyhedroOf  the  superficies  of  which  does  not  meet  the 
lesser  sphere  GHK ;  and  in  the  sphere  ABC  describe  another 
similar  to  that  in  the  sphere  D£F :  therefore  the  solid  polyhe* 
dron  in  the  sphere  ABC  has  to  the  solid  polyhedron   in  the 

h  cor.  17.  sphere  DEF,  the  triplicate  ratio  ^  of  that  which  BC  has  to  £F. 

^^  But  the  sphere  ABC  has  to  the  sphere  GHK,  the  triplicate  ra- 

tio of  that  which  BC  has  to  EF ;  therefore,  as  the  sphere  ABC 
to  the  sphere  GHK,  so  is  the  solid  polyhedron  in  the  sphere  ABC 
to  the  solid  polyhedron  in  the  sphere  DBF:  but  the  sphere 
ABC  is  greater  than  the  ^lid  polyhedron  in  it ;  thereforec  at* 
so  the  sphere  GHK  is  greater  than  the  solid  polyhedron  in  the 
sphere  DBF :  but  it  is  also  less,  because  it  is  contained  within 
i^  which  is  impossible:  therefore  the  sphere  ABC  has  not  to 
any  sphere  less  than  D£F,  the  triplicate  ratio  of  that  which 
BC  has  to  £F.,  In  the  same  manner,  it  may  be  demonstrated, 
that  the  sphere  DEF  has  not  to  any  sphere  less  than  ABC,  the 
triplicate  ;*atio  of  that  which  £F  has  to  BC.  Nor  can  the 
sphere  ABC  have  to  any  sphere  greater  than  DEF,  the  tripU* 
cate  ratio  of  that  which  BC  has  to  EF :   for,  if  it  can^  let  it 
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that  ratio  to  a  greater  sphere  LMN:  thdteforey  by  inver-  B.  Xlt 
the  sphere  LMN  has  to  the  q>here  ABC  the  triplicate  ratio  ' 
t  which  the  diameter  £F  has  to  the  diameter  BC.    But,  as 
ihere  LMN  to  ABC,  so  is  the  sphere  D£F  tasome  spheref 
I  must  be  lesa«  than  the  sphere  ABC}  because  the  sphere  ^^^^ 
'  is  greater  than  the  sphere  DBF:   therefore  the  sphere 
has  to  ^  sphere  less  than  ABC  the  triplicate  ratio  of  that 
I  £F  has  to  BC ;  which  was  shown  to  be  impossiUe :  there* 
he  sphere  ABC  has  not  to  any  sphere  greater  than  D£F  the 
:ate  ratio  of  that  which  BC  has  to  EF :  and  it  was  demon* 
df  that  neither  has  it  that  ratio  to  any  sphere  less  than  DBF* 
efore  the  sphere  ABC  has  to  the  sphere  DBF  the  trif^cate 
of  that  which  BC  has  to  EF.    Q.E.D. 
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?i- 


DEFINITION  i.    BOOK  I. 


:  is  necessary  (o  consider  a  solid,  that  is,  a  magnitude  tirhich  Book  t 
eo^th,  breadth,  and  thickness,  in  order  to  understand  aright 
definitions  of  a  point,  line,  and  superficies;   for  these  all 

frani  a  solid,  and  exist  in  it :    the  boundary,  or  bounda- 

which  contain  a  solid  are  called  superficies,  or  the  boun- 

wbich  is  common  to  two  solids  which  are  contiguous,  or 
h  divides  one  solid  into  two  contiguous  parts,  is  called  a 
rfides:  thus,  if  BCGF  be  one  of  the  boundaries  which 
lin  the  solid  ABCDEFGH,  oi*  which  is  the  common  boun- 

of  this  solid  and  the  solid  BKLCFNMG,  and  is  there- 
in the  one  as  well  as  in  the  other  solid  called  a  superficies, 
tias  no  thickness :  for,  if  it  have  any,  this  thickness  must 
r  be  a  part  of  the  thickness 
he   solid    AG,    or  the    solid 

or  a  part  of  the  thickness  of 

of  them.       It  cannot  be  a 

6f  the  thickness  of  the  solid 
;  because,  if  this  solid  be  re- 
id  from  the  solid  AG,  the 
rficics  BCGF,  the  bou!>dary 
le  solid  AG,  remains  stiH  the 
i  as  it  was.     Nor  can  it  be  a      A  B-  K 

of  the  thickness  of  the  solid  AG ;  because,  if  this  be  re- 
id  from  the  solid  BM,  the  superiicies  BCGF,  the  boundary 
e  solid  BM,  does  nevertheless  remain :  therefore  the  super-- 
i  BCGF  has  no  thickness,  but  only  length  and  breadth* 
ht  boundary  of  a  superficies  is  called  a  line,  or  a  line  is  the 
men  boundary  of  two  superficies  that  are  contiguous,  or 
h  divides  one  superficies  into  two  contiguous  parts :  thus, 
Z  be  one  of  the  boundaiies  which  contain  the  superficies 
)D,  or  which  is  the  common  .boundary  of  this  superficies, 
of  the  superficies  KBCL,  which  is  contiguous  to  it,  this 
tdary  BC  is  called  a  line,   and  has  no  breadth:    for  if  it 

any,  this  must  be  pp.rt  cither  of  the  breadth  of  the  super- 
I  AUCJi,  or  of  the  superficies  KBCl,*,  or  part  of  '         ^ 
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,-ltbBOt  put  <rf  ihebreiul'h  of  the 

bih'tf  ddinpemdei  be  amoved  from  the 


rperficies  KBCLs 

„, ^ .  iperficies  ABCD, 

dK  Hoe  BC|  wlAcIl  b  the  boun<taT7  of  the  superficies  ABCD, 
UMllm  tht  nnie  i»  it  nas :  nor  can  the  brea'lth  that  BC  ia  tap- 
poicj  to  hive  be  »p>K  of  the  breadth  of  the  vjperficics  ABCD) 
beCMKi  if  tUa  Sib  icmovei]  from  the  superfi<.<=s  K.OCL,  the  fiiw 
BC*  irbfch  iktlielfdaAdarr  of  the  superQcics  KBCL,  does  ne«^ 
fMCHlMUlli:' therefore  the  line  BC  hu  no  breadth  :  and  bt- 
CHMC  theBncBCisi  lupetficies,  and  that  a  superficies  hunt 
tirtrVmnTi  U  ww  ahown ;  therefore  a  Hoc  ba?  neither  brcidtk 
Mr  riikfciim>  harsttty  length. 

TtadMODduT  of  *■  line  is  called  a  point,     r  appoint  i*  "-- 


.■/    7  of  W 

'    thOM, 


I  fao 


vitXf  «r   estrcmii; 


_  _  tint  are  contiguous : 
.  if  B'bedie«zlieinit)' of  the  E 
line  AB,  ortbp. common  extremi- 
^  of  the  tm>  lioea  AB,  KB,  this 
cxUtiiuty  H  called  i  point,  and 
hw  m  lotBtbi  lor,  if  it  have 
tain  this  kntA' nut  cither  be 
iHrtorthe  leiKtfa  of  the  line  AB, 
or  tX  the -Boe  %A.  It  is  not  part 
of  Ae  tenjA  oiTKi;  for  if  the  line  KB  be  renoTcd  (rom  AB, 
diepoiM  JBi  whibbiathc  extremity  of  the  line  AB,  rcinaini  the 
tameuittru:  nor  is  it  part  of  the  lenj^thof  the  line  AB;  foe, 
if  AB  be  pemoTcd  frem  the  line  KB,  the  point  B,  which  is  the 
extremity  of  the.  line  KB,  does  nevertheleu  renuuni  then> 
fore  the  point  B  fau  no  length :  and  becauie  e  point  it  in  e  Unei 
eitd  a  line  has  neither  breadth  nor  thickneu,  ihereibre  n  point 
has  DO  length,  breadth,  nor  thickness.  And  in  this  manner  tbe 
def  nitiona  of  a  point,  line,  and  superficies  are  to  be  understood^ 

DEF.  VII.    B.  I. 

Instead  of  thisdefinition  as  it  is  in  the  Greek  copiet)  a  noOl 
disdna  one  is  given  from  a  prt^rty  of  a  plane  auperfichtj 
which  is  manifiEstly  supposed  in  the  Elements,  vis^  thatl 
straight  line  dnwa  from  an/  point  in  a  phute  U>  ray  other  in  i 
is  -wboUj  in  that  plane. 

DEF.  VUi.    B.  I. 

It  seems  that  be  who  made  this  definition  designed  (batfl 
should  comprehoid  not  only  a  plane  angle  contained  if  nfl 
straight  lines,  but  likewise  the  angle  which  some  coiigc»* 
be  made  by  a  straight  line  and  a  curre,  or  by  tWo  euitP 
which  meet  one  another  in  a  plane :  but,  though  tb 
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the  words  fir*  f^mr»  that  til,  in  a  straight  liney  or  iq  the  same  Book  L 
^tfrection,  be  plain,  whf n  two  straight  lines  are  said  to  be  in  a 
Waight  line,  it  does  not  appear  what  ought  to  |be  understood 
%f  these  words,  when  a  straight  line  and  a  curve,  or  two  curve 
|iaes,  are  said  to  [^  in  the  same  direction ;,  at  least  it  cannot  be 
ttplained  in  this  place ;  which  makes  it  probable  that  this  defi- 
JBtion,  and  that  of  the  angle  of  a  segment,  and  what  is  said  of 
angle  of  a  semicircle,  and  the  angles  of  segments,  in  the 
6th  and  31st  propositions  of  book  3,  are  the  additions  of  some 
MS  skilful  edir  r,:  on  which  account,  especially  since  they  are 
mte  useless,  t,^ese  definitions  are  distinguished  from  the  rest 
If  inverted  double  commas. 


DEF.  XVII.    B.L 


The  words,  '*  which  also  divides  the  circle  into  two  equal 
'  parts,"  are  added  at  the  end  of  this  definition  in  all  the  copies, 
but  are  now  left  out  as  not  belonging  to  the  definition,  being 
only  a  corollary  from  it.  Proclus  demonstrates  it  by  conceiving 
one  of  the  paits  into  which  the  diameter  divides  the  circle,  to 
be  applied  to  the  other ;  for  it  is  plain  they  must  coincide,  else 
Ihe  straight  lines  from  the  centre  to  the  circumference  would 
not  be  all  equal :  the  same  thing  is  easily  deduced  from  the  3  ist 
prop,  of  book  3,  and  the  24th  of  the  same ;  from  the  first  of 
which  it  follows  that  semicircles  are  similar  segments  of  a  cir* 
de:  and  from  the  other,  that  they  are  equal  to  one  another. 


DEF.  XXXIII.    B.  L 


^  This  definition  has  one  condition  more  than  is  necessary ;  be- 
quae  every  quadrilateral  figure  which  has  its  opposite  sides 
Squal  to  one  another,  has  likewise  its  opposite  angles  equal; 
m  ODlhe  contrary. 

Let  ABCD  be  a  quadrilateral  figure,  of  which  the  opposite 
rides  AB,  CD  are  equal  to  one  another;         A  D 

is  also  AD  and  EC:  join  BD;  the  two 
rides  AD,  DB  are  equal  to  the  two  CB, 
RDy  and  the  base   AB   is  equal  to  the 


jie  CD ;  therefore,  by  prop.  8,  of  book  ^  q 

^  'te  angle  ADB  is  equal  to  the  angle 

> ;   and,  by  prop.  4,  book  1,  the  angle  BAD  is  equal  to  the 
*»  OCB9  and  ABD  to  BDC ;  and  there  fore  also  the  angle 
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Book  f.  And  if  the  angle  BAD  be  equal  to  the  opposite  ang 
and  the  angle  ABC  to  ADC,  the  opposite  sides  are  trqi: 
cause,  by  prop.  32,  book  1,  all  the  angles  of  the  quad 
figure  ABCD  are  together  equal  to  A 

four  right  angleSt  and  the  two  angles 
Bad,  ADC  are  together  equal  to 
the  two  angles  BCD,  ABC:  where^ 
fore  BAD«  ADC  are  the  half  of  aU 
the  four  angles;   that  is,   BAD  and        ^ 
ADC  are  equal  to  two  right  angles :  and  therefore  AB, 
parallels  by  prop   iS^  B.  I.     In  the  same  nianner,  AD, 
parallels:  therefore  A^D  is  a  parallelogram,  and  ita< 
aides  are  equal,  by  prop.  34,  book  1* 


PROP.  VII.    B.  I. 

There  are  two  eases  of  this  proposition,  -oHe  of  whi< 
in  the  Greek  text,  but  is  as  necessary  as  the  other : 
the  case  left  out  has  been  formerly  in  the  text,  appean 
fit>m  this,  that  the  second  part  of  prop.  5,  which  is  ni 
to  the  demonstration  of  this  case,  can  be  of  no  use  at  a 
Elements^or  any  where  else,  but  in  this  demonstration: 
the  second  part  of  prop.  5  clearly  follows  from  the  fir 
and  prop.  13,  book  1.     This  pai^t  must  therefore  have  bet 
to  prop.  5,  upon  account  of  some  proposition  betwixt 
and  1 3th,  but  none  of  these  stand  in  need  of  it  except 
proposition,  on  account  of  which  it  has  been  added: 
the  translation  from  the  Arabic  has  this  case  explicitly 
stratcd.     And  Proclus  acknowledges,  that  the  second 
prop.  5  was  added  upon  account  of  prop.   7,  but  gives  i 
lous  reason  for  it,  '*t}iat  it  might  afford  an  answer  to  ob 
*'made  against  the  7tli,"  as  if  the  case  of  the  7th,  whic 
out,  were,  as  he  expressly  makes  it,  an  objection  a^a 
proposition  itself.     Whoever  is  curious,  may  read  what 
says  of  this  in  his  commentary  on  the  5th  and  7th  propc 
for  it  is  not  worth  while  to  relate  his  trifles  at  full  length 

It  was  thought  proper  to  change  the  enunciation  of 
prop.,   so  as  to  preserve  the  very  same  meaning;     thi 
translation  from  the  Greek  being  extremely  harsh,  and 
tn  be  understood  by  beginners. 
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Book  It 
PROP.  XI.    B.  L 

A  corollary  is  added  to  this  propo&itioni  which  is  necessary  to 
nop.  I9  B.  11,  and  otherwise. 


PROP.  XX  and  XXI.    B.  I. 

Proclusy  in  his  commentary^  relatesi  that  the  Epicureans  de- 
ided  this  proposiiioni  as  bein^  manifest  even  to  asses,  and  need* 
n^  DO  demonstration  ;  and  his  answer  is^  that  though  the  truth 
if  it  be  manifest  to  our  senscsi  yet  it  is  science  which  must  give 
he  reason  why  two  sides  of  a  triangle  are  greater  than  the  third: 
nit  the  right  answer  to  this  objection  against  this  and  the  3 1st, 
ind  some  other  plain  propositions,  is,  that  the  number  of  axioms 
mght  not  to  be  increased  without  necessity,  as  it  must  be  if  these 
propositions  be  not  demonstrated.  Mons.  Clairault,  in  the  pre- 
ioe  to  his  Elements  of  Geometry,  published  in  French  at  Paris, 
nn.  1741,  says.  That  Euclid  has  been  at  the  pains  to  prove, 
hat  the  two  sides  o^  a  triangle  which  is  included  within  another 
lit  together  less  than  the  two  sides  of  the  triangle  which  in» 
Mea  it ;  but  he  has  forgot  to  add  this  condition,  viz.,  that  the 
liangles  must  be  upon  the  same  base :  because,  unless  this  be 
idded,  the  sides  of  the  included  triangle  may  be  greater  than  th«. 
lides  of  tl^e  triangle  which  includes  it,  in  any  ratio  which  is  less 
hui  that  of  two  to  one,  as  Pappus  Alexandrinus  has  demoD- 
Kratedy  in  prop.  3,  B.  3,  of  his  maihenfatical  collections. 


PROP.  XXII.    B.  I. 

Some  authors  blame  Euclid,  because  he  does  not  demonstrate 
that  the  two  circles  made  use  of  in  the  construction  of  this 
int)bleift  must  cut  one  another:  but  this  is  very  plain  from  the 
determination  he  has  given,  viz.,  that  any  two  of  the  straight 
fines  DF,  FG,  GH  must  be  great- 
er  than  the  third:  for  who  is  so 
4ill,  'though  only  beginning  to  / 
fcarn  the  Elements,  as  not  to  per-   /  / 


ceiye    that    the    circle    described 

from  the  centre  Fi  at  the  distance 

PD,  must  meet  FH  bet-  *  M  F    G  H 

H,  because  FD  is  H 

iBd  that,  for  lb*  I?*  inwn  the  centre 

fi^  tt  the  difir  Xv  betwixt  O 
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Book  I.  and  G ;  and  that  these  circles  must  meet  one  anotheri  beean^ 
FEUand  GH  are  together  greater 
than  FG?  And  this  determina- 
tion is  easier  to  be  understood 
than  that  which  Mr*  Thomas 
Simpson  derives  from  it|  and  puts 

instead  of    £uclid*s   in   the    49th  

page  of  his^  Elements  of  Geome- DM  F  G  .  H 

try,  that  he  may  supply  the  omission  he  blames  Euclid  Cor; 
which  determination  is,  that  any  of  the  three  straight  lines  moit 
be  less  than  the  sum,  but  greater  than  the  difference  of  the  other 
two:  from  this  he  shows  the  circles  must  meet  one  anotheri  ia 
one  case ;  and  says,  that  it  may  be  proved  after  the  same  tauh 
ner  in  any  other  case :  but  the  straight  line  GM,  which  he  Indi 
take  from  GF,  may  be  greater  than  it,  as  in  the  figure  here  an- 
nexed ;  in  which  case  his  demonstration  must  be  changed  into 
another. 


PROP.  XXIV.    B.  I. 

To  this  is  added,  "  of  the  two  sides  DE,  DF,  let  DE  bt 
<<  that  which  is  not  greater  than  the  other ;"  that  is,  take  tbH 
side  of  the  two  DE,  DF  which  is  not  greater  than  the  other,  in 
order  to  make  with  it  the  angle  EDO  D 
equal  to  BAG ;  because,  without  this 
restriction,  there  might  be  three  differ- 
ent cases  of  the  proposition,  as  Campa- 
nus  and  others  make. 

Mr.  Thomas  Simpson,  in  p.  263  of 
the  second  edition  of  his  Elements  of 
Geometry,  printed  anno  1760,  observes, 
in  his  notes,  that  it  ought  to  have  been 
shown  that  the  point  F  falls  below  the 
line  EG ;  this  probably  Euclid  omitted, 
as  it  is  very  easy  to  perceive,  that  DG 
being  equal  to  DF,  the  point  G  is  in  the  circumference  of  a  ci^ 
cle  described  from  the  centre  D,  at  the  distance  DF,  and  must 
be  in  that  part  of  it  which  is  above  the  straight  line  EF,  because 
DG  falls  above  DF,  the  angle  EDG  being  greater  than  the  ii^ 
gle  EDF. 


PROP.  XXIX.    B.  I. 


I 


The  proposition  which  is  usually  called  the  5th  postulate,  or 
Ith  axiom,  by  some  the  12th,  on  which  this  29th  depends,  his 
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■i?en  a  great  deal  to  dO|  both  to  ancient  and  modern  geome-  Book  L 
en:  it  seems  not  to  be  properly  placed  among  the-  axiomsi  aS|  ^m*^-^ 
ideedi  it  is  not  self-evident ;  but  it  may  be  demonstrated  thus: 

DEFINITION  1. 

The  distance  of  a  point  from  a  straight  line^  Is  the  perpendi' 
nhir  drawn  to  it  from  the  point. 

DEF.  2. 

One  straight  line  is  said  to  go  nearer  to^  or  further  frora^ 
Mther  straight  lincf  when  the  distance  of  the  points  of  the  first 
om  the  other  straight  line  becomes  less  or  greater  than  they 
erCf  and  two  straight  lines  are  said  to  keep  the  same  distance 
om  one  another,  when  the  distance  of  the  points  of  one  of 
em  from  the  other  is  always  the  same. 

AXIOM. 

A  straight  line  cannot  firs^  come  nearer  to  another  straight 
let  and  then  go  further  from  it,  before    -^  3  O 

nits  it ;  and,  in  like  manner,  a  straight    "*'"^--*-  — . — ' 

w  cannot  go  further  from  another  D  E 

raight  line,  and  then  come  nearer  F      ^^^.^^ '      "^ —  H 

it;  nor  can  a  straight  line  keep.the  G 

me  distance  from  another  straight  line,  and  then  come  nearer 

it,  or  go  further  from  it;  for  a  straight  line  keeps  always  the 
ime  direction. 

For  example,  the  straight  line  ABC  cannot  first  come  nearer 
» the  straight  line  D£,  as  from  the  B 

mi  A  to  the  point  B,    and  then,  A  ~'  --•..^  P 

om  the  point  B  to  the  point  C,  goD^  -*—  ^  Seethe 

irther  from  the  same  DE:  and,  in  F  ■p^*-*-*^^^  fjf  ^^^^^ 

ke  manner,  the  straight  line  FGH  "  »bove. 

innot  go  further  from  OE«  as  from  F  to  G,  and  then,  from  G 
>  H,  come  nearer  to  the  same  DE :  and  so  in  the  last  case,  as 
I  figure  3. 

PROP.  1. 

If  two  equal  straight  lines,  AC,  BD,  be  each  at  right  angles 
the  same  straight  line  AB ;  if  the  points  C,  D  be  joined  by 
e  straight  line  CD,  the  straight  line  EF  drawn  from  any  point 
in  AB  unto  CD,  at  right  angle^to  AB,  shall  be  equal  to  AC, 
BD. 

If  £F  be  not  equal  to  AC,  one  of  them  must  be  greater 
an  the  other;   let  A9  be  the  greater;   then,  because  F£  is 


*  tine  AB  M  the  point  V  iban  at  the  "" 

pcnnt  C.  that  i&,  CP  coibcb  neaper 
to  AB  from  the  point  C  to  Fi  but  ' 
because  DB  is  greater  tban  FE, 
the  straight  line  CFD  i>  further 
from  AB  at  the  point  1)  than  at  F, 
that  is,  FD  Roes  further  from  AB 
from  F  lu  D  :  therefore  the  straight 

line  CFU  fir.it  tomes  nearer  to  the  straight  line  AB,  and  ibl 
goes  ftiithcr  from  it,  bi;fa<i-e  it  cuts  it  i  which  is  impobvble.  , 
FE  be  said  to  be  i^reatcr  than  C  A,  or  DB.  iht  straight  line  C 
first  goes  further  from  the  straight  line  AB,  aniJ  ih*n  coi 
nearer  to  it;  which  is  also  impossible.  'rhcn:fure  KE  bn| 
uneqndto  AC,  that  Ja,  it  i9«qual  lo  it. 


Vtwo  equal  strugbt'Itiiea  AC  BD  be  each  at  right  angl 
the  same  atraight  line  ABi  the  atreight  line  CD,  which 
their  extremiliea,  makes  right  angles  with  AC  and  BD. 

Join  AD,  BC;  and  becausei  in  the  Iriaitglcs  CABt  D] 
CA,  AB  are  equal  to  DB.  BA,  and  the  aii|;k  CAB  equt..^ 
the  angle  DBA;  the  base  BC  is  cijual  •  to  tlic  base  AD:  uA 
in  the  triangles  ACD,  BDC,  AC,  CD  are  equsd  to -80,,^ 
and  the  base  AD  is  equal  id  the  base     C  F        D|i 

BC:  therefore  the  angle  ACD  is 
etiual  ^  to  the  angle  IIDC:  from  any 
point  E  in  AB  draw  LF  unto  CD, 
at  right  angles  to  AB:  therefore,  by 
prop  1,  EF  is  equal  lo  AC,  or  BD; 
wherefore,  as  has  been  just  now 
shown,  llie  angle  ACF  is  equal  to  the  angle  EFC;  in  the 


.ngle  BDF  isequal  to  the  angle  EFD  t  but  the* 
gles  ACD,  BDC  are  equal;  therefore  the  angles  EFC  ai^QP 
c  10.  def.  are  equal,  and  right  angles  • ;   wherefore  alao  th*:  angles  ACA 
!■  BDC  are  right  angles. 

CoH.  Hence,  if  two  straight  lines  AB,  CD  be  at  right  am^ 
to  the  same  stiaiglii  line  .\C,  aud  if  betwixt  them  a  straight 
line  BD  be  drawn  at  right  angles  to  either  of  them,  as  to  ABJ 
llien  BD  is  equal  lo  AC,  and  BDC  in  aright  angle. 

If  AC  be  not  equal  lo  BD,  take  BG  equal  to  AC  «A 
join  C(t:  therefore,  by  this  pioposiiion,  the  angle  ACG  is  a 
right  angle;  but  ACU  is  also  a  tight  angle ;  wherefore  the  a* 
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gles  ACD9  ACG  are  equal  to  one  another,  which  is  impossible.  Bool^I. 
Therefore  BO  is  equal  to  AC ;  and  by  this  proposition  BDC  is  ^-«v-^ 
a  right  angle. 


PROP.  3. 

If  two  straight  lines  which  contain  an  angle  be  producedy 
there  may  be  found  in  either  of  theni  a  point  from  which  the 
perpendicular  drawn  to  the  other  shall  be  greater  tliun  any  given 
straight  line. 

Let  AB,  AC  be  two  straight  lines  which  make  an  angle  with 
one  another,  and  let  AD  be  the  given  straight  line ;  a  point  may 
be  found  either  in  AB  or  AC,  as  in  AC,  from  which  the  perpen* 
^ular  drawn  to  ihe  other  AB  shall  be  greater  than  AD. 

In  AC  take  any  point  £,  and  draw  £F  perpendicular  to 
AB ;  produce  A£  to  G,  so  that  EG  be  equal  to  AE  ;  and 
produce  F£  to  H,  and  make  EH  equal  to  F£,  and  join  HG. 
Because,  in  the  triangles  AEF,  GEH,  AE,  EF  are  equal  to 
GE,  EH,  each  to  each,  and  contain  equal  ^  angles,  the  angle  a  15.  1. 
ORE  is  therefore  equal  ^  to  the  angle  AFE,  which* is  a  right  b  4.  !•' 
angle  :  draw  GK  perpendicular  to  AB ;  and  because  the  straight 
lines  FK,  HG  are      ^  F  K  B  M 

at  right  angles  to 


In  the  same  man- 
ner, if  AG  be  pro- 
duced to  L,  so  that  GL  be  equal  to  AG,  and  LM  be  drawn 
perpendicular  to  AB,  then  LM  is  double  of  GK,  and  so  on. 
In  AD  take  AN  equal  to  FE,  and  AO  equal  to  KG,  that  is, 
to  the  double  of  FE,  or  AN  ;  also,  take  AP  equal  to  LM,  that 
is,  to  the  double  of  KG,  or  AO  ;  and  let  this  be  done  till  the 
straight  line  taken  be  greater  than  AD :  let  this  straight  line  so 
taken  be  AP,  and  because  AP  is  equal  to  LM)  therefore  LM  is 
greater  than  AD.     Which  was  to  be  done. 


PROP.  4. 

If  two  straight  lines  AB.  CD  make  equal  angles  EAB,  ECD 
with  another  straight  line  EAC  towards  the  same  parts  of  it  j 
AB  and  CD  are  at  right  angles  to  some  stnught  line. 

2Q 
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Book  I. 


A  15.  1. 
b4.  1. 


c  13.  1. 
d  14.  1. 
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Bisect  AC  in  f^  and  draw  FG  perpendicular  to  AB  ;  lake 
CH  in  the  straight  line  CD  cqnal  to  AO*  and  on  the  contrary 
side  of  AC  to  that  on  which  A(j  is,  and  join  FH :  therefore, 
in  the  triangles  AFG,  CFH,  the  sides  FA,  AG  arc  equal  to 
FC9  CH|  each  to  each,  and  tlie  angle 
FAG,  that  *  is,  EAB  is  nqual  to  the 
angle  FCII ;  wherefore  ^  the  angle 
AGF  is  equal  to  ClIF,  and  AFG  to 
the  angle  CFH :  to  these  last  add  the  . 
common  angle  AFH ;  therefore  the 
two  angles  AFG,  AFH  are  equal  to 
the  two  angles  CFH,  HFAy  which 

two  last  arc  equal  together  to  two    

right  angles  ^,  therefore  also  AFG,  C  H 
AFH  are  equal  to  two  right  angles,  and  consequently  ^  GFand 
FH  arc  in  one  straight  line*  And  because  AGF  is  a  right  angle, 
CHF  which  is  equal  to  it  is  also  a  right  angle  ;  therefore  the 
straight  lines  AB|  CD  are  at  right  angles  to  GH. 


!.;.  I 


PROP.  5. 

If  two  straight  lines  AB,  CD  be  cut  by  a  third  ACE  so  as 
to  make  the  interior  aiic^lcs  BAC,  ACD,  on  the  same  side  of 
it,  together  less  than  two  right  angles ;  AB  and  CD  being  pro- 
chircd  shall  meet  one  another  towards  the  parts  on  which  are 
the  two  angles  which  are  less  than  two  right  angles. 

At  the  point  C  in  the  sirai.cjht  line  CK  make  ■*  the  angle 
F.CF  equal  to  the  ani;lc  1C.\B,  and  draw  to  AB  the  straight 
line  CCi  at  right  angles  to  CF:  then,  because  llie  angles  ECf, 
EAB  arc  equal  to  one  an- 
other, and  that  the  an.^les 
1*C  1\  Ft'  A  are  together  c- 
anal  **  to  two  right  ani^les, 
the  angles  EAB,  FC  A  arc 
equal  to  two  right  angles. 
But, by  the.  hypothesis,  the 
.lUi^les  K  AB,  .VCD  are  to- 
ilet her  less  than  two  right 
;ui;;les;  therefore  the  angle  A  O  G 
I'i'A  is  i^rrater thanACi), 
aiul  (1)  iaIU  Iwiween  CF  and  AB  :  and  because  CF  and  CO 
iiiake  an  aiii^le  with  one  another,  by  prop.  :>  a  point  may  be 
!«'*.ind  in  eifher  of  ihrni  CD,  from  which  the  pcrpemlicular 
k\\\\\\\\  10  (T  shall  be  g'c^vtcr  tJian  the  slraip;!it  line  CG      Let 
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this  point  be  H,  itfid  draw  HK  perpendicular  to  CF,  meeting  Bool^  I. 
AB  in  L :  and  because  AB,  CF  contain  equal  angles  with  AC  ^--^r*^ 
on  the  same  side  of  it,  by  prop.  4,  Afi  and  CF  are  at  right  angles 
to  the  straight  line  MNO9  which  bisects  AC  in  N  and  is  perpen- 
dicular to  CF :  therefore,  by  cor.  prop.  3,  CG  and  KL  which  are 
al  right  angles  to  CF  are  equal  to  one  another:  and  HK  is 
greater  than  CG,  and  therefore  is  greater  than  KL»  and  conse- 
quently the  point  H  is  in  KL  produced.  W  herefore  the  straight 
line  CDH  drawn  betwixt  the  points  C,  H,  which  are  on  contrary 
aides  of  AI^i  must  necessarily  cut  the  straight  line  AL* 

PROP.  XXXV.    B.  I. 

The  demonstration  of  this  proposition  is  changed^  because,  If 
the  method  which  is  used  in  rt  was  followed,  there  would  be 
three  cases  to  be  separately  -tiemonstrated,  as  is  done  in  tho 
traDslation  from  the  Arabic ;  for,  in  the  Elements,  no  case  of  a 
proposition  that  requires  a  different  demonstration,  ought  to  be 
omitted.  On  this  account,  we  have  chosen  the  method  which 
Mons.  Clairault  has  given,  the  first  of  any,  as  far  as  I  know,  in 
his  £lemem|>  page  31,  and  which  afterward  Mr.  Simpson  gives 
in  his  page  32,  But  whereas  Mr.  Simpson  makes  use  of  prop. 
26,  b.  1,  from  which  the  equality  of  the  two  triangles  does  not 
immediately  follow,  because,  to  prove  that,  the  4  of  b,  1,  must 
likewise  be  made  use  of,  as  may  be  seen  in  the  very  same  case 
in  the  34  prop,  b.  1,  it  was  thought  better  to  make  use  only  of 
the  4  of  b.  1. 

PROP.  XLV.    B.  I. 

The  straight  line  KM  is  proved  to  he  parallel  to  FL  from  the 
33  prop. ;  whereas  KU  is  parallel  to  FG  by  construction,  and 
KHM,  FCL  have  been  demonstrated  to  be  straight  lines.  A 
corollary  is  added  from  Commandine,  as  being  often  used. 

PROP.  XIII.    B.  II.' 

In  this  proposition  only  acute  angled  triangles  are  mentioned.  Book  II 
*  whereas  it  holds  true  of  every  triangle :  and  the  demonstrations 
of  the  cases  omitted  are  added ;  Commandine  and  Cla^us  have 
likewise  given  their  demonstrations  of  these  cases. 

PROP.  XIV.    B,  II, 

In  the  demonstration  of  this,  some  Greekeditor  hasignorantly 
inserted  the  words  <^  but  if  not)  one  of  th«  two  BE,  £D  is  th^ 
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Book  II. «  greater ;  let  BE  be  the  greater,  and  produce  it  to  F,"  as  if  it 
was  of  any  consequence  whether  the  greater  or  lesser  be  pro- 
duced: therefore,  instead  of  these  words,  there  ought  to  be  read 
only,  *'  but  if  not,  produce  BE  to  F." 


PROP.  I.    B.  III. 

Book  III.  SOEVER  AL  authors,  especially  among  the  modem  matheipi- 
ticians  and  logicians  inveigh  too  severely  against  indirect  or 
Apagogic  demonstrations,  and  sometimes  ignorantly  enougih 
not  being  aware  that  there  are  some  things  that  cannot  be  de- 
monstrated any  other  way  :  of  this  the  present  proposition  is  a 
xery  clear  instance,  as  no  direct  demonstration  can  be  given  of 
it :  because,  besides  the  definition  of  a  circle,  there  is  no  princi- 
ple oi*  property  relatin^^  to  a  circle  antecedent  to  this  proUem, 
from  ivhich  either  a  direct  or  indirect  demonstration  can  be  de- 
duced :  wherefore  it  it  necessary  that  the  point  found  by  tli^ 
construction  of  the  problem  be  proved  to  be  the  centre  of  the 
circle,  by  the  help  of  this  definition,  and  some  of  the  preceding 
prcipositions :  and  because,  in  the  demonstration,  this  proposi- 
tion must  bebrou>;ht  in,  viz.  straight  lines  from  the  centre  oft 
circle  \o  the  circumference  are  equal,  and  that  the  point  found 
by  the  cons-iruction  cannot  he  assumed  as  the  centre,  for  this  is 
the  thing  to  be  demonstrated;  it  is  manifest  some  other  point 
Tnnst  be  assumed  as  the  centre  ;  and  if  from  this  assumption  in 
absurdity  follows,  as  Euclid  demonstrates  there  fnust,  then  it  is 
not  true  that  the  point  assumed  is  the  centre  ;  and  as  any  point 
whatever  was  assumed^  it  follows  that  no  point,  except  that  found 
by  the  construction,  can  be  the  centre,  from  which  the  necessity 
of  an  indirect  demonstration  in  this  case  is  evident. 


PROP  XIII.     B.  III. 

As  it  is  much  easier  to  imagine  that  two  circles  may  touch 
one  another  within,  in  more  points  than  one,  upon  the  same 
side,  than  npon  opposite  sides;  the  figiire  of  that  case  ought 
not  to  have  In  en  omitted  ;  but  the  construction  in  the  Greek 
text  wonld  iku  Ivive -suited  with  this  figure  so  well,  because  the 
centres  of  li-'  circles  must  have  been  placed  near  to  the  cir- 
cinnfer(  n*  cs  :  on  which  acco»int  another  construction  and  dc- 
monstrjii  )n  )s  trivin,  Mliich  is  the  same  with  the  second  part 
of  that   which   Campanus  has   translated  from   the   Arabic, 
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rhere  without  any  reason  the  demonstration  is  divided  into  Book  III. 
i¥o  pans. 

PROP.  XV.     B.  III. 

The  converse  of  the  second  part  of  this  proposition  is  want- 
igy  though  in  the  preceding,  the  converse  is  added,  in  a  like 
iSC)  both  in  the  enunciation  and  demonstration  ;  and  it  is  now 
ided  in  this.  Besides,  in  the  demonstration  of  the  first  part  of 
lis  1 5th,  the  diameter  AD  (see  Commandine's  figure)  is  proved 
I  be  greater  than  the  straight  line  BCy  by  means  of  another 
traiight  line  MN  ;  whereas  it  may  be  better  done  witliout  it  i 
D  which  accounts  we  have  given  a  different  demonstration, 
ke  to  that  which  Euclid  gives  in  the  preceding  Uth,  and  to 
wt  which  Theodosius  gives  in  prop.  6,  b.  1,  of  his  Spherics, 
V  this  very  affair. 

PROP.  XVI.    B.  III. 

In  this  we  have  not  followed  the  Greek  nor  the  Latin  trans- 
ition literally,  but  have  given  what  is  plainly  the  meaning  of 
tie  proposition,  without  mentioning  the  angle  of  the  semicircle, 
r  that  which  some  call  the  comicular  angle,  which  they  coi;- 
eive  to  be  made  by  the  circumference  and  the  straight  line 
fhkh  is  at  right  angles  to  the  diameter,  at  its  extremity ;  which 
ingles  have  furnished  matter  of  great  debate  between  some  of 
bo  modern  geometers,  and  giveti  occasion  of  deducing  strange 
ODsequences  from  them,  which  are  quite  avoided  by  the  man- 
icr  in  which  we  have  expressed  the  proposition.  And  in  like 
oanner,  we  have  given  the  true  meaning  of  prop.  3 1,  b.  3,  with* 
•lit  mentioning  the  angles  of  the  greater  or  lesser  segments  : 
hese  passages,  Vieta,  with  good  reason,  suspects  to  be  adulte- 
ated,  in  the  386th  page  of  his  Oper.  Math. 

PROP.  XX.    B.  III. 

The  first  words  of  the  second  part  of  this  demonstration, 
'  MwurrSv  /»  wfltxnr/*  are  wrong  translated  by  Mr.  Briggs  and 
^r.  Gregory  "  Rursus  inclinetur  ;*'  for  the  translation  ouf^ht 
p  be  ''  Rursus  inficctatur,*'  as  Gommandine  has  it :  a  straight 
ine  is  said  to  be  inflected  either  to  a  straight  or  curve  line, 
^ben  a  straight  line  is  drawn  to  this  line  from  a  point,  and 
f^om  the  point  in  which  it  meets  it,  a  straight  line  making 
h  angle  with  the  former  is  drawn  to  another  point,  as  is  evi- 
ent  from  the  90th  prop,  of  Euclid's  Data  :  for  this  the  whole 
ft  betwixt  the  ^rst  and  last  points,  is  inflected  or  broken  at 


1 


':,iu  NOTES. 

Book  III.  ilie  poini  oi  inlicction,  where  the  two  straight  lines  meet.  Ami 
in  the  like  sense  two  straight  lines  are  said  to  be  inflected  from 
two  points  to  a  third  point,  when  they  make  an  angle  at  tiiii 
point ;  as  inay  he  seen  in  the  description  given  by  Pappus 
Alcxandriniis  of  A{>oIlonius's  books  de  Locis  pjanis,  in  the  ( re- 
ilice  to*  his  7th  book :  we  have  made  the  expression  fuller  from 
(he  9uth  prop,  of  the  Data. 

PROP.  XXI.    B.  III. 

There  are  two  cases  of  this  proposition,  the  second  of  whick, 
tiz.  when  the  angles  arc  in  a  segment  not  greater  than  a  semi- 
(ircle,  is  wanting  in  the  Greek :  find  of  this  a  more  limpk 
demonstration  is  given  than  that  which  is  in  CommancfiDe,  is 
being  derived  only  from  the  first  case,  without  the  help  of  tri* 
unglcs. 

PROP.  XXIII.  and  XXIV.    B.  III. 

In  proposition  24  is  is  demonstrated,  that  the  segment  AFB 
must  coincide  with  the  segment  CFD,  (see  Commandine^ 
ligurc),  und  that  it  cannot  fall  otherwise,  as  CGD9  so  as  to  cot 
the  other  circle  in  a  third  \io\nX  G,  from  this»  that*  if  it  didt  1 
circle  could  cut  another  in  more  points  than  two :  but  this 
on;4:Iit  to  h'.ivebetn  proved  to  be  impossible  in  the  23d  prop,  is 
well  as  that  one  of  the  setjmcnis  cannot  fall  within  the  other: 
this  p:irt  then  is  loft  out  in  the  21th,  and  put  in  its  proper  place^ 
the  -3d  in-opositioii. 

PHOP.  XXV.     B.  III.  j 

Tl.i-^  proposition  is  divided  into  three  cases,  of  which  two 
Wiivc  tit'/  s,.inc  construction  and  demonstration  ;  therefore  it  is 
'I'j-.v  ilisiilvd  (.'nly  into  tv.o  cases. 

JUIOP.  XXXIII.     B.  III. 

ri  .^  u'.so  \i\  ii;c  Circck  is  divided  into  three  casesi  of  which 
?  •'».  vi;-..  (»ri.*  :n  \\\\](.h  the  }i;iven  angle  in  acute,  and  theothcrii 
^vl.uii  i-  ■;:,  r}bt«i*-o,  hnvo  exactly  the  same  construction  anddc- 
'.'..nr. i'.ri'  II  ;  on  which  account,  the  demonstration  of  thcltft 
■  a;."  Ls  left  (.lit  as  quite  su]>erlluous,  and  the  addition  of  some 
■  jskili?:!  editor ;  besides  the  demonstration  of  the  case  when  the 
aiii>lc  '^ivcn  is  a  rij^ht  angle,  is  done  a  roundabout  way,  and  is 
* ' ;. ;  I  for^  c  hanrred  to  a  more  simple  one,  as  was  done  by  Ckivius. 


I 


NOTES.  -^  311 

B<fok  III. 
PROP.  XXXV.     B.  III.  '       ^-v— ' 

t  25th  and  33d  propositions  are  divided  into  more  cases, 
5th  is  divided  into  fe^er  cases  than  are  necessary.  Nor 
;  supposed  that  Euclid  omitted  them  because  they  are 
)  he  has  given  the  case,  which  by  far  is  the  easiest  of 
,  viz.  that  in  nrhich  both  the  straight  lines  pass  through 
re :  and  in  the  following  proposition  he  separately  de- 
tcs  the  case  in  which  the  straight  line  passes  through  the 
ind  that  in  which  it  does  not  pass  through  the  centre : 
L  seems  Theon,  or  some  others  has  thought  them  too 
nsert :  but  cases  that  require  different  demonstrations, 
ot  be  left  out  in  the  Elements,  as  was  before  taken  no- 
these  cases  are  in  the  translation  from  the  Arabic,  and 
put  into  the  text. 

PROP.  XXXVII.     B.  III. 

!  end  of  this,  the  words,  <<  in  the  same  manner  it  may 
lonstrated,  if  the  centre  be  in  AC,"  are  left  out  as  the 
of  some  ignorant  editor. 

DEFINITIONS  OF  BOOK  IV. 

T  a  point  is  in  a  straight  line,  or  any  other  lines  this  Book  IV. 
>y  the  Greek  geometers  said  ao^na'^au,  to  be  upon,  or  in 
)  and  when  a  straight  line  or  circle  meets- a  circle  any 
one  is  said  aurrw^M  to  meet  the  other :  but  when  a 
line  or  circle  meets  a  circle  so  as  not  to  cut  it,  it  .is  said 
,  to  touch  the  circle  ;  and  these  two  terms  are  never 
iously  used  by  them :  therefore, in  the  fifth  definition  oi' 
:he  compound  i^tarrtroi  must  be  read,  instead  of  the 
rTMTdi:  and  in  the  Ist,  2d,  3d,  and  6th  definitions  in 
dlne's  translation,  *<  tangit,'*  must  be  read  instead  of 
;it  :"  and  in  the  2d  and  3d  definitions  of  book  3,  xheT 
nge  must  be  made :  but  in  the  Geek  text  of  propositions 
h,  1  Sth,  1 8th,  1 9th,  book  3,  the  compound  verb  is  to  be 
le  simple. 

PROP.  IV.    B.  IV. 

,  as  also  in  the  Sth  and  1  Sth  propositions  of  this  book« 
onstnited  indirectly,  that  the  circle  touches  a  straight 
^reas  in  the  17th,  33d,  and  37th  propositions  of  book 
me  thing  is  directly  demonstrated:  and  this  way  we 


la  Z2fi  proposidons  of  thiii  book,  at  itb 


PROP.  V.    B.  IV. 

"'rt  :i:'ncix<c-S2QQ  of  this  has  been  spoiled  by  some  unskilful 
r.   .     .  .-  :<i  :<:es  ooc  demonstnte^  a»  is  necessary,  that  the  iwo 

..:-..:  ic*^  «xch  bisect  tne  sides  of  the  Vliangle  at  right  angles 

x.r-.   iii£ttc  :ae  another ;  aud,  without  any  reason,  hedirides 

r  ***.':\:a:rca  into  three  cases ;  whereas,  one  and  the  same  con- 

.  .* .:  xz  I  demonstration  ser\-es  for  them  all,  as  Campura^ 
T  >  ..  :»^.**  c^  :  which  useless  repetitions  are  now  left  out:  the 
.  -.'.%  *^x:  siso  in  the  corollary  is  manifestly  vitiated,  where 
1  .  '-r.  *  n^de  cr  a  given  angle,  though  there  neither  is,  nor 
1   «:  ^y  i.".-r.j  i:i  !hc  proposition  relating  to  a  given  angle. 


».- 


PROP.  XV.  and  XVI.    B.  IV 

*-e  r.-rcil-rr  of  the  first  of  these,  the  words  equilateral 
- .  --'.c'll^  arc  wanting  in  the  Greek  :  and  in  prop.  16| 
-;e  A  BCD,  ought  to  be  read  the  circumfc- 
.f  .c  in?nlion  is  made  ol  its  containing  lificcQ 


.3 


DUF.  III.     B.  V. 

^  f 
*     \\V  .'';'"f  — v-vrn  r.i.\thorr..iiK\ins  reject  this  definition: 

,    .  ■      .       .'-.  !'>-.  B-r:ov-  has  e\'»'..Mied  it  ai  lar^c  a^'l.eend 

•   . ;:    -,  .^:":  ..  yc.ir  :o6?;.u  uiiich  also  lie  .  li  wcisthc     i 
-     .-.r  ..,:-   .'.   "  .:*  ^*«?ll  ab  tiie  subject  would  allow:     j 
fc       .    •  •,  ^-  ■.  c.'«r>  '^^  *'.■  inion  upon  the  wliole,  as  follows: 
.?'-..   :r  •  .:.  ..  '.^•i*  '^e  author  hud,  perhaps^  no  other 
.  :-     .   •■  .K    ^  ".  ::>  ^ic-:i.u:ion,  than,  (thut  Jie  might  more 
.■\-...'  .^ :  .  c  :.r..i.i<h  hi»  S'.ihje»:t)  to  R^ivc  a  general 
■..»    :.i.'.  o:'  ratio   to   boijciiiners,    by   premising 
.-..  *   \<:v:. .    ■t'^.n-.t.on.  to  the  in^.re  accurate  dcfini- 
u'..  ■*  :  .i:  .t.t'  '^^  ajimc  to  one  another,  or  one  of 
.>  c  c-'.w~'  ^"*"  '<^>5  than  the  other:   I  call  it  a  nieta* 
.  •  ^'..'.  :.r  i:  i>  rot  ^^roperly  a  mathematical  d -finiiion, 
•  >     . .  :  .ih  7.*:  »:i  n^^iliciviatic*  depi*n:is  on  it,  or  is  deduced, 
-.  .  a>    I      .v.c^*-  »-'-i'^  be  deduced  iVom  it :  and  the  defini- 
•-  ...  '   .:  ^-^c;;)*  ^:  :ii  follows,  viz.   Analogy  is  the  simi- 


NOTES.  SIS 

e  of  ratios,  is  of  the  same  klndi  a^d  can  serve  for  no  Book  V. 
ose  in  mathematics,  but  only  to  give  beg^iDners  9oni&*""~r"~' 
ral,  though  |>ross  and  confused  notion  of  analogy:  but 
f  hole  of  the  ductrineofr^itios,  and  the  whole  of  mathcma- 
depend  upon  the  uccurate  mathematical  definitions  which 
w  this:  to  these  we  ought  principally  to  attend,  as  the 
ine  of  ratios  is  more  perfectly  explained  by  them  :  this 
,  and  others  like  it,  may  be  entirely  spared  without  any 
:o  geometry  ;  as  we  see  in  the  7th  book  of  the  Elementsi 
e  the  proportion  of  numbers  to  one  another  is  deRned, 
rcated  uf,  yet  without  giving  any  definition  of  the  ratio 
imbers ;  though  such  a  definition  was  as  necessary  and 
il  to  be  given  in  that  book,  as  in  this :  but  indeed  there  is 
e  any  need  of  it  in  either  of  them :  though  I  think  that 
ng  of  so  general  and  abstracted  a  nature,  and  thereby  th« 
:  difiicult  to  be  conceived  and  explained,  cannot  t>e  more 
nodiously  defined  than  as  the  author  has  done:  upon  ^ 

Il  account  I  thought  fit  to  explain  it  at  large,  and  defend 
linst  the  capiious  objections  of  those  wlio  kttack  iu"  To 
ation  from  Dr.  Barrow  1  have  nothing  to  add,  except  that 
believe  the  3d  and  8lh  definitions  arc  not  £uclid's>  but 
>y  some  unskilful  editor. 


DEF.  XI.    B.  V. 

is  necessary  to  add  the  word  "  continual"  liefore  "  pro- 
onal«"  in  this  definition ;  and'thus  it  is  cited  in  the  33d 

r  this  definition  ought  to  have  followed  the  definition  of 
jnd  ratio,  as  this  was  the  proper  place  for  it;  duplicate 
)licate  rutio  being  species  of  compound  ratio.  But  Theon 
deit  the  5  th  def.  of  book  6,  where  he  gives  an  absurd  and 
/  useless  dcliniilon  of  compound  ratio  :  for  this  reason 
ipldced  another  definition  of  it  betwixt  the  11th  and  13th 
book,  which,  no  doubt,  Euclid  gave  ;  for  he  cites  it  ex- 
in  prop.  23,  book  6,  and  which  Clavius,  Herigon,  and 
have  likewise  given,  but  they  retain  also  Theon's,  vhich 
ight  to  have  left  out  of  the  Elements. 


DEF.  XIII.    B.  V. 

,  and  the  rest  of  the  definitions  following,  contain  the  ex- 
in  of  some  terms  which  are  used  in  the  5th  and  following 
which,  except  a  few,  are  easily  enough  understood  from 
3  R 


SU  NOTES. 

Book  V.  the  propositions  of  this  book  where  they  are  first  mentioned: 
they  seem  to  huve  been  added  by  Thcun>  or  some  other.  How- 
ever it  be,  tht-y  are  explained  sometliiiig  more  distinctly  for  the 
sake  of  learners. 


PROP.  IV.    B.  V. 

In  the  construction  preceding^  the  demonstration  of  thisitbe 
words  i  %Tvx^  any  MV'hutovcr,  are  twice  wanting  in  the  Greek|U 
also  in  the  Latin  translations  ;  and  are  now  added}  as  being  whol- 
ly necessary. 

Ibid,  in  the  demonstration  ;  in  the  Greeki  and  in  the  Latin 
translation  of  Co  mm  and  ine,  and  in  that  of  Mr.  Henry  Brigjpf 
which  was  published  at  London  in  1620,  together  wub  the 
Greek  text  of  the  first  six  books,  which  translation  in  this  place 
is  followed  by  Dr.  Gregory  in  his  edition  of  Euclid^  there  is  tMs 
sentence  following,  viz.  *'  and  of  A  and  C  have  been  takes 
'<  equimuliiples  K,  L ;  and  of  B  and  D,  any  equimultiple! 
*'  whatever  (*  itw^O  ^^  N ;"  which  is  not  true,  the  words 
<<  any  whatever,"  ought  to  be  left  out:  and  it  is  strange  tbit 
neither  Mr.  Briggs,  who  did  right  to  leave  out  these  words  ia 
one  place  of  prop.  1 3  of  this  book,  nor  Dr.  Gregory,  who  chan- 
ged them  into  the  word  "  some"  in  three  places,  and  left  them 
out  in  a  fourth  of  ihat  same  prop.  I  :>,  did  not  also  leave  them 
out  in  this  place  of  pn)p.  U  and  in  the  second  of  the  two  places 
where  they  occur  in  prop.  17,  of  this  book,  in  neither  of  which 
they  can  stand  consistent  \\\\\\  truth :  and  in  none  of  all  these 
places,  even  in  those  which  tliey  corrected  in  their  Latin  trans- 
laiion,  have  ihcy  cancelled  the  words  i  «Ty>i  in  the  Greek  text? 
as  ihcy  ouglu  lo  have  done. 

The  same  wonls  i  i-rix^tyvc  found  in  four  places  of  prop.  lU 
<if  this  book,  in  the  fir^t  and  last  of  which  they  arc  nccessar)', 
hut  in  ihc  second  and  ihiul,  tium^h  ihey  are  true,  they  are  quite 
superihu^us;  as  they  likcuist:  are  in  the  second  of  the  two  places 
in  which  tticy  arc  found  in  the  l^th  prop,  and  in  the  like  pUces 
of  prop.  3'2,  'J3,  of  this  book  ;  bii  are  wanting  in  the  last  place 
of  prop.  23,  as  also  in  prop.  23,  book  1 1. 


COPv.  IV.  PROP.     B.  V. 

'I'liis  cnrnllnry  has  been  unskilfully  annexed  to  this  propo- 
sition, and  has  been  inailc  instead  of  the  legitimate  demon- 
stration, wiiicii,  \MUiout  :i'  j!)t,  Theo?.,  or  some  other  editor, 
has  taken  away,  not  IVoai  this,  but  from  its  proper  place  ia 
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3k  :  the  aulhor  of  it  designed  to  dcroonstratej  that  if  four  Book  V. 
udes  E,  G,  Fy  H  be  proportionals,  thej?  are  also  propor- 
invcrsely  ;  that  is,  G  is  to  E,  as  H  to  F ;  which  is  true  ; 

demonstration  of  it  does  nqt  in  the  least  depend  upon 
1  prop,  or  its  demonstration  :  for,  when  he  says, ''  be- 
\  it  is  demonstrated  that  if  K  be  greater  than  M,  L  is 
er  than  N,"  &c.  This  indeed  is  shown  in  the  demon- 
\  of  the  4th  prop,  but  not  from  this,  that  E,  G,  F,  II  are 
:ionals  ;  for  this  last  is  the  conclusion  of  the  proposition, 
fore  these  words,  ^^  because  it  is  demonstrated,"  &c.  ar« 
foreign  to  his  design  ^  and  he  should  have  proved,  that 

greater  than  M,  L  is  greater  than  N,  from  this,  that 
t*%  H  are  proportionals,  and  from  the  5th  def.  of  this 
rhich  he  has  not ;  but  is  done  in  proposition  B9  which  we 
ven  in  its  proper  place,  instead  of  this  corollary ;  and 
'  corollary  is  placed  after  the  4th  prop,  which  is  often  of 
)d  is  necessary  to  the  demonstration  of  prop.  1  a  of  thia 


PROP.  V.    B.  V. 


ie  construction  which  precedes  the  demonstration  of 
^position,  it  is  required  that  EB  may  be  the  same  mui- 
CG,  that  AE  is  of  CF ;  that  is,  that  EB  be  divided 
many  equal  parts,  as  there  are  parts  in  AE  equal  to 
om  which  it  is  evident,  that  this  construction  is  not 
s  ;  for  he  does  not  show  the  way  of  dividing  straight 
nd  far  less  other  magnitudes,  into  any  number  of  eqiud 
ntil  the  9th  proposition  of  Book  6 ;  and  he  never  requires 
Dg  to  be  done  in  the  construction,  of  which  be  haid  not 
g;iven  the  method  of  doing.  For  this  rea- 
t  have  changed  the  construction  to  one,  a 
without  doubt,  is  Euclid's,  in  which  no- 
.  required  but  to  add  a  magnitude  to  itself  £  jl 
.n  number  of  times  ;  and  this  is  to  be  found 
translation  from  the  Arabic,  thoutrh  the 
tion  of  the  proposition  and  the  demonstra- 
;  there  very  much  spoiled.  Jacobus  Pelcta- 
ho  was  the  first,  as  far  as  I  know,  who  took  ^  ^ 
)f  this  error,  gives  also  the  right  construc- 
his  edition  of  Euclid,  after  he  had  given  the  other  which 
ics.  He  says,  he  would  not  leave  it  out,  because  it  was  fine, 
;ht  sharpen  one's  genius  to  invent  others  like  it;  whereas 
not  the  least  difference  between  the  two  demonstratiousi 
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BookV.  except  a  single  word  in  the  constractioDy  which  very  pr6l>ably 
has  been  owing  to  an  unskilful  librarian.  Clavius  likewise  gives 
both  the  ways ;  but  neither  he  nor  Peletarius  takes  notice  of  ihe 
reason  why  the  one  is  preferable  to  the  other. 


PROP.  VI.     B.  V. 

There  are  two  cases  of  this  proposition,  of  which  only  the  first 
and  simplest  is  demonstrated  in  the  Greek :  and  it  is  probable 
Theon  thought  it  was  sufficient  to  give  this  oney  since  he  was  to 
make  use  of  ntrither  of  tiiem  in  his  mutilated  edition  of  the  Sth 
book ;  and  he  mij^ht  as  well  have  left  out  the  other,  as  also  the 
5th  proposition,  for  the  same  reason.  The  demonstration  of  the 
other  case  is  now  added,  because  both  of  them,  as  also  the  5th 
proposition,  are  necessary  to  the  demonstration  of  the  18th  pro- 
position of  this  1>ook.  The  translation  from  the  Arabic  gifes 
botli  cases  briefly. 


PROP.  A.    B.  V. 

This  proposition  is  frequently  used  by  geometers,  and  it  is 
necessary  in  the  25th  prop,  of  this  bookt  3 1st  of  the  6tb,  and 
34th  of  the  1 1th,  and  I5lh  of  the  I2th  book.     It  seems  to  have 
been  taken  out  of  the  Elements  by  Theon,  because  it  appeared 
evident  enouj2;h  to  him,  and  others,  who  substitute  the  confused 
aiul  indistinct  idea  the  vulgar  have  of  proportionals,  in  place 
of  that  accurate  idea  which  is  to  be  got  from  the  5th  definition 
of  this  book.    Nor  can  there  be  any  doubt  that  Eudoxus  or  Eti- 
did  gave  it  a  place  in  the  Elemenls,  when  wc  see  the  7th  and 
9th  of  the  same  book  demonstrated,  thouj^h  they  are  quite  as 
easy  and  evident  as  this.     Alphonsus  Borellus  takes  occasion 
from  this  proposition  to  censure  the  5th  definition  of  this  book 
very  severely,  but  most  unjustly.     In  p.  126  of  his  Euclid  res- 
tored, printed  at  Pisa  in  1 658,  he  says,  '*  Nor  can  even  this  least 
"  deti^rce  of  knowledv^e  be  obtained  from  the  foresaid  property," 
viz.  that   which    is  contained  in    5th  def.  5.     "  That,  if  four 
"  ma5>:nitu(les  be  proportionals,  the  third  must  necessarily  b« 
"  j;reater  than  the  fourth,  when  the  first  is  greater  than  the 
''second;  as  Clavius  acknowledi^cs  in  the   16th  prop,  of  the 
*'  5ih  hrjok  of  the  Elements.'*     But  thouj^h  Clavins  makes  no 
such  acknowledgment  ex]>rcssly,  he  has  ^iven  Borellns  a  han- 
dle to  say  this  of  him  ;  because  when  Clavios,  in  the  above 
ci'ed  plrice,  censures  Comniandine,  and  that  very  justly,  fordc* 
monst rating  this  pro])osition  by  help  of  the  16th  of  the  fifth » 
yet  he  himself  gives  no  demonstration  of  it,  but  thinks  it  pli*^ 


/- 
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from  the  nature  of  proportionals,  as  he  writes  in  the  end  of  the  Book  V. 
1 4ih  aiirf  1 6ih  piwp,  book  5  of  his  edition,  and  is  followed  by  ^  '  w  ■-' 
Hcric^on  in  bchol.  1,  prop.  14th,  book  5,  as  if  there  was  any  na- 
ture of  pro|K)riionais  antecedent  lo  that  which  is  to  be  derived 
and  understood  from  the  definiiionaf  them.  And, indeed,  though 
it  is  very  easy  to  give  a  light  demonstratian  of  it,  nobody,  as  far 
as  I  know,  has  given  one,  except  the  learned  Dr.  Barrow,  who, 
in  answer  to  Borellus's  objection,  demonstrates  it  indirectly. 
but  very  briefly  and  dearly,  from  the  5th  definition,  in  the  333d 
page  of  his  Lect.  Mathcm.  from  which  definition  it  may  also 
be  easily  demonstrated  directly.  Un  which  account  we  have 
placed  it  next  to  the  propositions  co Deeming  equimultiples. 


PROP.  B.    B.  V. 

This  also  is  easily  deduced  from  the  5th  def.  b.  5,  and  there- 
fbre  is  placed  next  to  the  other ;  for  it  was  very  ignnrantly  made 
1  corollary  from  the  4th  prop,  of  this  book.  Sjee  the  note  on 
thit  corollary. 


PROP.  C.     B.  V. 

This  IS  frequently  made  use  of  by  geometers,  and  is  necessary 
to  the  5th  and  6ih  propositions  of  the  lOth  book.  Clavips,  in 
bis  notes  subjoined  to  the  eth  dcf.  of  book  5,  detnonstrates  it 
<nly  in  numbers,  by  help  of  some  of  the  propositions  of  the  7th 
book;  in  order  to  demonstrate  the  property  contained  in  the  5th 
dcfinilion  of  the  5th  book,  when  applied  to  numbers,  from  the 
pnqjerty  of  proportionals  contained  in  the  20th  def.  of  tlie  ?th 
hook.  And  most  of  the  commentators  judge  it  difficult  to  prove 
thit  four  magnitudes  which  are  proportionals  according  to  the 
loth  def.  of  7th  book,  arc  also  proportionals  according  to  the 
ath  dcf.  pr  5th  book.     But  this  is  easily  made  out,  as  follows : 

First,    If  A,  B,   C,    D   be    four  ^ 

iDignitudes,   such    that    A    is    the    „ 
tune  multiple,  or  the  ^me  part  of 
fl,  which  C  is  of  D  ;  A,  B.  C,  D  are 
(Kportionals.     This  is  demonstrat- 
(diD  proposition  C. 

Secondlv,  If  AB  contain  the  same 
pvis  of  CD,  that  EF  does  of  OH  ; 
ttlMs  case  likewise  AB  is  to  CD, 
uEFtoGH.  J 


NOTES. 

V.     Let  CK  be  a  part  of  CD,  and  GL  Ihe  ume  put  of  CH ; 

^^and  let  AB  h«:  the  sume  multiple  of  ^ 

CK,  that  Er  is  of  GL :  therefore,  „  ' 

by  prop.  C,  of  3th  book.  AB  is  to  "      ^  " 

CK,  ai  EF  tp  GL:    and  CD,  GH  ^ 

are  equimultiplea  of  CK,   GL  the 
second   and  fourth  ;    wherefore,   ay  ^  _  _ 

cor.  prop.  4,  book  S,  AD  is  to  CD,  ^. ^ 

as  El-  to  GH.  *-  J 

And  if  four  tnagnitudea  be  pro*  A  C  E  G  lil 
portionali  accordin;;  to  the  5th  def. 

of  book  5,  they  arc  also  proportionals  according  to  the  30tli  dct    : 
ofbook  r. 

First,  If  A  be  to  B,  as  C  to  D ;  tlicn  if  A  be  anr  multiple  or 
part  of  B,  C  is  the  same  mulUple  or  part  of  D,  by  prop.  D,  ef    > 
book  5. 

Next,  If  AB  be  to  CD,  as  EF  to  GH  ;  then  if  AB  contnm 
Mijr  parts  of  CD,  El'  contains  the  same  parts  of  GH :  lor  let 
CK  be  a  part  of  CD,  and  GL  the  same  part  of  GH,  and  Id 
AB  1>e  a  multiple  of  CK ;  EF  is  the  same  multiple  of  GL; 
take  M  tlie  same  multiple  of  GL  that  AB  is  of  CK  ;  there- 
fore by  prop.  C,  ofbook  5,  ABistoCK,  as  M  to  GL  ;  and  CD, 
CH  arc  equimultiples  of  CK,  GL  :  wherefore  by  cor.  prop.  4, 
b.  .1,  AB  is  to  CD,  as  M  to  GH.  And,  by  the  hypothesis,  AB 
is  to  CD,  OS  EF  to  GH  ;  thurcforc  M  is  eqxial  to  EF,  by  prop.  . 
9,  book  5,  and  cuniicquuktiy  E1-'  is  tbu  same  multiple  of  GL 
that  AB  is  of  CK. 

PROP.  D.     B.  V. 

This  is  not  iinrrc<]ucnily  used  in  the  demonstraiion  of  olli« 
proposition!',  and  is  nccessjry  in  iliai  of  prop.  0,  b,  6.  It  seems 
Thcon  has  left  it  out  fur  ibe  reason  mentioned  in  the  notes  >t 
prop,  A.  i 

PROP.  VIII.     B.  V. 

In  the  demonstration  of  this,  as  it  is  nnw  in  the  Creek) 
there  urc  two  cuhcs  ;kcc  the  demonstration  in  Herva|>ii]s,  or 
Dr.  Gregory's  edition],  of  which  tlit  first  is  that  in  which  AE 
i-i  less  th;in  EB;  iintl  in  this  it  nect-ssarily  follows,  that  H8 
the  niuliiplu  of  EB  is  greater  than  ZH,  the  same  multiple  ol 
AE,  which  last  multiple,  by  ibe  construction  is  greater  than  i' 
whence  aho  H0  must  be  greator  than  i.  Bui  in  the  second 
case,  VIZ.  th:it  in  wliich  EB  is  less  than  AE,  though  ZIl  be 
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lan  A  yet  He  may  be  less  than  the  satiM  A ;  go  th&t  BookT. 
■not  be  taken  a  niuliiple  of  A  which  is  the  first  that  ia*— v*' 
lan  K  or  He  because  A  itself  is  greater  than  it :  up- 
count,  the  author  of  this  demonstration  fbimd  it  oe> 
•  change  une  part  of  the  construction  that  wu  made 
the  first  case :  but  he  has,  without  any  necesBityt 
ilso  another  part  of  it,  viz.  when  he  orders  to  take 
Qultiple  of  A  which 
C  that  is  greater  than 
he  might  have  taken 
pie  of  A  which  is  the 
is  greater  than  He,  H-  - 
ras  done  in  the  first 
ikewise  brings  in  this 
le  demonstration  of 
'.»,  without  any  rea- 
t  serves  to  no  purpose 
[then  the  demonst  ra- 
re ia  also  a  third  case, 


B  A 


B    A 


lOt  mentioned  in  this  demonstration,  viz.  that  in  wliich 
e  first,  or  EB  in  tlie  second  of  the  two  other  cases,  is 
lan  D  i  and  in  this  any  equimultiples,  as  the  doid>les, 
B  are  to  be  taken,  as  is  done  in  tUs  edition,  where  all 
are  at  once  demonstrated  :  and  from  this  it  is  plaia 
o,  or  some  other  unskilful  editor,  baa  vitiated  this  pro- 


PROP.  IX.    B.  V. 

I  there  is  given  a  more  explicit  demonatration  than 
h  is  now  in  the  Etementa. 

PROP.  X.    B.  V. 

lecessary  to  give  another  demonstration  of  this  pro- 
)ecause  that  which  is  in  the  Greek  and  I^tin,  or  other 
is  not  legitimate :  for  the  words  grtater,  the  rame, 
letter,  have  a  quite  different  meaning  when  applied 
udes  and  rados,  as  U  plain  from  the  5th  and  7th  de- 
if  book  5.  By  the  help  of  these  let  us  examine  the 
ation  of  ihe  lOth  prop,  which  proceeds  thus  :  "  Let  A 
C  a  greater  ratio,  than  B  to  C :  I  say  that  A  is  greater 
For  if  it  is  not  greater,  it  is  either  equal,  or  leas, 
cannot  be  equal  to  B,  because  then  each  cf  them 
lave  the  same  ratio  to  C  ;  but  they  have  not.  There- 
is  not  equal  to  B."     The  fotce  of  which  reasoning  is 
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Book  V.  tliis,  if  A  had  lo  C,  the  same  ratio  that  B  has  to  C,  then  if 
any  cquimuliiplcs  wiialcver  of  A  and  B  be  taken,  and  any 
nuiltiplc  whatever  of  C  ;  if  the  multiple  Oi  A  be  p^reater  than 
the  multiple  of  C,  then,  by  the  5tli  def.  of  b^Kik  5,  the  multiple 
of  B  is  also  greater  iliati  that  of  C ;  but,  from  the  hypothesis 
that  A  has  a  greater  ratio  to  C^  than  B  has  to  d  there  must, 
by  the  7th  def.  of  book  :>,  be  certain  equimultiples  of  A  £Uid  B, 
and  some  multiple  of  C  such,  that  the  multiple  of  A  is  greater 
than  the  multiple  of  C,  but  the  multiple  of  B  is  not  greater 
than  the  same  multiple  of  C ;  and  this  proposition  directly 
contradicts  the  preceding;  wherefore  A  is  not  equal  to  B. 
The  demonstration  of  the  lOth  prop,  goes  on  thus  :  *^  But  nei« 
^'  ther  is  A  less  than  B ;  because  then  A  would  have  a  less  ra- 
'^  tio  to  C,  than  B  has  to  it  ■-  i>ut  it  has  not  a  less  ratio,  there* 
^'  fore  A  is  not  less  than  B,"  Sec.  Here  it  is  said,  that ''  A 
*'  would  have  a  less  ratio  to  C,  than  B  has  to  C/'  or»  which 
is  the  same  thing,  that  B  would  have  a  greater  ratio  to  Ci 
than  A  to  C  ;  that  is,  by  7th  def.  book  5,  there  must  l>e  some 
equimultiples  of  B  and  A,  and  some  multiple  of  C  such,  that 
the  multiple  of  B  is  greater  than  the  multiple  of  C,  but  the  • 
multiple  of  A  is  not  greater  than  it :  and  it  ought  to  have 
been  proved  that  this  can  never  happen  if  the  ratio  of  A  to 
C  be  greater  than  the  ratio  of  B  to  C ;  that  is,  it  should  have 
been  proved,  thai,  in  this  case,  the  mulliplc  of  A  is  always  p:rcal- 
cr  I  ban  the  nuiiliple  of  (',  whenever  the  mu  III  pie  of  B  is 
grcAier  than  the  n)ullii)le  of  C  ;  tor,  wiien  ih.«5  is  dcmonslraud, 
it  will  l)e  exident  tlial  IJ  cannot  liave  a  ijre.iter  ra.i«»  to  C,  than 
A  h.is  lo  C,  or,  which  is  the  same  Uiini^;,  that  A  cannot  have  a 
less  ratio  to  C,  than  B  has  to  C ;  but  this  is  not  at  a!!  proved 
in  the  lOiii  proposition;  but  if  the  lOlh  were  uncc  demonsuutcd, 
it  would  inmiediatelv  follow  from  it,  but  cannot  wiilioui  it 
be  easily  demonstrated,  as  he  that  trios  to  <loi!  will  ,ind.  Where- 
fore the  lOth  proposition  is  noi  sulTiciently  deiiionstrated  And 
it  seems  that  he  who  has  ijiven  the  d:  inonstraiion  r>f  the  UUh  \ 
proposition  as  we  now  lunc  it,  instead  of  ihat  which  Kiuloxus  i 
or  Euclid  had  given,  has  been  deceived  in  applvinj>  wiiuiii 
manifest,  when  understood  of  ma'^niiudes,  untt>  ratios,  viz.  thai 
a  magnitude  cannot  be  both  grc:iier  and  less  than  another. 
That  those  things  which  are  ccjual  to  the  same  are  e<|ual  to 
one  another,  is  a  most  e\ident  axiom  when  understood  of 
magnitudes;  yet  Euclid  does  not  make  use  of  it  to  infei  that  | 
those  ratios  which  are  the  same  to  the  same  ratio,  are  the  same  ' 
to  one  another;  but  explicitly  demonstnitt  s  this  in  prop.  \U  I 
of  book  5.  The  demonstration  we  have  given  of  the  10th  prop. is 
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t  the  same  with  that  of  Eudoxus  or  Euclid,  as  it  is  im-  Book  V. 
\y  and  directly  derived  from  the  definition  of  a  greater 
z.  the  7.  of  the  5. 

above  .mentioned^roposition,  viz.  If  A  have  to  C  a 
ratio  than  B  to  C ;  and  if  of  A  and 
be  taken  certain  equimultiples,  and 
ultiple  of  C  ;  then  if  the  multiple 
greater  than  the  multiple  of  C,  ihe 
:  of  A  is  also  greater  than  the  samey  A 
iemonstrated. 

),  E  be  equimultiples  A*  B>  and   D 
iple  of  C,  such,  that  E  the  multiple 
greater  than  F ;  D  the  multiple  of 
)  greater  than  F. 

se  A  has  a  greater  ratio  to  C}  than 
A  is  greater  than  B,  by  the  loth 
5 ;  therefore  D  the  multiple  of 
ater  than  E  the  same  multiple  of 
B  is  greater  than  F ;  much  more 
9  D  is  greater  than  F. 


C     B     C 


F     E     P 


I 


PROP.  XIII.    B.  V. 

nmandine's,  Briggs's,  and  Gregory's  translations}  at  the 
g  of  this  demonstration,  it  is  said,  ^  And  the  multi* 
C  is  greater  than  the  multiple  of  D ;  but  the  multi* 

E  is  not  greater  than  the  multiple  of  F ;"  which 
e  a  literal  translation  from  the  Greek :  but  the  sense 

requires  that  it  be  read,  *^  so  that  the  multiple  of  C 
ater  than  the  multiple  of  O  ;  but  the  multiple  of  £  be 
rater  than  the  multiple  of  F.'*  And  thus  this  place  was 
to  the  true  reading  in  the  first  editions  of  Comman- 
jclid,  printed  in  8vo.  at  Oxford  ;  but  in  the  later  edi« 
least  in  that  of  1747,  the  error  of  the  Greek  text  was 

is  a  corollary  added  to  prop.  13,  as  it  is  necessary  to 
and  3 1  st  prop,  of  this  book,  and  is  as  useful  as  the 
on. 

PROP.  xrv.   B.  V. 


vo  cases  of  this,  which  are  not  in  the  Greek,  are  add- 
le m  on  stration  of  them  not  being  exactly  the  lamc  ^ith 
le  first  case. 

3   S 
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PROP.  XVII.     B.  V. 

The  order  of  the  words  in  a  claii<'^  of  iliis  is  changed  to  one 
more  natural :  as  was  also  douc  ni  prap.  1. 


PROP.  XVIII.     B.  V. 

The  demonstration  of  this  is  none  of  Euclid's,  nor  is  it  le^« 
timaie  ;  for  it  deptrnds  upon  this  hypothcbis,  that  to  emj  three 
magutiudes*  two  of  which,  at   least,  arc  of  the  same  kind, 
there  may  he  a  fourth  pro|X)rtinnbl :  which,  if  not  proved,  the 
demonsirattun  now  in  the  text  is  of  no  force :  but  this  is  as- 
su'iiCki  without  any  proof;  nor  can  it,  as  far  as  lam  able  to 
«list\'i  n.  l^c  demonstrated  by  the  propositions  piHScedinf^  this: 
so  far  \s  it  from  deserving  to  be  reckoned  an  axiom,  as  Ch- 
ains, after  other  commentators,  would  have  it,  at  the  end  of 
the  definitions  of  the  5th  book.     Euclid  does  not  demonstrate 
it.  nor  (toes  he  show  how  to  find  the  fourth  propoitioiial,  be- 
fiTo  ?^e  I'^th  prop,  of  the  6th  book:  and  he  never  assumes  aof 
thin^t  in  t)ic  demunstra^on  of  a  proposition,  which  he  had  not 
K fo'.c  ill n\onsiratcd  ;  ut  least,  Ite  asstnnes  nothing  the  existence 
uf  wliicti  is  not  evidenilv  nos^iblc  :  for  a  certain  conclusion  can 
ui\er  be  vlevluotd  by   ibc   n>e.iiis  of  an  uncertain  proposition: 
i:'v  1  ilus  ;i^'Cv^'i:i:,  u\-  have  ;;iven  a  It  :;itim:\te  demonstration 
oi"  t'.iis  iii\>;^n^i:!.n  i:i- Ic.i'l  <>i  ihai  in  the  Grctkand  other  cdi- 
t:.^iis.    '.  ii^i  viM  V   Mio!  ..Mv    1  l:ton,  at   least  some  other,  has 
pu;   ill  l!*c   i^liu'c  i.'f  I'.i'cliti'-,.  oLWui^c  he  thou'^ht  it  too  prolix  : 
i;;iil  4-^  ill.    iri:i  pifV">,  or\^liicii  ilsis  18lh  is  the  converse,  is  de- 
r*o'-  li-iVilSv  help  of  tin-  I  si  an?!  Zd  projjo.siii'.jns  of  this  book; 
so.  i!i    i,\v  t!iM:^  <  .itr.'.'ion  m.w  j^ivcii  of  ilie  U^th,  the  5th  prop. 
;»•:  !  'm'!i  e.i'^es  oi  I'nc  oth  iU  tr  ij^v.^-sarv,   and  these  two  propo- 
s:'i.-ns  .ire  llie  cf);i\.M'scs  of  th-j  1st  a'l-l  :;:I.      Xow  the  5lii  and 
f'!j  lio  !M^t   ei'Ur  into  the  diinonslriJiion  of  any  proposition  in 
U'  s  iMv^k  as  we  now  h.ivc  it :  nor  i-un  they  be  of  use  in  anj 
p;,i;>  'iiion  ^»r  ilic  KU  nunts.  except  in  ll.is  18ih,  and  this  is  a 
111  '.sresi  prnof.  that   J'uoiid  niude  use  of  tlicm  in  his  denion- 
s'.t'.ai  i!i   of  It,  and  that  l!u*  denionstrulion  now  f^ivcn,  which  is 
e\ai  »lv  I  he  oiiverse  oi'  that  of  the  I7lh,  as  it  ou:;ht  to  be,  dif- 
^^M•^  noiliin*;  frnni  th:;t  of  l^niioxns  or  I'AicIid  :   for  t!ie  5th  and 
(nlIj   haw  uiul  -Libtedly  been  put  into  the  5th  book  f(»r  the  snke 
fit  s(»iiu'  propo^iitions  in  it,  as  ail  the  other  propositions  about 
Cijtrnni'riples  h.wc  been. 

Uierciivnins  Saccheiius.  in  hi**  book  nanied  K»:rlidcs  abora- 
v\  n.TVo  \indicatus,  printed  at  .Milan,  anno  17J3jin  -Ho,  ac- 


y 
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ge  this  blemish  m  the  demonstration  of  the  1 8th,  and  Book  V. 
may  rtjmove  it,  aiul  rtnder  the  cleiiionstration  we  now 
t  iegitimatc,  he  endeavours  to  demonstrate  the  foilow- 
losition,  which  is  in  page  1 1 5  at'  his  book,  viz. 

A,  B,  C,  D  be  four  magnitudes,  of  which  the  two 
re  of  the  one  kind,  and  also  the  two  others  either  of  the 
kind  with  the  two  first,  or  of  some  other  the  same 
nth  one  another.     I  say  the  ratio  of  the  third  C  to  the 

D,  is  either  equal  to,  or  greater,  or  less  than  the  ratio 

first  A  to  the  second  B." 

fter  two  propositions  premised  as  lemmas,  he  proceeds 

ler  among  all  the  possible  equimultiples  of  the  first 
d  of  the  third  C,  and,  at  the  same  time,  among  all 
)ssible  equimultiples  of  the  second  B,  and  of  the 
•  D,  there  can  be  found  some  one  multiple  £F  of  the 
k,  and  one  IK  of  the  second  B,  that  are  ec^ual  to  one 
iv;  and  also,  in  the  same  case,  some  one  multiple 
r  the  third  C  equal  to  LM  the  multiple  of  the  fourth 

such  equality  is  no  where  to  be  found.  If  the  first 
happen, 

if  such  A E>  ■       ■    iF 

ty  is  to 

tnd]  it  is  B I ^K 

5st  from 

is    be-  C G H 

demon- 
ic    that  D , L ■ M' 

to  B,  as 

D  ;  but  if  such  simultaneous   equality  be  not  to  be 

upon  both  sides,  it  will  be  found  either  upon  one 
as  upon  the  side  of  A  [and  B ;]  or  it  will  be  found 

neither  side  ;  if  the  first  happen  ;  therefore  (from 
I's  definition  of  greater  and  lesser  ratio  foregoing) 
I  to  B  a  greater  or  less  ratio  than  C  to  D ;  accord- 
i  (;H  the  multiple  of  the  third  C  is  less,  or  greater 
LM  the  multiple  of  the  fourth  l>  :  but  if  the  second 
lappen  ;  therefore  upon  the  one  side,  as  upon  the  side 
the  first  and  B  the  second,  it  may  happen  that  the 
pic  EF,  [viz.  of  the  first]  may  be  less  than  IK  the 
lie  of  the  second,  while,  on  the  contrary,  upon  the  other 
[viz.  of  C  and  D]  the  multiple  GH  [of  the  third  CJ  is 
er  than  the  other  multiple  LM  [of  the  fourth  D  :  ]  and 
from  the  same  definition  of  Euclid)  the  ratio  of  the  first 
the  second  B,  is  less  than  the  ratio  of  the  third  C  to  tha 
L  D  ;  or  on  the  contrarjTi 
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r?  ih<  ixiom  [i.  e.  the  proposition  before  set  down] 
•  rraxauiA  ie=4cscritcd."  Ice. 

Xxc  Ji  ue  jcux,  -f  but  it  remains  still  undemonstrated :  for 
-wrtJL  zic  ftiLTs  ciAj  bappen«  mayy  in  innumerable  cases*  never 
iicws  .  ii:^  therefore  his  demonstration  does  pot  hold :  for 
txkm^x*  it  A  be  the  side,  and  B  the  diameter  of  a  square ; 
t.  ifie  iide,  and  D  the  diameter  of  another  square ;  there 
13  DO  cjsc  be  any  multiple  of  A  equal  to  any  of  B ;  nor 
jBT  cae  ot  C  equal  to  one  of  D,  as  is  well  known  ;  and  yet 
c  cm  rie%er  hjppen$  that  when  any  multiple  of  A  Is  greater 
ikiD  a  multiple  of  B«  the  multiple  of  C  can  be  less  than  the  mul* 
Xi^le  of  D,  nor  when  the  multiple  of  A  is  less  than  that  of  B« 
ti^  iBU«iiple  of  C  can  be  greater  than  that  of  D,  viz.  taking 
equimultiples  of  A  and  C,  and  equimultiples  of  B  and  O :  for 
A.  B«  C,  D  are  proportionals ;  and  so  if  the  multiple  of  A  be 
gre:aier,  &c.  than  that  of  B«  so  must  that  of  C  be  grcatery  kc. 
than  that  of  D ;  by  5th  def.  b.  5. 

The  same  objection  holds  good  against  the  demonstratioa 
which  some  give  of  the  1st  prop,  of  the  6th  book*  which  we 
have  made  against  tliis  of  the  18th  prop,  because.it  depends 
upon  the  same  inbufficient  foundation  with  the  other. 


PROP.  XIX.     B.  V. 

A  c-^rol'-irv  is  advl^  J  to  this,  which  is  as  frequently  used  as 
the  p  ;  •.  -i  .  II  \isl\(.  The  corollary  which  is  subjoined  to  it 
in  t.^e  (.iTick.  |>!a::ily  sliox^s  that  the  5th  book  lias  been  vitiated 
t>  i\  i:.^rs  whj  \*c:e  not  jjcoinetcrs  ;  for  tlie  conversion  of 
iu:iv'>  rno  r.oi  ucpcnd  upon  this  I9ih,  and  the  demonstration 
viiu'ii  sc-vrr.^!  ni"  ihc  commentators  on  Euclid  gave  of  conver- 
sion ii  n^t  Icj^itimaic,  as  Clavius  has  rightly  observed,  who 
h,isgi\en  a  rooJ  tienKinsiraiioii  of  it  which  we  have  put  in  pro- 
l\>si;-oii  K;  but  he  makes  it  a  corollary  from  the  19th,  and  be- 
gins it  wiih  r'lr  \*.n\ls,  •*  Hence  it  easily  follows,"  though  it  does 
not  di  all  follow  troin  it. 


PROP.  XX.  XXI.  XXII.  XXIII.  XXIV.     B.  V. 

The  j.!e:noiistrations  of  the  20th  and  2 1st  propositions,  arc 
sliorier  ilian  ihi»se  Kuclid  j^ives  of  easier  propositions,  either 
in  tne  p/cccJin^:  or  following  hooks:  whcretbre  it  was  pro- 
|vi  lo  in  tke  them  moiv  explirit,  and  the  2Cd  and  23d  propo- 
siUi>ns  iirct  as  they  ought  to  be,  extended  to  any  number  of 
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magnitudes  :  and,  in  like  manner,  may  the  24th  be  as,  is  taken  Book  V. 
notice  of  in  a  corollary  ;  and  another  corollary  is  added,  as  use- 
ful as  the  proposition,  and  the  words  ^'any  whatever"  are  aup- 
islied  near  the  end  of  prop.  SS,  Which  are  wanting  in  the  Greek 
text,  and  the  translations  from  it. 

In  a  paper  writ  by  Phiiippus  Naudxus,  and  published  after 
his  death,  in  the  History  of  the  Royal  Academy  ot  Sciences  of 
Berlin,  anno  1745,  page  50,  the  iSd  prop,  of  the  5th  book  is 
censured  as  bcmg  obscurely  enunciated,  and,  because  of  this, 
prolixfy  demonstrated  :  the  enunciation  there  given  is  not  Eu- 
clid's, but  Tacquet's,  as  he  acknowledges,  which,  though  not  so 
well  expressed,  is,  upon  the  matter,  the  same  with  that  which  is 
BOW  in  the  Elements.  Nor  is  there  any  thmg  obscure  in  it| 
though  the  author  of  the  paper  has  set  down  the  proportionals 
10. a  disadvantageous  order,  by  which  it  appears  to  be  obscure: 
buty  no  doubt,  Euclid  enunciated  this  23d,  as  well  as  the  S2d> 
so  as  to  extend  it  lo  any  number  of  mat^tiiuides,  which  taken 
two  and  two  are  proportionals,  and  not  of  six  only ;  and  to  this 
general  case  the  enunciation  which  Naudseus  gives,  cannot  be 
well  applied. 

The  demonstration  which  is  given  of  this  23d,  in  that  paper, 
is  quite  wrong ;  because,  if'  the  proportional  mati^nitudes  be 
plane  or  solid  figures,  there  can  no  rectangle  (which  he  impro- 
perly calls  a  product)  be  conceived  to  be  made  by  any  two  of 
them  ;  and  if  it  should  be  said,  that  in  this  case  straight  lines  are 
to  be  taken  which  are  proportional  to  the  figures,  the  demon- 
stration would  this  way  become  much  longer  than  Euclid's : 
iftity  even  though  his  demonstration  had  been  right,  who  does 
Aot  see  that  it  could  not  be  made  use  of  in  the  5th  book  ? 

PROP.  F,  G,  H,  K.    B.  V. 

These  propositions  are  annexed  to  the  5th  book,  because 
they  are  frequently  made  use  of  by  both  ancient  and  modern  ge- 
ometers :  and  in  many  cases  compound  ratios  cannot  be  brought 
into  demonstration,  without  making  use  of  them. 

Whoever  desires  to  see  the  doctrine  of  ratios  delivered  in  this 
5th  book  solidly  defended,  and  the  arguments  brought  against 
it  by  And.  Tacquet,  Alph.  Borellus,  and  others,  fully  refuted, 
nay  read  Dr.  Barrow's  Mathematical  Lectures,  viz.  the  7th 
and  8th  of  the  year  1666. 

The  5th  book  being  thus  corrected,  T  most  readily  agree  to 
wlMit  the  learned  Dr.  Barrow  says*,  "  That  there  is  nothing  in 
^  the  whole  body  of  the  Elements  of  a  more  stibttle  invention, 

•  P»gre  336. 
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BookV.tc  nothing  more  solidly  established,  and  more  accurately^  h«- 
*"  died,  than  the  doctrine  of  proportionals."  And  there  is  soiue 
ground  to  hope,  that  geometers  will  think  that  this  could  not 
have  been  sai4  with  as  good  reason,  since  Theon's  time  till  thd 
present. 


DEF.  II.  AND  V.  OF  B.  VI. 

Book VI  T 

n_^  _^i'  1  HE  2d  definition  does  not  seem  tb  be  Euclid's>  but  some  on- 
skilful  editor's  :  for  there  is  no  mention  made  bf  Euclid,  nor, 
as  far  as  I  know,  by  any  other  geometer,  of  reciprocal  ii;>ures: 
it  is  obscurely  expressed,  which  made  it  proper  to  render  it 
more  distinct :  it  would  be  better  to  put  the  folio\ying  definitioA 
in  place  of  it,  viz. 

DEF.  II. 

Two  magnitudes  are  said  to  be  reciprocally  proportional  to 
two  others,  when  one  of  the  first  is  to  one  of  the  other  magnir 
tudes,  as  the  remaining  one  of  the  last  two  is  to  the  remaiung 
one  of  the  first* 

But  the  fifth  definition,  which,  since  Theon's  time,  has  been 
kept  in  the  Elements,  to  the  great  detriment  of  learners,  is  oov 
justly  thrown  out  of  them,  for  the  reason  given  in  thenotesoa 
the  33d  prop,  of  this  book. 


PROP.  I.  and  11.    B.  VI. 

To  the  first  of  these  a  corollary  is  added,  which  is  often  used: 
and  the  enunciation  of  the  second  is  made  more  general. 


PROP.  III.    B.  VI. 

A  second  case  of  this,  as  useful  as  the  first,  is  given  in  pro{^ 
A  :  viz.  the  case  in  which  the  exterior  angle  of  a  triangle  bU* 
sected  by  a  straight  line  x  the  demonstration  of  it  is  very  like  to 
that  of  the  first  case,  and  upon  this  account  may,  probably,  hav< 
been  left  out,  as  also  the  enunciation,  by  some  unskilful  editors 
at  least,  it  is  certain,  that  Pappus  makes  use  of  this  case,  as|S 
elementary  proposition,  without  a  demonstration  of  it,  in  prop' 
Z9  of  his  7th  book  of  Mathematical  Collections* 


3»r 

BookVI. 


PROP.  VII.     B.  VI.  ^ 

his  a  case  is  added  which  occura  not  unfrequentl  j  in  do* 

PROP.  Vlll.    B.  VI. 

eif.i  plain  that  some  editor  has  cban{;ed  the  demonstra- 
:it  I'.uclid  ^ave  or  this  proposition  :  fori  after  he  has  de- 
atcdi  Itiat  the  triangles  are  equiangular  to  one  another) 
icularly  shows  that  their  sides  about  the  equal  angles  are 
tionals,  as  if  this  had  not  been  done  in  the  demonstration 
llh  prop,  of  this  book  :  this  superfiuoua  part  is  not  found 
.ranalalion  from  the  Arabic,  and  is  now  left  out. 

PROP.  IX.     B.  V!. 

is  demonstrated  in  a  particular  case,  viz.  that  in  which 
rd  pait  of  a  straight  line  is  required  to  bccuC  off;  Which 
It  all  like  Euclid's  manner:  besides,  the  author  <^  the 
itration^  from  our  magnitudes  being  proportionals,  con- 
that  the  third  of  them  is  the  same  multiple  of  the  fourths 
:hc  first  is  of  the  second  ;  now,  this  is  no  where  demon- 

in  the  Slh  book,  as  we  now  have  it !  but  the  editor  as- 
it  fixin  ilie  confused  notion  which  the  Tul)^r  have  of  pro- 
als  ;  on  this  account,  it  was  necessary  to  give  a  general 
;itimate  demonstration  of  this  proposition. 

PROP.  XVIII.    B.  VI. 

demonstration  of  this  seems  to  be  vitiated:  for  the 
Ition  is  demonstrated  only  in  the  case  of  quadrilateral 
.without  mentioning  how  it  may  be  extended  to  figures 
or  more  sides  :  besides,  from  two  triangles  being  equi- 
r,  it  is  inferred,  that  a  side  of  the  one  is  to  the  iiomolo- 
<le  of  the  other,  as  another  side  of  the  first  is  to  the 
molo^ous  to  it  of  the  other,  without  permutation  of  the 
tioTials;  which  is  contrary  to  Knclid's  manner,  as  is 
■OTn  the  next  proposition  i  and  liic  satne  fault  occurs 
n  the  conclusion,  where  the  sides  about  the  equal  angles 

sho'vn  to  be  proportionals,  by  rciison  of  again  neglect- 
-mulaiion.  On  these  accounts,  a  demonstration  is  given 
lid's  manner,  like  to  that  he  makes  use  uf  in  the  SOih 


nli^ok  :  and  it  b  extended  to  GTe-iTaea^^m^ 
'  uhich  It  mny  be  seen  how  lo  extend  it  to  figures  of  uiy  auto' 


.     '^-^     '  PROP.  XXUI.     D.  VI.  -I 

Nfithing  ia  ui«uat1y  reckoned  more  difTicult  in  the  eletnentf  • 
of  geomoiry  hy  Itikincra,  ihirn  ilic  docirinc  of  compound  r^ 
tio.  whicLi  Ihcon  bsS  rendered  abstird  and  ungcomArlcat,  by  < 
'  Biibstiliiting  the  Stb  definkigii  of  the  6th  book  in  plsce  of  tt^l ' 
right  dclinilion,  wliich  witliotil  doubt  Eudusus  or  JBuclid  ga*^' 
in  Its  proper  place,  nf^cr  the  dr.finJtiou  of  inplicate  mii^ 
Bic.  in  Uic  aili  hook.  Tlic^i^'s  dt-finili'jn  is  this:  a  nilf. 
is  said  to  be  compoimddd  of  r*iio»  ,-,■•  i>  -^tt  ),s^«.  nMttTK^. 

i^-    (■«««     tna.y.t.-rtMii-ti'i'"     t'mtl     tii"     (vllicjl    CotDMBn^UD^I 

Ibus  translates  ,  "  ijiiunita  ratkifiem  (jiuntiMct  inlet  «o  muld* 
"  pljcalx    aliiuuni    rfTiciunt   rationum  i'*    that   is.   wllQD  tht^ 
,  quuilities  ot  itkv  iMi)o»  being  multi plied  by  one  another  niiLketl 
certain  ratio.     Ur.  Wallts  trahaiMies  ihe  word  '-.uiTrtt'  "ma 
"  tionetn  exponentes,"  the  exponeniB  of  ilic  r^tioa:  .itnd  Qti 
Gregory  rendan  the  bst  words  of  the  definition  by  "  ilU^s  ^"i 
*'  cii  quaniitaleai'"  maWcs  ihc  t|uantity  of  that  relio :  but  to  1 
whatever  sense  the  "  qunniities,"  or  •'  exponents  of  the  r«* 
"  lios,"  and  their   "-  mul'.ipbccition"  be  taken.  tl>e  definition    I 
■will  be  ungeometrica!  and  useless;  for  tht-re  can  be  no  nuitii-    i 
pliration  but  by  a  number.     Now  the  quantity  or  exponeator 
a  r;ili(t  {according  to  Entoctua  in  his  Comment,  on  prop<  *• 
book  3)  of  Arch,  dc  Sph.  et  Cyl.  and  the  moderns  expl»n  tint 
term)  is  the  number  which  multiplied  into  the  r.onsequeut  term 
of  a  ratio  produces  the  antecedent,  or,  wbich  is  the  s^imetlunpi 
thi:  number  which  arises  by  dividing  the  antectdtnt  by  the  cod- 
aequeiil ;  but  there  are  many  t  alios  suchi  that  no  number  era 
arise  from  the  division  of  the  antecedent  by  Ihe  conieijuenti 
ex.  gr.  the  ratio  of  whicii  thedianieier  of  a  square  bus  tathrside 
of  it ;  and  the  ratio  which  the  eiicunifercnce  of  a  circla  hii 
to  its  diameter,  and  such  iiitc-     Bt-nidts,  that  there  is  notttH 
least  meniioTi  made  of  this  deGnitiun  in  tt]«  wminKs  of  Silt 
did,  Archimedes,  ApoUonius,  or  other  aticii;nts,Tl'"ugh  they fi» 
tjuently  make  use  of  compound  ratio:  and  w  fhn  3id  prep.'* 
the  6th  book.,  where  compound  ratio  is  first  ii>en.ionedi  thtf* 
is  not  one,  word  Which  can  relate  to  this  definiiion,  ihnw[ll 
here,  if  in  anyplace,  it  was  necessary  to  be  bronchi  in(bi«lM 
right  definition  is  expressly  cittd  in  thi-sc  (vfirds'  "Hot  tW 
"  ratio  of  K  to  M  is  compounded  of  the  ratio  of  K  to  1* 
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nrnonstrition  would  be  exactly  the  sime  as  we  now  have  it.  BMkVI. 
But  the  ancient  KcometerS)  whtu  they  ohseiTed  tliia  ennncia-  '^' »  '-' 
Hon  could  be  made  shorter,  by  RninR  a  name  to  ilie  ratio 
vli'ch  the  first  straight  line  has  to  the  last,  by  wKich  namt  the 
inte  I  mediate  ratios  mii^ht  likewise  be  signitied,  of  the  first  to 
the  second,  and  of  the  second  to  the  third,  and  so  on,  if  tt^ere 
were  more  of  them,  tliey  called  this  ratio  of  the  first  to  the 
bsi  the  ratio  compounded  of  ihe  ratios  of  the  first  to  the  se- 
cond, and  of  the  second  to  the  third  siraifrht  line :  that  is,  in 
fhe  present  example,  of  the  ratios  which  are  the  same  with 
the  ratios  of  the  aideS)  and  by  this  they  expressed  the  proposi- 
tion more  briefly  thus:  if  thei-e  be  two  equiangular  paralle- 
lograma,  ihey  have  to  one  another  the  ratio  which  is  the 
same  with  that  which  is  compounded  of  ratios  that  are  the 
iftnie  with  the  ratios  of  the  sides.  Which  is  shorter  than  the 
preceding  enunciation,  but  has  precisely  tbe  same  meaning. 
Or  yet  shorter  thus:  equiangular  parallelograms  have  to  one 
Aioiher  the  ratio  which  is  the  same  with  that  which  is  com- 
pounded of  ihc  ratios  nf  their  sides.  And  ihe»  two  enuncia- 
tions, the  first  eiipecially,  agree  to  the  demonstration  which  is 
now  in  the  Greek.  The  proposition  may  be  more  bricRy  de- 
monatrated,  as  Candalla  does,  thus:  let  AllCD,  CLFG  be 
two  equiangular  parallelograms,  and  complete  the  parallelo- 
gram C'DHO;  then,  because  there  are  three  parallelograms 
Ao,  CH,  CF,  ihe  first  AC  (by  the  definition  of  compound 
ratio)  has  to  the  ihiiil  CF.  the  ratio       A  D  H 

which  is  compounded  of  the  ratio  of 
the  first  AC  to  the  secondCH.and  of 
thcraiioofClIlothcthird'CFi  but 
Ihe  parallelogram  AC  is  to  Ihe  pa- 
rallelogram CH,  as  the  straight  line 
BC  to  CG;  and  the  parallelogram 
CH  is  to  CF,  as  the  straight  line 

CI),  is  lo  CE;  therefore  the  parallelogram  AC  has  lo  CF  tht 
ratio  which  is  compounded  of  ratios  that  are  the  same  with  the 
ratios  of  the  sides-  And  to  this  demonstration  agrees  the  enun- 
nation  whicii  is  at  present  in  the  text,  ^e.  Equiangidar  paralte- 
logrums  have  In  one  another  the  ratio  which  is  compounded  of 
the  ratios  of  the  sittos  :  for  the  vulgar  reading,  "  which  is  com- 
*<  pounded  of  their  sides,"  is  absurd.  But,  in  this  edition,  we 
have  kept  the  demonstration  which  is  tn  the  Greek  (ext.  though 
liot  so  shoit  as  Candatla's.;  because  the  way  of  finding  the  ratio 
irhtch  is  compounded  of  the  mlioa  of  the  sides,  that  is,  of  find- 
ing Ihe  ratio  of  Ihc  parallelngrams,  is  shown  in  thot,  but  not  in 
^ialidtlU's  dcmMHtration ;  whereby  beginners  may  learn,  in  like 
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Book  VI.  cases,  how  to  find  the  ratio  which  is  compounded  of  two  or  move 

given  ratios. 

From  what  has  been  said*  it  may  be  observed,  that  in  any 
mad^nitudes  whatever  of  the  same  kind  A,  B«  C,  D,  &c.  the 
ratio  compo«mded  of  the  latios  of  the  first  to  the  second,  of 
the  second  to  the  third,  and  so  on  to  the  last,  is  only  a  name 
or  expression  by  which  the  ratio  which  the  first  A  has  to  the 
]ast  D  is  sit^nified,  and  by  which  at  the  same  time  the  ratios 
of  all  the  ma^^nitudes  A  to  U,  U  to  C,  C  to  U,  from  the  first  to 
the  last,  to  one  another,  whether  they  be  the  same,  or  be  not 
the  same,  are  indicated  ;  as  in  magnitudes  which  are  continual 
proportionals   A,  B,    C,  D,    &c.   the   duplicate   ratio  of   the 
first  tu  the  second  is  only  a  name,  or  expression  by  which  the  ra- 
tio of  the  first  A  to  the  third  C  is  signified,  and  by  which,  at  the 
same  time,  is  shown  that  there  are  two  ratios  of  the  magni* 
tudes,  from  the  first  to  the  last,  viz-  of  the  first  A  to  the  se- 
cond Bt  and  of  the  second  B  to  the  third  or  last  C,  which  are 
the  same  with  one  another;  and  the  triplicate  ratio  of  the 
first  to  the  second  is  a  name  or  expression  by  which  the  ratio 
of  the  fii-st  A  to  the  fourth  1)  is  signified,  and  by  which,  at  the 
same  iime%  is  shown  that  there  are  three  ratios  of  the  magni- 
tudes, Irom  the  first  to  the  last,  viz.  of  the  first  A  to  the  se- 
coiul  li,  and   of  B  to   the  third  C,  and  of  C  to  the  fourth  or 
last  D,  which  are  all  the  same  with  one  another ;  and  so  in 
the  case  uf  any  othcM*  multiplicale  ratios.      And  that  this  is 
the  ri^ht  explication  of  ihe  meaning  of  these  ratios  is  plain 
from  the  dtiinilions  of  duplicate  and  triplicate  ratio,  in  which 
Euclid  makes  use  of  the  word  Xtytruty  is  said  to  be,  or  is  called; 
which  word,  he,  no  doubt,  made  use  of  also  in  the  definition 
of  compound  ratio*  which  Theon,  or  some  other,  has  expung- 
ed (rom  the  Elements  ;  for  the  very  same  word  is  still  retained 
in  the  wrcmj?  definition  of  compound  ratio,  which  is  now  lli« 
5lh  of  the  6ih   book  :  but  in  the  citation   of  these  definitions  it 
is  some  times  retained*  as  in  the  demonstration  of  prop.  19» 
book  6,  "  the  first  is  said  to  have,  «;t:«»  AfyiTflu,,  to  the  third  the 
**  duplicate  ratio,"  &c.  which  is  wrong  translated  by  Comman- 
dine   and  others,  '^  has"  instead  of  ^*  is  said  to  have:"  and 
sometimes  it  is  left  out,   as  in  the  demonstration  of  prop.  3.% 
ot  the  I  1th  book,  in  which  we  find  ^^  the  first  has,  i^ciy  to  the 
"third  the  triplicate  ratio  j**  but  without  doubt  i;c«,  "  haSt" 
in  this  place  signifies  the  same  as  c;^hv  Afyer«<,  is  said  to  have: 
so  likewise  in  prop.  23,  B.  6,  we  find  this  citation,  "  but  the 
''  ratio  of  K  to   ^1  is  compounded,  a-vyKtirttty  of  the  ratio  of 
*^  K  to  L,  and  the  ratio  of  L  to  M,"  which  is  a  shorter  way  of 
expressing  the  same  thing,  which,  according  to  the  definttio%| 
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nght  to  have  been  expressed  by  rvymr^m  )itYmu^  is  said  to  be  Book  VL 
ofiipounded« 

From  these  remarks,  tog^ether  with  the  propositions  subjoined 
9  the  5th  bookt  all  that  is  found  concerning  compound  ratiot 
^her  in  the  ancient  or  modern  geometers,  may  be  understood 
nd  expluned. 


PROP.  XXIV.    B.  VI. 


It  seems  that  some  unskilful  editor  has  made  up  this  demon- 

itration  as  we  now  have  it,  out  of  two  others ;  one  of  which  may 

ic  made  from  the  Sd  prop,  and  the  other  from  the  4th  of  this 

kook :  for  afler  he  has,  from  the  3d  of  this  book,  and  compo- 

fltion  and  permutation,  demonstrated,  that  the  sidus  about  the 

ingle  common  to  the  two  parallelograms  are  proportionals,  he 

blight  have  immediately  concluded,  that  the  sides  about  the  other 

tqual  angles  were  proportionals,  viz.  from  prop.  34.  B.  1,  and 

^rop.  7,  book  5.     This  he  does  not,  but  proceei's  to  show,  that 

he  triangles  and  parallelograms  are  equiangular ;  and  in  a  te^ 

iotis  way,  by  help  of  prop.  4,  of  this  book,  and  the  3:2d  of 

ook  5,  deduces  the  same  conclusion :  from  which  it  is  plain 

lat  this  ill  composed  demonstration  is  not  Euclid's  :  these  su- 

^rfluous  thines  are  now  left  out,  and  a  more  simple  dcmonstra- 

m  is  given  nt>m  the  4th  prop,  of  this  book,  the  same  which 

ID  the  translation  from  the  Arabic,  by  the  help  of  the  2d  prop. 

i  composition ;  but  in  this  the  author  neglects  permutation, 

1  does  not  show  the  parallelograms  to  be  equiangular,  as  is 

per  to  do  for  the  sake  of  beginners. 


PROP.  XXV.    B.VI. 

s  very  evident  that  the  demonstration  which  Euclid  had 

of  this  proposition  has  been  vitiated  by  some  unskilful 

!  for,  after  this  editor  had  demonstrated  that  ^'  as  the 

lineal  fissure  ABC  is  to  the  rectilineal  KGH,  so  is  the 

llelogram  BE  to  the  parallelogram  EF ;"  nothing  more 

have  been  added  but  this,  *^  and  the  rectilineal  Bgure 

is  equal  to  the  parallelogram  BE :  therefore  the  recti- 

KGH  is  equal  to  the  parallelogram  £F,"  viz.  from 

V,  book  5.    But  betwixt  these  two  sentences  he  hss  in* 

\ia:  **  w>***^bQe»  bv  permutation,  as  the  rectilineal  fi- 

^immBEiSO  is  the  rectilineal  KGH 
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Book  VI. «  to  the  p^irtlTelo^tn  EF;'*  by  which,  it  is  plain,  he  f 
it  was  nut  bo  evident  to  conclude,  that  the  second  o(T  01 
portionals  is  equal  to  the  fourth  from  the  equality  of  tf 
and  third,  which  is  a  thing  demonstrated  in  the  14th  p 
B.  5«  as  to  conclude  that  the  third  is  equal  to  the  fourti: 
the  equality  of  the  first  and  second,  which  is  no  where  C 
strated  in  the  Elements  as  we  now  have  them :  but  thou 
proposition,  viz*  the  third  of  four  pix>portionals  is  equal 
fourth,  if  the  first  bt  equal  to  the  second,  had  been  gi 
the  El'^mcnts  by  Euclid,  as  very  probably  it  was,  yet  he 
not  have  made  use  of  it  in  this  place;  because,  as  was  su 
conclusion  could  have  been  immediately  deduced  withoi 
supeifluous  step  by  permutation:  this  we  have  shown 
greater  length,  both  iK'cause  it  affords  a  certain  proof 
vitiation  of  the  text  of  Euclid  ;  for  the  very  same  blui 
found  twice  in  the  Greek  text  of  pmp.  23,  book  1 1,  am 
ii'  piop.  2,  B.  t2,  and  in  the  5,  11.12,  and  18th  of  that 
in  which  places  of  book  13,  except  the  last  of  them,  it  is  : 
left  out  in  the  Oxford  edition' of  0>»  r*'*andine's  trans] 
and  also  that  (geometers  may  bcware'ili  inakin^use  of  | 
tation  in  the  like  cases :  for  the  moderns  not  unfrequentl 
nit  this  mistake,  and  among  others  Commandine'?«msell 
commentary  on  prop.  5,  book  3,  p.  6.  b  nf  Pappus  Ale3 
nus,  and  in  other  places :  the  vulvar  nf»fion  of  propor 
has,  it  seems,  pre  occupied  many  so  much,  that  they  do  1 
ficit-nrly  understand  the  true  nature  of  them. 

Btsiiles,  though  the  rectilineal  fiy;ure  AUG,  to  which  a 
is  to  be  made  similar,  may  be  of  any  kind  whatever;  yet 
demonstration  the  (ireek  text  has*'  trian^;le*'  instead  of" 
"  nial  fij^\ire,'*  which  error  is  corrected  in  the  above 
Oxford  edition. 


PROP.  XXVII.     B.  VI. 

The  second  case  of  this  has  mAAat,  otherwise,  prefi: 
it,  as  if  it  was  a  different  demonstration*  which  probah 
been  done  by  some  unskilful  librarian.  Dr.  (iregory  has  r 
left  it  out :  the  scheme  of  this  second  case  ought  to  be  it 
with  the  same  letters  of  the  alphabet  which  are  in  the  schi 
the  first,  as  is  now  done. 

PROP.  XXVIII  and  XXIX.    B.  VI. 

These  two  problems,  to  the  first  of  which  the  27th  pi 
necessary,  are  the  most  general  and  useful  of  all  in  the  Llci 
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NOTES. 


BU 


It  frequently  snnde  use  of  hf  the  uncient  cep«Ae(er»  Bpok  V|, 

on  of  other  problems  ;  and  therefore  are  very  Igno-  '  ^ 

ut  by  Tacciuet  and  Dechales  in  their  editions  of  the 
irho  pretend  that  they  are  scarce  of  aoy  use*  The 
-^e  problems*  wherein  it  is  required  to  apply  ^  rect- 

shall  be  equal  to  a  (riven  square,  to  a  given  straight 
deficient  or  exceeding  by  a  square ;  as  also  to  apply 

which  ^hall  be  equal  to  another  giveUf  to  a  given 
:<  deficient  or  exceeding  by  a  square,  are  very  often 
:by  geoiueters*  And,  on  this  account,  it  U  thought 
the  aidLe  of  begionersi  to  ^ive  their  constructioos  as 


ply  a  rectangle   which  shall  be  equal  to  a  giyen 

given  straight  line,  deficient  by  a  S(|uare :  but  the 

c  must  not  be  greater  than  that  upon  the  half  of  the 


>e  the  giv-'  "traight  line,  und  let  the  square  upqii 
raight  line  .  .c  that  to  which  the  rectangle  to  be  ap^ 
w  equal,  and  this  square,  by  the  determination,  is  not 
I  '*iat  upon  half  of  the  straight  line  AB. 
}  in  D,  and  if  the  square  upon  AD  be  equal  to 
ipon  C,  the  thing  required  is  done  :  but  if  it  be  not 


H      K 


I 

7 

y " 

c 

/ 

AD  must  be 
1  C,  according 
nination  ;  draw 

.  angles  to  AB,  ^        m         ^         , 

I   equal    to  C:      A  tn       7rr""^B 

)  to  F,  so  that 
.  to  AD  or  DB, 
le  centre  E,  at 

EF,  describe  a 
ng    AB    in  G,  ^ 

B  describe  th«  square  CBKH,  and  complete  the 
GHL;  also  join  EG.  And  because  AB  is  bisected 
sctangle  AG,  GB  together  with  the  square  of  DG 
»  (the  sqiuire  of  DB,  that  is,  of  EF  or  bG,  that  is,  a 5.2 
arts  of  ED,  DG :  take  away  the  square  of  DG 
f  these  equals ;  therefore  the  remaining  rectangle 
ifqual  to  the  square  of  ED,  that  is,  of  C  :  but  the 
G,  GB  is  the  rectangle  AH,  because  GH  is  equal 
refore  the  rectangle  AH  is  equal  to  the  given  square 
'Sight  line  C.  Wherefore  the  rectangle  AH,  equal 
a  square  upon  C,  has  been  applied  to  the  given 
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Book  VI.  straight  line  Afif  deficient  by  the  square  GK»    Which  waita 
^  V  "^  be  done* 

3.  To  ap|rfy  a  rectangle  which  shall  be  equal  to  a  giTes 
square,  to  a  given  straight  line,  exceeding  by  a  square* 

Let  AB  be  the  given  straight  line,  and  let  the  square  upoB 
the  given  straight  line  C  be  that  to  which  the  recUngle  to  be 
applied  must  be  equal. 

,   Bisect  AB  in  D,  and  draw  BE  at  right  angles  to  it,  so  ChU 
BE  be  equal  to  C ;  and  having  joined  DE,  from  the  centre  D 
at  the  distance  DE  describe  a  circle  meeting  AB  produced  iq 
G ;  upon  BG  describe  the  square 
BGHK,  and  complete  the   rect- 
angle AGHL.     And  because  AB 
is  bibected   in  D,  and   produced 
to    G,    the    rectangle    AG,    GB 
together  with  the  square  of  DB 
a- 63.      is  equal*  to  (the  square  of  Dls 

or  DE,  that  is,  to)  the  squares  F      A 

of  EB,  BD*    From  each  of  these  .^........ 

equals  take  the  square  of  DB ;  C 

therefore  the  remaining  rectangle  AG,  GB  is  equal  to  the 
square  of  BE,  that  is,  to  the  square  upon  C.  But  the  rectan- 
gle AG,  GB  is  the  rectangle  AH,  because  GH  is  equa\  to  GB: 
therefore  the  Rxtun^;le  AH  is  equal  to  the  square  upon  C* 
Wherefore  the  rcctanj^le  AH,  equal  to  the  given  square  upoo 
C,  has  been  applied  to  the  given  straight  line  AB,  exceeding  by 
the  square  GK.     Which  was  to  be  done. 

3.  To  apply  a  rectangle  to  a  given  straight  line  which  shall 
be  equal  to  a  given  rectangle,  and  be  deficient  by  a  square.  But 
the  given  rectangle  must  not  be  greater  than  the  square  upon 
the  half  of  the  given  straight  line. 

Let  AB  be  the  given  straight  line,  and  let  the  given  rectan- 
gle be  that  which  is  contained  by  the  straight  lines  C,  1)  which 
is  not  greater  than  the  square  upon  the  half  of  AB  ;  it  is  re- 
quired to  apply  to  AB  a  rectangle  equal  to  the  rectangle  C,  D, 
deficient  by  a  square. 

Draw  AE,  BF  at  right  angles  to  AB,  upon  the  same  side  of  it, 
and  make  AE  equal  to  C,  and  BF  to  D  :  join  EF,  and  bisect  it 
in  G  ;  and  from  the  centre  G,  at  the  distance  GE,  describe  a 
circle  meeting  AE  again  in  H ;  join  HF,  and  draw  OIL  parall^ 
to  it,  and  GL  parallel  to  AE,  meeting  AB  in  i«. 


t  the  angle  EHF  in  a  semiciFcle  'w  eqwd  lo  the  rieht  ^^^  ^l 
netc  EAB,    AB  and  HF  arc  pareltels,   ind  AH  and  BF  are  ^— <— ' 


wherefore  AH    is    equal  lo  B*.    and  the  rectangle 


■nUels; 

'.K,    AH    equal   to  the   recUriKle  EA,    BF,   that  is, 

Ktangle  C,  D :  and  because  EG,  GF  ar=  equal  to  one  another, 
tid  AE,  LG,  BF  parallels ;  therefore  /L  aod  LB  are  equa]  s 
bo  EK  is  equal  to  KH  »,  and  the  rcttaogle  C,  D,  from  the  ^3.$, 
etermtnation,  is  not  greater  than  the  square  of  AL,  the-  half 
f  AB;  wherefore  the  rectangle  EA,  AH  i«  not  greater  than 
Ik  square  of  AL,  that  is  of  KG :  add  to  each  the  square 
f  KE ;  therefore  the  square  b  of  ^K  is  not  greater  than  the  b  G  3. 
jfUMa  of  EK,'KG,   that  is, 


in  the  square  of  EG  [ 
omequently  the  straight  line 
kK  or  GL  is  not  greater 
bin  G£.  Now,  if  GE  be 
q«l  to  GL,  the  circle  EHF 
Riches  AB  in  L,  and  there- 
OR  the  square  of  AL  is ' 
qui  to  the  rectangle  EA, 
\Ui  that  is,  lothe  given  rect- 
OKle  C,  D ;  and  that  which 
n  required  is  done :    but  if 

EC,    GL  be  unequal,    EG  n     r* 

ant    be   the  greater:    and        °  P     O 

bcrebre  the  circle  LHF  cutsthe  straight  line  AB  :    let  ii  cut  it 
ilbe  points  M,  N,   and  uptn   NB  de&ciibe  the  square  N BOP, 
idcompletc  the  rectangle  ANPQ:    because  ML  is  equal  to  ■'dS.S, 
a,  and  it  has  been  provel  that  AL  is  equal  to  LD :    therefore 
M  is  equal   to  NB,  and  the  rectangle  AN,    NB  equal  to  the 
Mangle  NA,  AM,  that  ih  to  the  rectangle'  KA,  AH,  or  thee  Cor,  S( 
ctangle  CD:     but  the  rectangle  AN,  NB  is  the  rectangle 3r 
P,  because  PN  h  equa.  to  NB:    therefore  ilie  rectangle  AP 
equal  to  the  rectangle  C,  D;    and^he  rectangle  AP  equul  <o 
e  given  rectangle  C,  U  has  been  applied  to  tlie  given  straight 
le  AB,  deficient  by  ihe  square  BP.    Which  was  to  be  dolic. 
4.  To  apply  a  rectangle  to  a  given  straight  line  that  shall  be 
ual  to  a  given  rectangle,  exceeding  by  a  square. 
Let  AB  be  the  given  straight  line,  and  the  rectangle  C,  D  the 
len  rectangle,   it  is  required  to  upply  a  rectangle  to  AB  equal 
CO]  exceedinfr  by  a  scjuare. 
Draw  AE,   BF  at  right  angles   to  AB,  on   the  contrary  sides 

it.    and  mdkc   AE  equal  to  C,  and  BF  equal  lo  D:    join 
K  ]|Dd  bisect  k  in  G :  and  from  the  centre  G,  ut  the  distance 

-  2  U 
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ikwkVt.GEf  describe  a  circle  meeting  AE  agwn  in  H;   jomHF>ili 
W  t  "^  draw   GL    pt^rallel    to    AE;  • 

let  the  circle  meet  \B  pro- 
duced   in    M,   N,   wd  upon 
BN     describe      the     square 
NBOP>    and     complete    the 
rectangle    ANPQ;      Iccausc 
the  angle  EH  F   in    a  semi- 
circle   is   equal  to  the  right 
angle    EAB,    AB    and  HP 
are  parallels,    and    therefore  M^ 
AH  and  BF  are  equal,  -uid 
the  recungle  EA,  AH  eqial 
to  the  rectangle  EA,  BF,  llat 
is,  to  the  rectangle  C,  D :  aid 
because  ML  is  equal  to  LN,  and  AL  to  LB,  therefiire  MA  ii 
equal  to  BN,  and  the  rectan{fe  AN,  NB  to  MA,  AN,  thi^ 
aiSSiid*   « to  the  recungle  EA,  AH,  or  the  rectangle  C,  D:    therdM 
the  recungle  AN,  NB,  that  is,  AP,  is  equal,  to  the  reOnlfl 
C,   D;    and  to  the  given  straiq;ht  line  AB  the  rectangle  APJhi 
been  applied  equal  to  the  given  rectangle  C,  17,  exceeding  I7  At 
square  BP«     Which  was  to  be  dme. 

Willebrordus  Snellius  was  th  first,  as  fiar  as  I  know,  «U 
gave  these  constructions  of  the  Sd  and  4th  problems  in  bit  A 
pollonius  Batavus :  and  aiterwaKs  the  learned  Dr.  HaUcf  gsTt 
them  in  the  scholium  of  the  IStliprop.  of  the  8th  book  of  A 
pollonius's  conies  restored  by  him. 

The  3d  problem  is  otherwise  enunciated  thus:  To  cut  1 
given  straight  line  AB  in  the  poini  N,  so  as  to  make  the  fccft 
angle  AN,  NB  equal  to  a  given  space:  or,  which  is  tM 
same  thing,  having  given  AB  the  sun  of  the  sides  of  a  rect* 
angle,  and  the  magnitude  of  it  being  likewise  given,  to  find  iV 
sides. 

And  the  fourth  problem  is  the  same  ^ith  this.  To  find  the  poM 
N  m  the  given  straight  line  AB  produced,  so  as  to  make  M 
rectangle  AN,  NB  equal  to  a  given  space:  or,  which  is A^ 
same  thing,  having  given  AB  the  difference  of  tht  sides  flf  ^ 
rectangle,  and  the  maguitude  of  it,  to  find  the  side^ 


PROP.  SXXI.    B.  VI.  >■ 

Iq  the  demonstration  of  this,  the  inversion  of  pxtporcionals  is 
twice  neglected)  and  is  i)ow  added,  that  the  concKsion  majr  be 
kgitiinateljr  made  by  help  of  the  24th  prop,  of  D.  i.  ab  CUviiu 
haddooe. 


PROP.  XXXII.    B.Vl. 

The  enunciation  of  the  preceding  26th  prop,  is  not  gneral 
tBDQ^ ;  bccduse  not  only  two  similar  parallelograms  thaihave 
ID  angle  common  to  botlii  are  about  the  same  diameter  but 
likewise  two  similar  parallelograms  that  have  vertically  op^siie 
»ftlea,have  their  diu-netcrs  in  the  sumc  straight  line :  but  lere 
■tons  to  have  been  another,  and  thai  a  direct  demonstralit  of 
tkeie  cases,  to  which  this  33d  propoaition  was  needful :  anche 
31d  may  be  otherwise  and  spmeLhing  more  briefly  demoiuitr«(l 
■  IbilowB: 


PROP.  XXXir.     B.  VI. 

If  two  triangles  which  have  two  sides  of  the  onci  tec. 
■   Let  Gap,  Mt'C  be  two  triangles  wliich  have  two  s'des  A^ 
.'    GF  proportional  to  the  two  sides  FH,  HC,  viz.   AC  to  (jF,  t 
..-'FHta  HC;  and  let  AC  be  paraU      AG  1> 

;  M  (o  FH,  and  GF  to  HC  ;  AF  and 
'  TC  are  in  a  straight  line. 

Draw  CK   parallel' to   FH,  and 
.    let  it  meet  GF    produced  in   E: 
because  AG,  KC  are  each  of  them 
'.panJIel  to  FH,  ihey  are  parallel h.  \^  fa Sa  1. 

to  one  another,  and  therefore  the       — ^"'     '  J  ■"" „ 

'   ahmate  angien    AGF,    PKC   are       **  ''-  ^ 

•qual  t  and  AG  is  to  GF,  as  (FH  to  HC,  that  is<)  CK  to  KF ;  34. 1- 
wherebre  the  triangles  AGF,  CKF  are  equi angular <*,  and  thclO  & 
sngte  AFG  equal  to  the  angle  CFK :  hut  GI'K  is  a  straight  line, 
-  tfierefbre  AF  and  FC  are  in  a  straight  line  '.  •  U.  I 

The  36th  j>rop.  is  demonstrated  from  the  32d,  as  follows: 
If  two  similar  and  similarly  placed  parallelograms  have  an  an- 
gle common  to  both,  or  vertically  opposite  angles  j  their  diame- 
ten  arc  in  the  same  straight  line.  „ 

First,  Let  the  parallelograms  ABCD,  AEFG  have  the  angle 
B.\D  common  to  both,  and  be  similar,  and  similarly  placcdj 
ABCD,  AEFG  are  about  the  aamc  diameter.  ; 


^^ 


340 


NOTES. 


BookVL     Produce  EF,  GF,  to  H,  K,  and  join  FA,  FC:  then   be— 
^■y^  cause  the   {Mirallelogranis    ABCD,    A£FG    are    similar,    D^^ 

is  to  AB,  as  GA  to  AE:   where- 

m  Cor.  19.  fore  the  rcmunder  DG  is*  to  the 

5.  remainder  E3,  as  GA  to  AE  :  but 

DG  is  cqud  to  FH,   EB  to  HC, 

and  AC  to  GF:  therefore  as  FH 

to    Ud    so  is   AG  to  GF  ;    and 

YH,  \C  are  parallel  to  AG,  GF ; 

and  ne  triangles  AGF,  FHC  arc 

joine  at  one  angle  in  the ,  point 

■b  33-  6.    F  ;  therefore  AF,  FC  are  in  the  same  stndght  line  ^. 

Nxt,  Let  the  parallelograms  RFHC,  GFEA,  tvhich  are  similar, 
andimilarlv  placed,  have  their  angles  KFH,  GFE  vertically  op- 
posie  ;  their  diameters  AF,  FC  are  in  the  same  straight  line. 

ecause  AG,  GF  are  parallel  to  FH,  HC  ;  and  that  AG 
isi  GF,  as  FH  to  HC;  therefore  AF,  FC  are  in  the  snne 
stiight  line^. 


PROP.  XXXIII.    B.  VI. 

The  words  ^  because  they  are  at  the  centre,'*  are  left  out,  M 
ie  addition  of  some  unskilful  hand. 

Ill  the  Greek,  as  also  in  the  Latin  translation,  the  words  «  ctv;^i 
•  any  whatever,"  are  left  out  in  the  dcmonstrdlion  of  both  parts 
)f  the  proposition,  and  are  now  added  as  quite  necessary  ;  and  in 
Jie  demonstration  of  the  second  part,  where  the  tritingle  BGC  is 
f  mvtd  to  be  equal  to  CGK,  the  illative  particle  u^m  in  the  Greek 
cxt  ought  to  be  omitted. 

The  second  part  of  the  proix)sition  is  an  addition  of  Theon's,  as 
le  tells  us  in  his  commentary  on  Ptolemy's  M#y«Aiy  2t;rr«J<«,  p.  50. 


PROP.  B.  C.  D.     B.  VI. 

These  three  propositions  arc  added,  because  they  are  frequent- 
ly made  use  of  by  geometers. 


BEF.  IX.  and  XI.    B.  XI. 


similitude  of  plane  figures  is  defineil  from  the  equality 
r  angles,  and  the  proportionality  ot  the  sides  about  the 
ngles;  for  from  the  proportiooalitj' of  the  sides  only,  or 
■ni  the  equality  of  thoiangies,  the  similitude  of  the  figures 
it  follow,  except  in  the  caae  when  the  figures  ure  trian- 
he  aimilar  position  of  the  sides  which  contain  the  figures, 
another,  depending  partly  upon  each  of  these :  and,  for 
le  reason,  those  are  similar  solid  figures  which  have  all 
4id  angles  equal,  each  to  each,  and  are  contained  by  the 
lumber  of  similar  plane  figures:  for  there  are  some  ao> 
res  contained  by  similar  plane  figures,  of  the  same  numher, 
a  of  the  same  magnitude,  that  are  neither  similar  nor 
IS  shall  be  demonstrated  after  the  notes  on  the  10th  dcfi- 
upon  this  account  it  was  necessary  to  amend  the  definition 
lar  solid  figures,  and  to  place  the  definition  of  a  solid  an- 
)re  it :  and  from  this  and  the  loth  definition,  it  is  sufii- 
ptain  how  much  tjie  Llemcnts  have  been  ipoiied  by 
ji  editors. 


DEF.  X.    B.  XI. 


e  the  meaning  of  the  word  "  equal"  is  kmim  taid, 
ihed  before  it  comes  to  be  used  in  thu  definition; 
re  the  proposition  which  is  the  10th  definition  of  this 
is  a  theorem,  the  truth  or  falsehood  of  which  ought  to 
monstrated,  not  assumed;  so  that  Theon,  or  some 
editor,  has  ignorantly  turned  a  theorem  which  ought 
demonstrated  into  this  10th  definition:  that«figures  are 
-.  ought  to  be  proved  from  the  definition  of  fimilar 
. ;  that  they  are  equal,  ought  to  be  demonstrated  from 
xiom,  "  Magnitudes  that  wholly  coincide,  are  equal 
ne  another;"  or  from  prop.  A,  of  book  5,  or  the  9ih 
or  the  14th  of  the  same  book,  from  one  of  which  the 
y  of  all  kinds  of  figures  most  ultimately  be  deduced. 
:  preceding  books,  l.ucttd  has  given  no  definition  of 
«•  and  it  is  certun  he  did  not  give  this :  for  what  b 


'ELcBlled  the   1st  def.   of  the  34  _ 

^  which  these  circles  are  taid  to,L 
lines  from  their  centres  to  the 
plaihi  finm  the  clefinition  of  i 
some  editor  been  improperly  plai 
cqualitf  of  6gures  ought  not  b 
tbercbrc,  though  it  were  tmci , 
the  ume  number  of  Hmilar  toA,- 
one  another,  yet  he  would  jiisi 
would  make  a  defiiiition  of  tUt 
demonstTBtcd.  But  if  (his  piDi 
be  confessed,  that  geomctenb- 
years,  been  mistaken  inthiad^in 
teach  US  motlcsty,  and  to  iKCkn' 
Weakneu  of  our  miixts,  wc  M«  i 
the  principles  of  sciences  whicS 
most  certain}  for  ihM  ibe  prtu 
can  be  shown  by  many  cxaooplea 
.  Let  there  be  any   plane  fW 

11-  ABC,  and  from  a  point  O  wi 
D£  at  right  angles  to  th«  plM^ 
equal  to  one  another,  upoo  t' 
and  let  G  be  any  point  in  P 
EB,  EC  ;  FA,  FB,  FC  ;  GA, 
line  LDP  b  at  right  angles  to 
angles  with  DA,  UB,  UC  wh 
in  the  triangk's  £DB,  FDB,  > 
UB|  each  to  cacli,  und   they  ■ 

L  ttic  base  EB  is  equal  ^ 
to  the  base  FB  ;  in  the 
same  manner  EA  is  e- 
(jiial  to  FAi  and  EC  to 
FC  ;  and  in  the  triangles 
£BA,  FBA,  EB,  BA 
are  equal  to  FB>  BA, 
and  the  base  EA  is  e* 
qual  to  the  base  FA  ; 
wlieiefore        the      angle 

L-      EB\    in   equal'     to     the 
angle    FBA,  and  the    tri- 
angle     EBA     equal  <»     to      B 
the    triangle     FBA,     and     ' 
the  other  angles  equal  to 
6.  the  other  angles  ;     tfaerc- 

Jef-fore     these   triangles  are 

**    umilar'  :   in  the  same  manllb 
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the  triaBgle  FBC,  and  the  triangle  E AC  to  FAC  {  therefore  Book  XI. 
there  are  two  solid  figurest  each  of  which  ia  contained  by  six 
triangles,  one  of  them  by  three  triangles,  the  common  vertex 
of  which  is  the  point  G,  and  their  bases  the  straight  lines  AB^ 
BC«  CA9  and  by  three  other  triangles  the  common  vertex 
of  which  is  the  point  E|  and  their  bases  the  same  lines  AB^ 
BC«  CA ',  the  other  solid  is  contained  by  the  same  three  trl« 
an^es  the  common  vertex  of  which  is  G,  and  their  bases  ABf 
BC|  CA ;  and  by  three  other  triangles  of  which  the  common 
vertex  is  the  point  F,  and  their  bases  the  same  straight  lines 

^    AB,  BC,  CA:    now  the  three  triangles  GAB,  GBC,  GCA 
are  common  to  both  solids,  and  the  three  others  EAB,  EBC, 

h    £CA  of  the  first  solid  have  been  shown  equal  and  similar  to  the 

'  tfiree  others  FAB,  FBC,  FCA  of  the  other  solid,  each  to  each ; 

thereibie  these  two  solids  are  contained  by  the  same  number  of 

k     equal  and  similar  planes :   but  that  they  are  not  equal  is  mani- 
fest, because  the  first  of  them  is  contained  in  the  other :   there- 

^     lore  it  is  not  universally   true  that  solids  are  equal  which  are 
contained  by  the  same  number  of  equal  and  similar  planes. 

I     \    Com.  From  this  it  appears  that  two  unequal  solid  angles  may 
ft  contained  by  the  same  number  of  equal  plane  angles. 

^         For  the  solid  angle  at  B,  which  is  con  tamed  by  the  four  plane 

ir  ingles  £BA)  EBC,  GBA,  GBC,  is  not  equal  to  the  solid  angle 
It  the  same  point  B,  which  is  contained  by  the  four  plane  angles 
FBA,  FBC,  GBA,  GBC  ;  for  this  last  contains  the  other:  and 
sach  of  chem  is  contained  by  four  plane  angles,  which  are  equal 
;o  one  another,  each  to  each,  or  are  the  self  same  ;  as  has  been 
proved :  and  indeed  there  may  be  innumerable  solid  angles  all 
unequal  to  one  another,  which  are  each  of  them  contained  by 
plane  angles  that  are  equal  to  one  another,  each  to  each ;  it  is 
likewise  manifest  that  the  before-mentioned  solids  are  not  simi- 
lar, since  their  solid  angles  are  not  all  equal.  » 
And  that  there  may  be  innumerable  solid  angles  all  imequal 
to  one  another,  which  are  each  of  them  contained  by  the  same 
plane  anp^les  disposed  in  the  same  order,  will  be  plain  fron>  tiie 
fhree  foiiowiug  propositions. 


PROP.  I.  PROBLEM. 


Three  magnitudes,  A,  B,  C  being  given,  to  find  a  fourtli  sucii, 
that  every  three  shall  be  greater  than  the  remaining  one. 

Let  D  be  t;he fourth:  therefore  JD  must  be  ic«s  iiian  A.  H*  C 
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Book  XI.  together :  of  the  three  A,  B,  C,  let  A  be  that  which  is  not  lev 
'  than  either  of  the  two  B  and  C :  and  first,  let  B  and  C  together 
be  not  less  than  A :  therefore  B,  C,  D  together  are  greater  than 
A ;  and  because  A  is  not  less  than  B ;  A,  C>  D  together  are 
greater  than  B :  in  the  like  manner  A,  B,  D  together  are  greater 
than  C :  wherefore,  in  the  case  In  which  B  and  C  together  are 
not  less  than  A,  any  magnitude  D  which  is  less  than  Ay  By  C 
together  will  answer  the  problem. 

But  if  B  and  C  together  be  less  than  A ;  then,  because  it  is 
required  that  B,  C,  D  together  be  greater  than  A,  from  each 
of  these  taking  away  B,  C,  the  remaming  one  D  must  be  greater 
than  the  excess  of  A  above  B  and  C :  take  therefore  any  mag^ 
nitude  D  which  is  less  than  A,  B,  C  together,  but  greater  than 
the  excess  of  A  above  B  and  C  :  then  B,  C,  D  together  are  great- 
er than  A ;  and  because  A  is  greater  than  either  B  or  C  much 
more  will  A  and  D,  together  with  either  of  the  two  B|  C,  be 
greater  than  the  other :  and,  by  the  construction.  A,  B>  C  are 
together  greater  than  D. 

Cor.  If  besides  it  be  required,  that  A  and  B  together  shall 
not  be  less  than  C  and  D  together ;  the  excess  of  A  and  3  toge- 
ther  above  C  must  not  be  less  than  D,  that  is«  D  must  not  be 
greater  than  that  excess. 


PROP.  II.     PROBLEM. 

• 

Four  magnitudes  A,  B,  C,  D  beinjjj  given,  of  which  A  and 
B  together  are  not  less  than  C  and  I)  tcjjiethtr,  and  such  that 
any  three  of  them  whatever  are  greaier  than  ihe  fourth;  it  is 
required  to  find  a  fifth  magnitude  K  such,  mat  any  two  of  the 
three  A,  B,  E  shall  be  greater  than  the  third,  and  also  tiat  any 
two  of  the  three  C,  D,  E  shall  be  pjreater  than  the  thirc.  Let 
A  be  not  less  than  B  ;  and  C  not  less  than  D. 

V'lrsl,  Lei  the  excess  of  C  above  1)  be  not  less  than  the  excess 
of  A  above  B:  it  is  plain  that  a  magnitude  E  can  be  lakea 
which  is  less  than  the  sum  of  C  and  I),  but  greater  than  the 
excess  of  C  above  D  ;  let  it  be  taken ;  then  E  is  greater  like- 
wise than  the  excess  of  A  above  B  ;  wherefore  E  and  B  together 
are  greater  than  A;  and  A  is  not  less  than  B;  therefore  A  and 
E  top;eiher  are  greater  than  B:  and,  by  the  hypothesis,  A  and 
B  toj^ether  are  not  less  than  C  and  U  totjether,  and  C  unci  D 
together  are  greater  than  i: ;  therefore  likewise  A  and  B  arc 
Jjfrcater  than  V.. 


NOTES- 
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But  let  the  e^^cess  of  A  aboTe  B.  be  greater  than  the  excess  of  Book  XI. 
C  above  O :  m>d  becau8e>  bj.  the  hypothesis,  the  three  Q,  C9 
D  are  together  greater  than  the  fourth.  A ;  C  ap4  D  together 
are  greater  than  the  excess  of  A  above  B :  therefore  a  iilagni« 
tnde  nay  be  taken  which  is  less  than  C  and  D  tc^ethery  but 
greater  than  the  excess  pf.  A  ^bove  B.  Let  this' magnitude  be 
E;  and  because  .£  is  greater  than  the  excess  of  A  above  B,  B 
together  with  £  ;s  greater  than  A :  and,  as  in  .thjs  preceding 
case,  it  may  be  sliown  that  A  together  with  £  is  greater  than  B, 
imd  that  A  together  with  B  is.  greater  than  £-s  therefore,  in 
each  of  the  cases^  it  has  been  8l>own,  that  aqy  two  of  the  tjbree 
An  B,  £  are  gnpatecthain  the  third.  <« 

And  jbecause  in  each  of  the  ca^s  £  is  greater  than  the  excess 
if  i^  above  Q,.  £  together  with  D  is  grater  than  C;  and,  by 
the  hypothesis,  C  is  not  less  than  O ;  therefpre  £  together  with 
C  is  gfeater  than.  D  ;  and,  by  the  construction,  C  and  D  toge- 
ther are  greater  than  £ :  therefore  any  two  of  the  three  C,  D, 
E  are  greater  than  the  third. 


PROP.  III.    THEOREM. 


There  may  be  innumerable  solid  angles  all  unequal  to  one  an* 
other,  each  of  which  is  contained  by  the  same  foui*  plane  angles, 
placed  in  the  same  order. 

Take  three  plane  angles,  A,  B,  C,  of  which  A  is  not  less 
than  either  of  the  other  two,  and  such,  that  A  and  B  toge- 
dier  are  less  than  two  right  angles:  and,  by  problem  1  and 
its  corollary,  find  a  fourth  angle  D  -  such,  that  any  three  what- 
ever of  the  angles  A,  B,  C,  D  be  greater  than  the  remaining 
angle,  and  such,;  that  A  and  3  together  be  not  less  than  C 
and  D  together:  and,  by  problem  3,  find  a  fifth  angle  £  such 
that  any  two  of  the  angles  A,  B,  £  be  greater  than  the  third. 


AAA' 


ind  also  that  any  two  of  the  angles  C,  D,  E  be  greater  than 

2X 


Mdred, 


I^OP.  L    B.  Xlt 


The  words  M  the  end  of  this,  «  f<Jn  H.  BtiWgbt  VMi'JaMai 
"  me«t  a  unight  IJnb  in  more  than  one  point,"  are  left  ha%  ai'iia 
iddltion  b;  nonie  unsUirul  band  j  for  itAft  b  to  Ix  detnbOMr&ted, 
not  BMumed. 

Hir.  Thomas  Simpson,  in  his  notes  at  the  end  of  the  3d  edition 
of  his  Elements  of  Geometry,  p.  363,  afier  repeating  the  wor4i 
of  this  note,  adds,  <'  Now,  tan  it  pos^ibty  show  any  want  pf 
"  skill  in  an  editor  (he  means  l^uclid  or  I'hconJ  (o  refer  to  m 
*  ixiom  which  Ludid  himself  haUi  laid  down,  book  I,  No.  1^ 
«  (he  means  Barrow's  Euclidi  for  it  is  the  lOih  in  ilic  Greek),  Uta 
"  not  lo  have  demol^st rated,  what  no  man  can  demoiistrdter 
But  all  thai  in  ihis  case  can  follow  from*  that  axiom  is,  that,  If 
two  straight  lines  could  meet  each  other  in  two  points,  the  pilrts 
of  them  betwixt  these  points  must  coincide,  aiid  so  they  VouM 
have  a  segmeot  betwixt  these  points  commoti  to  both.  Now,  u 
it  has  not  been  shown  io  Euclid,  thai  llicy  cannot  have  a  com- 
mob  seg:ment,  this  does  not  prove  that  they  cannot  meet  io^we 
poiois,  fh>m  which' their  not  having  a  common  segment  is  de- 
duced in  tiie  Greek  edition  :  but,,  aa  the  contrary,  becaiiw  tliey 
cutiot  have  a  common  segment,  as  is  shown  in  cor.  of  ildl 
prop,  book  t.  of  4tQ.  edition,  it  follows  plainly  that  they  cabnot 
meet  in  iwo  points,  which  llic  rcmarktr  soys  no  man  can  de- 
monstrate. 

Mr.  Simpson,  in  the  same  notes,  p.  565,  justly  observes,  thtl 
in  the  corollary  of  prop.  1 1 ,  booli  1 ,  4to.  edition,  the  straight  line) 
AB,  BU,  BC,  are  supposed  to  be  4itl  in  the  same  plane,  whtcli 
cannot  be  assumed  in  1st  prop,  book  11.  This,  soon  after  tM 
4to.  edition  was  published,  1  observed  and  corr^ted  as  it  is  now 
in  this  edition ;  he  is  mistaken  in  thinking  the  loth  axiom  tie 
mentions  here  to  be  Eur.lid's;  it  is  none  of  Euclid's,  hut  b  the 
10th  in  Dr.  Barrow's  edition,  wlio  had  it  from  Herigon's  Curais, 
vol.  I,  and  in  place  of  it  the  corullary  of  10th  prop,  book  I|' 
vas  added. 


PROP.  !I.     B.  XI. 

This  proposition  seems  to  have  been  changed  and  vitiated  bf 
some  editor:  for  all  the  figures  deilned  in  the  1st  book  of  the 
Elements,  and  among  them  triangles,  are,  by  the  hypothesis, 
plane  figures!  that  is,  such  as  are  described  in  a  plane ;  wh^- 
forc  the  second  part  of  the  enunciaiiun  nteda  no  demonstratioD. 
Besides,  a  convex  BUjierficies  may  be  terminated  by  three  straight 
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les  meeting  one  another:  the  thing^  that  should  have  been  de-  SookXI. 
oiistl*atcd  iS)  that  two  or  three  straight  lines,  that  nreet  one 
other,  are  in  one  plane.  And  as  this  is  not  sufficiently  done, 
e  enunciation  and  demonstration  -lare  changed  into  those  now 
It  kno  the  text. 

PROP.  III.    B.  XI. 

In  this  proposition  the  following  words  near  to  the  end  of  it 
e  left  out,  viz.  ^therefore  DEB,  DFB  are  not  straight  lines; 
ID  the  like  manner  it  may  be  demonstrated  that  there  can  be 
DO  other  straight  line  between  the  points  D,  B :"  because  from 
\\%  that  two  Unes  include  a  space,  it  only  follows  that  one  of 
icm  is  not  a  straight  line :  and  the  force  of  the  argument  lies 
I  this,  viz.  if  the  common  section  of  the  planes  be  not  a  straight 
ne^  then  two  straight  lines  could  include  a  space,  which  is  ab- 
trd ;  therefore  the  common  section  is  a  straight  line. 

PROP.  IV.    B.  XI. 

The  words  "and  (he  triangle  AED  to  the  triangle  BEC**  are 
mitted,  because  the  whole  conclusion  of  the  4th  prop,  book  1, 
as  been  so  often  l^peated  in  the  preceding  books,  it  was  needless 
» repeat  it  here. 

PROP.  V.    B.XL 

In  this,  near  to  the  end,  ^tmwt'ht  ought  to  be  left  out  in  the 
ireek  text ;  and  the  word  **  plane"  is  rightly  left  *  out  in  the 
lilbrd  edition  of  Commandine's  translation* 

PROP.  VII.     B.XI. 

This  proposition  has  been  put  intb  this  book  by  some  un- 
kilfiil  editor,  as  is  evident  from  this,  that  straight  lines  which 
re'dWiwn  from  one. point  to  another  in  a  plane,  are,  in  the 
^receding  books,  supposed  to  be  in  that  plane:  and  if  they 
rere  not,  some  demonstrations  in  which  one  straight  line  is 
opposed  to  meet  another  would  not  be  conclusive,  because 
hese  lines  would  not  meet  one  another:  for  instance,  in  prop. 
(0,  book  1,  the  straight  line  GK  would  not  meet  EF,  if  GK  were 
lot  in  the  plane  in  which  are  the  parallels  AB,  CD,  and  in 
vhich,  by  hypothesis,  the  straight  line  EF  is:  besides,  this 
^th  proposition  is  demonstrated  by  the  preceding  3d,  in  which 
hi  very  thing  which  is  proposed  to  be  demonstrated  in  the  7th, 
s  twice  assumed,  viz.  that  the  straight  line  drawn  from  one 
K>int  to  another  in  a  plane,  is  in  that  plane;  and  the  same  thing 
s  assumed  in  the  preceding  6th  prop,  in  which  the  tAx^VwX.  Kvcw^ 


950  Monsa    ■'    \ 

IMtffkwiilchipiiiftdie.poMB  9»^  D  tl»t  are  iD  tha.  pfaM  t».WMi  AB 
and  CD  are  at  rip^ht  aiyle%  b  ■oppoaad  4»  be  iB^liat  gliaD/ 
and  the  7th^of  which  another  dcmonitratiq^b  pna»iaifaai<ia 
(he  book  merdf  to  preaerfe  the  nuoiber  of  the.  propoaitaBaaj 
ibf  it  it  erkknt,  ftom.the  7tb  and  Sstb  definitMBfof  ihn'laihfli)! 
0KMi^  it  had  not  been  in  the  Ekmenta. 


.1 


PROP.  VIII.    B.  XI. 

*    '  .  ■         •    , 

In  the  Greek  and  in  Ownmandine^a  and  Dr.  Gragory'i 
latipost  i^m*  to  the  eod'of,  thia  prapoaiiioUt  are  thn  ftUMte 
words s •"  bilt  PC  ia  m  tbe.plan«  through  BAt  AD^.  JMM^jtf 
which,  in  the  O^rd  edition  of  fnmmahilmrli  f nmiiafiaB.  ji 
lightly  pot>'but  DC  ia  in  the  phine  ttiroogb  BD«  DA**^-!* 
ail  the  ieditiooa  have  thk  following  .word%  via,  ^tmaiom^Mi 
<«BD  are  in  the  plane  thfongh  BD,  DA,  and  DC  ia  la  the  piip 
«hr  which  are  Al^  BD«^  which  are  manifiMtlir  .oocavibd^% 
ba^e  been  added  to  the  text  i  fiir  there  wat  not  die  laaat  nrfbci* 
aity  to  go  ao  fiir  about  to  show  that  DC  ia  in  thelume  plane  la* 
which  are  BD^  DAi  becanae  it  imHiediaiely  fSoOowa  ttom  pnf» 
7,  preceding,  that  BD,  DA  are  in  the  phoe  in  which  are  the 
paiallela  A&  CD :  therefor^  instead  of  these  wordai  there  oi^ 
only  to  be  ^'because  all  three  are  in  the  plane  in  whiali  aw  Ae 
parallels  AB,  CD.''. 

PROP.  XV.    B.XI. 

■ 

After  the  words  <<and  because  BA  is  parallel  to  GH,''  the 
following  are  added,  ^*  for  each  of  them  is  parallel  to  DE«  and 
<(are  not  both  in  the  samt:  plane  with  iti''  as  being  manifestly 
forgotten  to  be  put  into  the  text. 

PROP.  XVI.    B.XI. 


In  this,  near  to  the  end,  instead  of  the  words  ^  hot  straight 
«<  lines  which  meet  neither  way"  ought  to  be  read,  *<  but  straight 
«<  lines  in  the  same  plane  which  produced  meet  neither  way;'* 
because,  though  in  citing  this  definition  in  prop.  37,  book  1,  it 
was  not  necessary 'to  mrntion  the  words,  «Mn  the  same  jilane,** 
all  the  straight  lines  in  the  books  preceding  thia  being  in  the 
aame  plane;  yet  here  it  was  quite  necessary. 


PROP.  XX.     B.  XL 


In  this,  near  the  beginning,  are  the  words,  '^But  if  not, 
"let  BaC  be  the  greater:"  but  the  angle  BAG  may  happen  to 
be  equal  to  ope  ot  the  other  two;  wherefore  this  place  shQuU 
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j  thus,  ^ But  if  not,  let  the  angle  BAC  be  not  Icsb  than  BookXL 
r  of  the  other  two,  hot  greater  than  DAB/* 
he  end  of,  this  pr(^;)08ition  it  i&  said,  "  in  the  same  manner 
ly  be  demonstrated,**  though  there  is  no  need  of  any  de* 
ation ;  because  the  angle  BAC  being  not  less  than  either 
other  two,  it  is  evident  that  BAC  together  with  one  tit 
I  greater  than  the  other. 

PROP.  XXII.    B.XI. 

likewise  in  this,  near  the  beginning,  it  is  said,  <<Biit  if 
let  the  angles  at  B,  £,  H  be  unequal,  and  let  the  angle 
be  greater  than  either  of  those  at  £,  H  :*'  which  words 
stly  show  this  place  to  be  Wtiated,  because- the  angle  at 

be  equal  to  one  of  the  other  two.  They  ought  therefore 
sad  thus,  «<  But  if  not,  let  the  angles  at  B,  El,  H  be  unequalf 
et  the  angle  at  B  be  not  less  than  either  of  the  ot£er  two 

H :  therefore  the  straight  line  AC  is  not  less  than  eiththr 
5twoDF,GK." 

PROP.  XXIII.    B.XI. 

demonstration  of  this  is  made  something  shorter,  by  not 
ng  in  the  third  case  the  things  which  were  demonstrated 
first;  and  by  making  use  of  the  construction  which  Cam- 
has  given ;  but  he  does  not  demonstrate  the  second  and 
ases :  the  construction  and  dempnstration  of  the  third  case 
tde  a  little  more  simple  than  in  the  Greek  te^ct. 

PROP.  XXIV.    B.XI. 

word  <<  similar'*  is  added  to  th^  enunciation  of  this  pi\>- 
n,  because  the  planes  containing  the  solids  which  are  to 
lonstrated  to  be  equal  to  one  another,  in  the  35th  propo- 

ought  to  be  similar  and  equal,  that  the  equality  of  the 
may  be  inferred  from  prop.  C,  of  this  book :  and,  in  th# 
i  edition  of  Commandine's  translation,  a  corollary  is  add- 
irop«  24,  to  show  that  the  parallelograms  mentioned  in  this 
Tition  are  ^milar,  that  the  equality  of  the  solids  in  prop, 
iy  be  deduced  from  the  10th  def.  of  book  11. 

PROP.  XXV.  and  XXVI.    B.  XI. 

the  35th  prop,  solid  figures,  which  are  contained  by  the 
number  of  simihir  and  equal  plane  figures,  are  supposed 
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Book  XX.  to  be  equal  to  ooe  another.  And  it  seems  that  Theon,  or  some 
other  editor,  that  he  might  save  himself  the  trouble  of  deraoo- 
stratiog  the  solid  Bgurea-  mentioned  in  this  propoution  to  be 
equal  to  one  another,  has  inserted  the  lOth  def  of  tins  book, 
10  serve  instead  of  a- denkonstration ;  which  was  ferj  ignoranilj 
done. 

Likewise  in  the  26th  prop,  two  solid  angles  are  supposed  to 
be  equal:  if  each  of  them  be  contained  by  three  plane  angles 
which  are  f^qiiul  to  one  another,  each  to  each.     And  it  is  strange 
enough,  that  none  of  the  commentators  on  Euclid  havey  as  far 
as  I  know,  pe recited  that' something  is  wanting- in  the  demon- 
strations of  these  two  proposiitdns.    Clavius,  iodeedi  in  a  note 
upon  the  lUh  def.  df  this  book,  affirms,  that  it  is  evident  Uiat 
those  solid 'angles  are  equal  which  are 'contained  by  the  same 
number  of  plane  angles,  equal  to  one  another,  each  fo  each, 
because  they  will  coincide,  if  they  be  conceived  to  be  placed 
within  one  another ;  but  this  is  said  without  any  proof,  nor  is  k 
always  true,  except  when  the  solid  angles  are  contained  by  three 
plane   angles  only,  which  are  equal  to  one  anoUier,  each  to 
each:  and  in  this  case  the  proposition  is  the  same  with  this, 
that  two  spherical  triangles  that  are  equilateral  to  one  another, 
are  also  equiangular  to  one  another,  and  can  coincide;  which 
ought  not  to  be  granted  without  a  demonstration.    Euclid  does 
not  assume  this  in  the  case  of  i*ectUineal  triangles,  but  demon* 
stralcs,  in  prop.  8,  book  1,  that  triangles  which  are  equilateral 
to  one  another  are  also  equiangular  to  one  another ;  and  from 
this   their  total  equality  a])pears  by  prop.  4,  book  1 .     And  Me- 
nclaus,  in  the  4th  prop,  of  iiislst  Book  of  Spherics,  explicitly 
demonstrates,  that  spherical  triangles  which  are  mutually  equi- 
lateral, arc  also  equiangular  to  one  another;  from  which  it  is 
easy  to  show  that  they  must  coincide,  providing  they  have  their 
sides  disix)sed  in  the  same  order  and  situation. 

To  supply  these  defects,  it  was  necessary  to  add  the  three  pro* 
positions  marked  A,  IJ,  C  to  this  book.  For  the  25th,  26th,  and 
28th  proposilionb  of  it,  and  consequently  eight  othei^,  viz.  the 
C7th,  3 1st.  3Jd,  33d,' 34th,  36th,  j7th,  and  40lh  of  the  same, 
which  depend  upon  them,  have  hitherto  stood  upon  an  infirm 
foundation;  as  also,  tnc  8th,  i2th,  cor.  of  17th  and.  1 8th  of 
12th  book,  whicli  depend  upon  the  yth  definition.  Tor  it  has 
been  shown  in  the  notes  on  def.  10,  of  this  book,  tiiat  solid 
ri,u;ures  wiiich  are  contained  by  the  same  number  of  similar  and 
ecjual  plane  iig^ures,  as  also  solid  angles  that  are  contained  by 
the  siime  number  of  equal  plane  angles,  are  not  always  equal  to 
one  another. 
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h  i»to  bcf  observe^  that  Tacquet,  in  Iiis  Enclid,  defines  equal  Book  XI. 
solid  angles  to  be  suchi  "  as  being  put  within  one  another  db  ' 
•*  Goinckle :"  but  this  is  an  axiom,  not  a  definition  ;  for  it  is  true 
oC  an  magnitudes  whatever.  He  made  this  useless  definition, 
that  bf  it  he  might  demonstrate  the  d6th  prop,  of  this  book, 
without  the  help  of  the  35th  of  the  same :  concernmg  which  de- 
Aioiistratkmy  see  the  note  upon  prop.  36. 

PROP.  XXVIII.    B.  XI. 

In  this  it  ought  to  have  been  demonstrated,  not  assumed,  that 
the  diagonals  are  in  one  plane.     Clavius  has  supplied  this  defect. 


PROP.  XXIX.    B.  XI. 

Tliere  are  three  cases  of  this  proposition :  the  first  is,  when 
the  two  parallelograms  opposite  to  the  base  AB  have  a  side  com- 
mon to  lx)th ;  the  second  is,  wiien  these  parallelograms  are  se- 
parated from  one  another ;  and  the  third,  when  there  is  a  pai't 
of  them  common  to  both  ;  and  to  this  last  only,  the  demonstra^ 
t!on  that  has  hitherto  been  in  the  Elements  does  agree.  The 
first  case  is  immediately  deduced  from  the  preceding  28th  prop. 
which  seems  for  this  purpose  to  have  been  premised  to  this  29th, 
for  it  is  necessary  to  none  but  to  it,  and  to  the  40th  of  this  book, 
as  ^e  now  have  it,  to  which  last  it  would,  without  doubt,  have 
been  premised,  if  Euclid  had  not  made  use  of  it  in  the  29th  ; 
but  some  unskilfiil  editor  has  taken  it  away  from  the  Elements, 
and  has  mutilated  Euclid's  demonstration  of  the  other  two  cases, 
which  is  now  restored,  and  serves  for  both  at  once. 

PROP.  XXX.    B.XI. 

In  the  demonstration  of  this,  the  opposite  planes  of  the  solid 
CP,  in  the  fip,ure  in  this  edition,  that  is,  of  the  solid  CO  in  Com- 
mandine's  figure,  are  not  proved  to  be  parallel ;  which  it  is  pro- 
per to  do  for  the  sake  of  learners. 


PROP.  XXXI.    B.XI. 

There  are  two  cases  of  this  proposition :  the  first  is,  wheu 
the  insisting  straight  lines  are  at  right  angles  to  the  bases ;  the 
other,  when  they  are  not :  the  first  case  is  divided  again  into 
two  others,  one  of  which  is,  when  t1ie  bases  are  equiangular 
parallelograms;    the   other,    when    thev   are    nf)t   equiangtjlar: 

2  V 


1 


3J4  ,     NOTES. 

Bock  3tl,  iiic  Creek  vdtlor  makes  m>  mention  of  the  first  of  tl 
''-'  '■• ""-'  cases,  bui  b>«  iniened  the  deinonaniiion  of  it  a&  a  part  of  ilaat 
oi  ihc  other:  and  therefore  should  have  taken  notice  of  it  it)  a 
corollary ;  but  we  thought  it  btUcr  to  give  these  two  cases  se> 
paralelf  :  the  demonatraiion  also  is  made  soincihing  shorter  bjr 
following  the  vray  T-Udid  has  made  use  of  in  prop.  U.  books. 
Besides,  in  the  demonstration  of  ilic  case  in  which, the  insisting 
straight  lines  are  not  at  right  angles  to  the  bases,  th*  editor  d<Ks 
not  prove  thai  the  solids  described  in  the  constniclion  are  parat- 
leloplpcds,  which  it  Is  not  to  be  thought  that  Kuclid  neglcclod: 
rflso  the  '*ords"of  which  the  insisting  straight  lines  are  not  b 
"  the  same  straight  lines,"  have  been  added  by  sonic  unskilfiil 
hand;  for  they  may  be  in  the  same  stniight  lines. 

PROP.  XXXII.     n.  XI. 

The  editor  has  for^t  to  onler  the  parDllclogram  FH  to  be 
applied  in  the  angle  FGH  equal  to  the  angle  LCG,  which  a 
necessary.     Clavius  has  supplied  this. 

Also,  in  the  construction,  it  is  required  to  complete  the 
solid  of  which  the  base  Is  TH,  and  altitude  the  Barac  with  thai 
of  ihc  solid  CD:  biH  Iliis  does  not  determine  the  solid  to  be 
completed,  since  there  may  be  innumerable  solids  wpon  the 
same  base,  and  of  the  same  altitude :  it  ought  therefore  lobe 
said,  "complete  the  solid  of  which  the  base  is  FH,  and  one  of 
"  its  insisting  straight  lines  is  FD ;"  the  same  correction  must 
be  made  in  the  following  proposition  33. 


It  is  very  probable  that  Euclid  gave  this  pnqiositian  ■  place 
in  the  Elements,  since  be  gave  the  like  proposition  coiKctni^ 
equiangular  paralleli^rams  in  the  3Sd  B.  6. 


PROP.  XXXIV.    B.  xr. 

In  this  the  vords,  m  «  i^irmwm  «s  urtt  iwi  m  mrrmr  tthm, 
"  of  which  the  insisting  straight  lines  arc  not  in  the  sune 
"  straight  lines,"  are  thrice  repeated;  but  these  words  ought 
cither  to  be  left  out,  as  they  are  by  Clavius,  or,  in  place  of  that, 
ought  to  be  pot,  "  whether  the  insisting  straight  lines  be,  <»  be 
"  not,  in  the  same  straight  lines:"  for  the  other  case  is  witb- 
nut  any  reason  excluded ;    also  the  vrordSf  «n  t«  p^,  «f  wbkb 
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titudes,"  are  twice  put  for  tn  m  ^t^gvrmrut^  "  of  which  Book  XI 
sisting  straight  lines;'*  which  is  a  plain  mistake :  for  the  ' 
is  always  at  right  angles  to  the  base. 

PROP.  XXXV.    B.  XL 

ingles  ABH,  DEM  are  demonstrated  to  be  right  angles 
Iter  way  than  in  the  Greek ;  and  in  the  same  way  ACHf 
lay  be  demonstrated  to  be  right  angles :  also  the  repe* 
the  same  demonstration,  which  begins  with  «^  in  the 
manner,"  is  left  out,  as  it  was  probably  added  to  the 
some  editor ;  for  the  words,  ^  in  like  manner  we  may 
istrate,"  are  not  inserted  except  when  the  demonstration 
iven,  or  when  it  is  something  different  from  the  other 
given,  as  in  prop.  26,  of  this  book.  Companus  has  not 
etition. 

lave  given  anolher  demonstration  of  the  corollary,  be* 
e  one  in  the  original,  by  help  of  which  the  following 
ip.  may  be  demonstrated  without  the  35th. 

PROP,  XXX VI.    B.  XI. 

let  in  his  Euclid  demonstrates  this  proposition  without 
of  the  35th ;  but  it  is  plain,  that  the  solids  mentioned 
reek  text  in  the  enunciation  of  the  proposition  as  equi- 
are  such  that  their  solid  angles  are  contained  by  three 
kgles  equal  to  one  another,  each  to  each ;  as  is  evident 
,e  construction.  Now  Tacquet  does  not  demonstrate, 
mes  these  solid  angles  to  be  equal  to  one  another;  for 
3ses  the  solids  to  be  already  made,  and  does  not  give  the 
:tion  by  which  they  are  made :  but,  by  tfie  second  de- 
tion  of  the  preceding  corollary,  his  demonstration  is 
1  legitimate  likewise  in  the  case  where  the  solids  are 
ted  as  in  the  text. 

PROP.  XXXVII.    B.  XI. 

s  it  is  assumed,  that  the  ratios  which  are  triplicate  of  those 
hich  are  the  same  with  one  another,  are  likewise  the 
ith  one  another ;  and  .that  those  ratios  are  the  same  with 
iher,  of  which  the  triplicate  ratios  are  the  same  with  one 
;  but  this  ought  not  to  be  granted  without  a  demonstra- 
or  did  Euclid  assume  the  firist  and  easiest  of  these  two 
ions,  but  demonstrated  it  in  the  case  of  duplicate  ratios, 
12d  prop,  book  6.  On  this  account,  another  demonstra* 
iven  of  this  proposition  like  to  that  which  Euclid  gives 
22,  book  6,  as  Clavius  has  done. 


r 
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Wi^W  PRpP.  XXKVni.     B.  XI. 

When  it  is  rKjuired  W>  draw  n  pcrpcntlicuiar  fruni  a  poiftim 

one    [ilatie  wliicti  is  at  right  ar>glr«  to  ni>oiher  pUnc.  uniu  lliit 

lasl  plane,  it  is  ilonc  by  drawing  a  perpendicular  from  the  p«m 

to  ilie  conmion   section  of  die   pliDCR;  Tor  (hi>  |>erpen<IicuUf 

will   be   iKrpowlicuIur  to   the  pluic.  bf  ilef.   4,  of  thiii  book: 

ami  il  wqulil  bi-  roolish  in  this  case  to  do  il  l>y  the  I  Ith  prt^.  of 

air.l3.inthc    aAHie  i    hut  Euclid  *.   Apolloniu*.    anij    oilter   gcomeun, 

other edi.  when  they  h»v<:  occasion  f"—  this  iiroWein,  dirwit  a  pcrpcndicu- 

tioni.       i^j,  j^  ^^  drawn  from  the  point  to  tlic  plane,  and  coticluii«  that 

il  iirill  UA  upon  the  comnton  seciiun  of  Uia  pUncs,  becauw:  Uii» 

is  the  very  tarne  thing  an  if  lliey  had  made  use  of  the  coDtinic- 

tion  iiliove  mcnuoncd,  and  (hen  concluded  that  the  Btraigbt  bne 

must  be  perpendicular  to  the  plane  ;  but  is  expressed  in  fewer 

words      Some  editor,  not  pepccivinf;   this,  thoi>glrt  it  va*  nr- 

ccHarr  U>  add  ihia  propoaiiiiin,  which  cun  never  be  of  aafvx  to 

the   I  Ith  book,  and  iis  being  near  to  the  end  among  propni* 

tJonH  with  which  it  has  no  connection,  is  a  mark  of  its  having 

'       been  added  lo  Ihe  text. 


PROP.  XXXIX.    B.  XI. 

In  this  It  is  supposed,  that  the  straight  lines  which  bisect  tke 
ides  of  the  opposite  planes,  are  in  one  planci  which  ought  to 
lave  been  demonstrated;  aii'*,"!?* Jt;-;. 


BOOK  XII. 

.  1  HE  learned  Mr.  Moore,  profcf'or  of  Greek  lH  the  tiniverti- 
ty  of  Glasgow,   observed  le,   that  it  plainly  appears  from 

Archimedes's  epistle  to  Uasitheus>  prifizcd  to  hii  books  of  tbe 
Sphere  and  Cylinder,  which  epistle  he  haa  restored  from  ancient 
manuscripts,  that  Eudoxus  waa  the  auttutr  of  the  chief  propMi- 
tiona  In  this  13th  book- 

PROP.  n.     B-  XII. 

At  the  beginning  of  this  it  is  said,  "  if  it  be  not  so,  the  scjuarc 
"  of  BD  sliul)  be  to  the  square  of  FH,  as  the  circle  ABCD  is 
"  lo  some  space  either  less  tjian  the  circle  liFGHj  or  greater 
"  than  it."  Atid  the  like  is  to  be  found  near  to  the  end  of  this 
proposiriou,   as   nlso  in   prop.  5,  il,  12,  l«,  of  lliis  bDok :    con- 
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erning  which,  it  is  to  be  observed,  that,  in  the  demonstration  B.ZIL 
f  theorems,  it  is  stifl^ient,  in  this  and  the  like  cases,  that  a  ^*^v"^ 
bing  made  use  of  in  the  reasoning  can  possiblf  exist,  provi- 
ing  this  be  evident,  though  it  cannot  be  exhibited  or  found  by 
geometrical  construction;  so,  in  this  place^  it  is  asstmied,  that 
here  may  be  a'  fourth  proportional  to  these  three  magnitudeSf 
is.  the  squares  of  fiP,  FH,  and  the  circle  ABCD ;  because 
;  is  evident  that  there  is  some  square  equal  to  the  cirde  ABCD 
bough  it  cannot  be  found  geometrically :  and  to  the  three  recti- 
ineal  figures,  viz.  the  squares  of  BD,  FH,  and  the  aquare 
rhich  is  equal  to  the  circle  ABC^i,  there  is  a  fourth  square 
n>portional;  because  to  the  three  straight  lines  which  are 
beir  sides,  there  is  a  fourth  straight  line  proportional*,  and  a  12. 6. 
bis  fourth  square,  or  a  space  equal  to  it,  is  the  space  which 
1  this  proposition  is  denoted  by  the  letter  S :  and  the  like  is  to 
e  understood  in  the  other  places  above  cited:  and  it  is  pro- 
able  that  this  has  been  shown  by  Euclid,  but  left  out  by  some 
ditor ;  for  the  lemma  which  some  unskilful  hand  baa  added  to 
lis  proposition  explains  nothing  of  it. 


PROP.  III.  B.  xn. 

f 

In  the  Greek  text  and  the  translations,  it  is  said,  ^  and 
because  the  two  straight  lines  BA,  AC  which  meet  one  an- 
other," Sec.  here  the  angles  BAC»  KHL  are  demonstrated 
>  be  equal  to  one  another  by  10th  prop.  B.  11,  which  had 
een  done  before:  because  the  trigingle  £AG  was  proved  to 
e  similar  to  the  triangle  ^a/'  ^  '* '  repetition  is  left  out,  and 
le  triangles  BAC,  KHL  are  proved  to  be  similar  in  a  shorter 
'ay  by  prop.  21,  B.  6. 


PROP.  JV.    B.  XII. 

■» 
A  few  things  in  this  are  more  fuUy  explained  than  in  the 

ireek  text. 


PROP.  V.    B.  XII. 

\n  this,  near  to  the  «nd,  are  the  words  m  ti*ar^^^  thixlhi 
as  was  before  shown,"  and  the  same  are  found  again  in  the 
nd  of  prop.  18,  of  this  book;  but  the  demonstration  referred 
>«  except  it  be  the  useless  lemma  annexed  to  the  2d  prop,  is  do- 
rhere  in  these  Elements,  and  has  been  perhaps  left  out  by  some 
liitor  who  has  forgot  to  cancel  those  words  also. 


I'ROP.  VI.    U.  XH. 

A  ihortcr  demunatrauaii  is  given  of  tliiij  and  tliat  tfliich 
i»  in  Ihc  Greek  lExt  may  be  inudc  fllioricr  liy  a  ftlep  llian  ii  ia: 
l(ir  llie  author  of  it  makes  ukc  of  the  23(1  prop,  of  B.  5,  twice: 
wliercn!!  once  would  have  served  hi»  puqMM ;  bccauw  tliai 
propoHition  extcndk  to  itny  number  of  magnitudes  which  an 
proportionals  taken  two  nnd  two,  as  well  ax  to  three  which  an 
proporiional  to  other  tlircc, 


COR.   PROP.Vm.    B.XU. 

The  dcmonstrstion  or  this  is  imperfect,  because  It  is  noi 
uhovrn,  that  the  triangular  pyramids  into  which  tlicisc  upon  mnll- 
angular  bases  are  Oivided,  are  aimitar  to  one  anolAer,  as  ougtil^ 
necessarily  to  have  Iwcn  done,  and  is  done  in  itic  like  cate  in 
prop.  IS.  of  this  book.  The  full  demonstration  of  the  corodary 
is  as  follows : 

Upon  the  polygonal  bases  ABODE,  FCHKL,  let  there  be  si- 
milar and  similarly  situated  pyramids  which  have  the  pcunts  M, 
N  for  their  veriiceas  the  pyramid  ABCDtM  has  lo  the  py»* 
mid  FGHKLN  the  triplicate  ratio  of  that  which  the  side  AB  lias 
to  the  homologous  side  FG. 

Let  the  polygons   be  divided  into  the  triangles  ABE,    EBC, 

asas.    ECD;  FGl^  LGH,  LHK,  which  are   similar'  each  to  each: 

blldef.  "■"'  because  the  pyramids  are  similar,  therefore*  the   triangle 

II.       EAM  is  similar  to  the    triangle  WN,  and  the  triangle  ABM 

«  4. 6.      to  FGN  :  wherefore'  ME  is  to  EA,  as  NL  to  LP ;  and  as  AE 


lo  EB,  so  U  FL  to  LG,  because  the  tiimgles  EAB,  LEG  are 
similar;  therefore,  ex  :cquaJi,  as  ME  lo  EB,  so  is  NL  lo  LCi 


'^ 
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ike  mann/er  it  may  be  shown  that  £B  is  BM,  as  LG  to  B.  XII. 
;  therefore  again,  ex  xgua/i^  as  EM  to  MB,  so  is  LN  to  ^■^'Y'**^ 
:  wherefore  the  triangles  EMB,  LNG  having  their  sides 
x>rtionals  are<^  equiangular,  and  similar    to   one  another :  d  5. 6. 
efore  the  pyramids  which  have  the  triangles  EAB,  LFG  for 
r  t>ases,  and  the  points  M,  N  for  their  vertices,  are  similar 
one  another,  for  their  solid  angles  are  •equal,  and  thebll.def^ 
Is  themselves  are  contained  by  the  same  number  of  similar     ^^* 
es :   in  the  same  majiner,    the  pyramid  EBCM  may  be « b.  11. 
vn  to  be  similar  to  the  pyramid  LGHN,  and  the  pyramid 
3M  to  LHKN.    And  because  the  pyramids  EABM,  LFGN 
similar,  and  have  triangular  bases,  the  pyramid  EABM,  has 
LFGN  the  triplicate  ratio  of  that  which  EB  has  to  the  ho-f8  ^-  f 
ogous  side  LG.     And,  in  the  same  manner,  the  pyramid 
ZM  has  to  the  pyramid  LGHN  the  triplicate  ratio  of  that 
ch  EB  has  to  LG.     Therefore  as  the  pyramid  EABM  is  to 
pyramid  LFGN,  so  is  the  pyramid  EBCM  to  the  pyramid 
HN.     In  like  manner,  as  the  pyramid  EBCM  is  to  LGHN, 
s  the  pyramid  kCDM  to  the  pyramid  LHKN.     And  as  one 
he  antecedents  is'  to  one  of  the  consequents,  so  are  all  the 
-cedents  to  all  the  consequents:   therefore  as  the  pyramid 
3M    to  the    pyramid  LFGN,  so    is  the    whole   pyramid 
<DEM  to  the  whole  pyramid  FGHKLN :  and  the  pyramid 
\M  has  to  the  pyramid  LFGN  the  triplicate  ratio  of  that 
1  AB  has  to  FG ;  therefore  the  whole  pyranud  has  to  the 
pyramid  the  triplicate  ratio  of  that  which  AB  has  to  the 
!ogous  side  FG*    Q.  £.  D. 


t>ROP.  XL  and  XIU   B.  XIL 

order  of  the  letters  of  the  ajphabet  is  not  observed  in  these 
opositions,  according  to  Euclid's  manner,  and  is  now 
;  by  which  means,  the  first  part  of  prop.  12  may  be  de- 
ed in  the  same  words  with  the  fii'st  part  of  prop.  L 1 : 
iccount  the  demonstration  of  that  first  part  is  left  eut, 
ned  from  prop.  11. 


PROP.  XII.    B.  XIL 

)roposition,  the  common  section  of  a  plane  parallel  to 

f  a  cylinder,  with  the  cylinder  itself,  is  supposed  to  be 

id  it  was  thought  proper  briefly  to  demonstrate  it; 

:e  it  is  sufficiently  manifest,  that  this  plane  divides 

into  two  others;  and  the  tame  thing  is  underste^ 

'd  in  prop.  14. 
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B.XIL 

PROP.  XV.    B.  XII. 

<<  And  complete  the  cylinders  AX^  EO/'  both  the  enunciatkm 
and  exposition  of  the  proposition  represent  the  cylinders  as  weB 
as  the  cones,  as  already  described :  wherefore  the  reading  ought 
rather  to  be,  <'  and  let  the  cones  be  ALC,  ENG ;  and  the  cyiio- 
«  ders  AX,  EO/' 

The  first  case  in  the  second  part  of  the  demonstration  is  wantp 
ing;  and  something  also  in  the' second  case  of  that  port)  beibrt 
the  repetition  of  the  construction  is  mentioned;  which  are  now 
added. 


PROP.  XVII.    B.XII. 
In  the   enunciation   of  this   proposition,    the  Greek,  woidi 

f i(  rm  fui^iifm  r^mt^  rrt^mf  wXtn^t  tyfi^m^m  fu/^^mmt  rvf  fMmni 
#^i^  tcMTA  nf  t^t^tun  are  thus  translated  by  CommandiDe 
and  others,  ^  in  majore  solidura  polyhednim  describere  qood 
<^  minoris  sphxrx  superficiem  non  tangat ;"  that  is,  <^  to  de-  ^ 

*<  scribe  in  the  greater  sphere  a  solid  polyhedron  which  shall 
"  not  meet  the  superficies  of  the  lesser  sphere  :'*  whereby 
they  refer  the  words  xttrei  mf  tvi^etuMf  to  these  next  to  them 
n-(  (>Mo-r§f6i  0-^eit^eii.  But  they  ought  by  no  means  to  be  thub 
translated  ;  for  the  solid  polyhedi'on  doth  not  only  meet  the 
superficies  of  the  lesser  sphere,  but  pervades  the  whole  of  that 
sphere ;  therefore  the  foresaid  words  are  to  be  referred  to 
TO  errt^tof  7r9?wi^6fy  and  ought  thus  to  be  translated,  viz.  to  describe 
in  the  greater  sphere  a  solid  polyhedron  whose  su])erficies  shall 
not  meet  the  lesser  sphere ;  as  the  meaning  of  the  proposition 
necessarily  requires. 

The  demonstration  of  the  proposition  is  spoiled  and  mutilat- 
ed ;  for  some  easy  things  are*  very  ex))licitly  demonstrated, 
while  others  not  so  obvious  are  not  sufficiently  explained  :  for 
example,  when  it  is  afiirmed,  that  ll.e  square  of  KB  is  greater 
than  the  double  of  the  square  of  B/,  in  the  first  demonstra- 
tion, and  that  the  angle  BZK  is  obtuse,  in  the  second ;  both 
which  ought  to  have  been  demonstrated.  Besides,  in  the  first 
'Icmonstration  it  is  said,  ^'  draw  Kq  from  the  point  K  perpen* 
*»  dicular  to  BD  ;'*  whereas  it  ought  to  have  been  said,  *'  join 
*•  K\',"  and  it  should  have  been  demonstrated  that  KV  !■» 
perpendicular  to  BL):  for  it  is  evident  from  the  figure  m  Her- 
vagius's  and   Gregory's   editions,  and  from  the  words  of  the 


^  . 


NOTES.  361 

demonstnttion,  that  thr  Greek  editor  did  not  perceive  tbat  B«nk  XII. 
the  perpendicular  drawn  from  the  point  K.  to  the  Btralght  line  ^ri^v^v' 
BD  must  necessarily  &n  upon  the  point  V,  for  in  the  figure  it 
is  m&de  to  fall  upon  the  point  a,  a  different  point  from  V, 
which  is  likewise  lupposed  in  the  demonstration.  Comman- 
dine  seems  to  have  been  aware  of  this ;  for  in  this  figure  he 
marks  one  and  the  same  point  with  the  two  letters  V,  n  ;  and 
before  Commandine,  the  learned  John  Dee,  in  the  commen- 
tary he  annexes  to  this  proposition  in  Henry  BitUnsley'a  trans- 
lation of  the  Elements,  printed  at  London,  ann.  1 570,  expressly 
takes  notice  of  this  error,  and  gives  a  demonstration  suited  to 
the  construction  in  thcGrcek  text,  by  which  he  shows  that  the 
perpendicular  drawn  from  the  point  K  to  BD,  must  necessarily 
fall  upon  the  point  V. 

Likewise  it  is  not  demonstrated  that  the  quadrilateral  figures 
SOFT,  TPRY,  and  the  triangle  YRX,  do  not  meet  the  lesser 
sphere,  as  was  necessary  to  have  been  done  :  only  Clavius,  as 
Ear  as  I  know,  has  observed  this,  and  demonsta-ated  it  by  a  lem- 
ma, which  is  now  premised  to  this  proposition,  something  al- 
tered and  more  briefly  demonstrated. 

In  the  corollary  of  this  proposition,  it  is  supposed  that  a  solid 
polyhedron  is  described  in  the  other  sphere  similar  to  that  which 
is  described  in  the  sphere  BCDE  ;  but,  as  the  construction  by 
which  this  may  be  done  is  not  given,  it  was  thought  proper  to 
give  it,  and  to  demonstrate,  that  the  pyramids  in  it  are  similar 
to  those  of  the  same  order  in  the  solid  polyhedron  described  in 
the  sphere  BCDE. 

From  the  preceding  notes,  it  is  sufficiently  evident  how  much 
the  Elements  of  Euclid,  who  was  a  most  accurate  geometer, 
have  been  vitiated  and  mutilated  by  ignorant  editors.  The 
opinion  which  the  greatest  part  of  learned  men  have  entertained 
concerning  the  presentOreek  edition,  viz.  that  it  is  very  little  or 
nothing  different  from  the  genuine  work  of  Euclid,  has  without 
doubt  deceived  them,  and  made  them  less  attentive  and  accurate 
in  examining  that  edition ;  whereby  several  errora,  some  of  them 

?usa  enough,  have  escaped  their  notice,  from  the  age  in  which 
heon  lived  to  this  time.  Upon  which  account  there  is  some 
ground  to  hope,  that  the  pains  we  have  taken  in  correcting  those 
errors,  and  freeing  the  Elements,  as  far  as  we  could,  from  ble- 
mishes, will  not  be  unacceptable  to  good  judges,  who  can  discern 
whea  demonstrations  are  legitimate,  and  when  they  are  not. 

The  objections  which,  since  the  Erst  edition,  have  been  made 
against  some  things  in  the  notes,  especially  against  the  doctrine 
«  pit>portionals,  have  either  been  fully  answered  in  Dr.  Bar- 
row's Lect.  Matheroat.  and  in  these  notcn,  or  aie  such,  except 
?  Z  / 


J6J  .VOTES. 

Book  XII.  one  which  has  been  taken  notice  of  in  the  note  on  Pix^  1.  Book 
1 1.  as  show  that  tlie  person  who  made  them  has  not  aiifficieDtl3r 
considered  the  things  against  which  they  are  brought :  bo  that 
it  is  not  necessary  to  make  any  further  answer  to  these  objec* 
tions  and  others  like  them  against  Euclid's  definidon  of  pio- 
portionals ;  of  which  definition  Dr«  Barrow  justly  says,  in  page 
297  of  the  above-named  bode,  that  "  Nisi  maehinia  UDpolsa 
"  validioribus  aetemum  persistet  inconcussa*'; 
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unskilful  editors  in  several  places,  both  in  the  order 
of  the  propositions,  and  in  the  definitions  and  demon- 
strations themselves.  To  correct  the  errors  which 
are  now  found  in  it,  and  bring  it  nearer  to  the  accu- 
racy with  which  it  was,  no  doubt,  at  first  written  by 
Euclid,  is  the  design  of  this  edition,  that  so  it  may 
be  rendered  moi-e  useful  to  geometers,  at  least  to  be- 
^nners  who  desire  to  learn  the  investigatory  method 
of  the  ancients.  And,  for  their  sakes,  the  compo^- 
tions  of  most  of  the  Data  are  subjoined  to  their  de- 
monstrations,  that  the  compositions  of  problems  solv- 
ed by  help  of  die  Data  may  be  tlie  more  easily  made. 

Marinus  the  philosopher's  preface,  which,  in  the 
Greek  edition,  is  prefixed  to  the  Data,  is  here  left  out, 
as  being  of  no  use  to  understand  them.  At  the  end 
of  it  he  says,  tliat  Euclid  lias  not  used  the  synthetical 
but  the  analytical  method  in  delivering  them;  in 
which  he  is  quite  mistaken ;  for,  in  the  analysis  of  a 
theorem,  the  tiling  to  be  demonstrated  is  assumed  in 
the  analysis;  but,  ^n  the  demonstrations  of  the  Data, 
ihc  thinij  to  be  demonstrated,  which  is,  that  some- 
tliing  or  otlner  is  given,  is  never  once  assumed  in  die 
demonstration,  from  Avhich  it  is  manifest,  that  every 
one  of  them  is  demonstrated  synthetically  ;  though, 
indeed,  if  a  proposition  of  the  Data  be  turned  into  a 
problem,  for  example  the  84th  or  85th  in  the  former 
editions,  which  here  arc  the  85th  and  86th,  the  de- 
monstration of  tlic  proposition  becomes  the  analysis 
of  the  problem. 

Wherein  this  edition  differs  from  the  Greek,  and 
the  reasons  of  the  alterations  from  it,  will  be  showni 
'  n  the  notes  at  the  end  of  the  Data. 


EUCLID'S  DATA. 


DEFINITIONS. 


SPACES,  lines,  and  angles  are  said  to  be  given  in  ma^itudct 

when  equals  to  them  can  be  found. 

II. 

A  ratio  is  said  to  he  given,  when  a  ratio  of  a  given  magnitude 

to  a  given  magnitude  wbich  is  the  same  ratio  with  it  can  be 

ibund. 

III. 
RectiUneal  figures  arc  said  to  be  given  in  species,  which  have 
each  of  their  angles  given,  and  the  ratios  of  their  sides  given. 
IV. 
Points,  line»,  and  spaces  are  said  to  be  given  in  position,  which 
have  always  the  same  situation,  and  which  are  either  actu- 
aUf  exhitnted,  or  can  be  found. 
A. 
An  angle  is  said  to  be  given  in  position  which  is  contained  by 
straight  lines  given  in  portion. 
V. 
A  circle  is  said  to  be  given  in  magnitude,  when  a  straight  line 
from  its  centre  to  the  circumference  is  given  in  magnitude. 
VI. 
A  circle  is  said  to  be  given  in  position  and  magnitude,  the  cen- 
tre of  which  is  given  in  position,  and  a  straight  line  from  it 
to  the  circuraierence  is  given  in  magnitude. 

vn. 

Segments  of  circles  ar«  said  to  be  given  in  ma^itude,  when 

the  angles  in  ihem,  and  their  bases,  are  given  m  magnitude. 

VIII. 

Segments  of  circles  are  said  to  be  given  in  position  and  magni- 
tude, when  the  angles  in  them  are  given  in  magnitude,  and 
their  bases  are  given  both  in  position  and  magnitude. 
IX. 

A  magnitude  is  said  to  be  greater  than  another  by  a  given 
magnitude,  when  this  given  magnitude  being  taken  from  it, 
the  remainder  is  equal  to  the  other  magnitude. 


A  magnitude  is.iaid  lo  be  lesi  than  another  by  a  given  magni- 
tud^t  when  this  given  ma^itude  being  added  to  il|the  whole 
is  equal  (o  the  other  magnitude' 

PROPOSITION  I. 

THE  ratios  of  given  magnitudes  to  one  another  Is 
g^ven. 

Let  A,  B  be  two  given  magnitudes,  the  ratio  of  A  to  B  is 
given. 

Because  A  is  a  given  magnitude,  there  may 
'be  found  one  equal  lo  it ;  let  this  be  C :  and 
because  B  is  given,  one  equal  to  it  may  be 
found  ;  let  it  be  D  ;  and  since  A  is  equal  to  C, 
and  B  to  D;  therefore  >>  A  is  to  B,  as  C  to 
D  i  and  consequently  the  ratio  of  A  to  B  is 
given,  because  the  ratio  of  the  given  magni- 
tudes C,  D,  which  is  the  same  with  it,  has  been     A    B    C  IJ 


PROP.  n. 

IF  a  given  magnitude  has  a  given  ratio  to  anotlier 
magnitude,  "  and  if  unto  the  two  magnitudes  by 
"  which  the  given  ratio  is  exhibited,  and  the  given 
"  magnitude,  a  fourth  proportional  can  be  found;"' 
liii.'  other  magnitude  is  given. 

I-ei  Uie  givi.!!  niii'^nitudc  A  have  a  given  ratio  lo  the  mag- 
niiuile  B;  if  u  fourth  [iraporlional  can  be  found  to  the  thrcf 
mat^iiitudes  iiliovc  iinmed,  B  i*  given  in  magnitude. 

Ikraiisc  A  is  f^ivtii,  a  itmixnitude  may  be 
found  tqual  to  il ' :  Ifl  this  be  C  :  and  be- 
cause the  ratio  oT  A  to  li  in  given,  a  rjiio 
which  is  tlie  same  uilh  it  may  be  found  ;  let 
tlii?  be  the  ratio  of  ihe  ^ivcn  ipaguiiudc  K 
to  tbe  (nivtn  magnitude  V :  unto  the  magni- 
tiKlea  K,  F,  C  find  a  fourth  proportional 
1),  «hifb,  by  the  bijjotiiesi'i,  eim  be  done. 
Wherefore,  becfluie  A  is  toB,asKto  P;  and 
as  E  to  F,  so  is  C  to  D  ;    A  is^  to  li,  as  C  lo 

•  The  figures  in  the  niarjin  show  ilie  rAimbet  of  the  prcpiaiiioi.s  i 


DATA.  3» 


D.  But  A  is  equal  to  C;  therefore  c  B  is  equal  lo  D.   Thec^^-.S. 
magnitude  B  is  therefore  giyeii>S  because  a  magnitude  D  equal  ^  ^'  °^ 
to  it  has  been  found. 

The  limitation  within  the  inverted  commas  is  not  in  the  . 
Greek  text,  but  is  now  necessaryy  added;  and  the  same. must  be 
understood  in  all  the  propositions  of  the  book  which  depend  up- 
on this  second  proposition,  where  it  is,  not  expressly,  meat^oued^ 
See  the  note  upon  it. 


PROP.  m.  3. 

IF  any  given  magnitudes  be  added  together,^  their 
sum  shall  be  given. 

Let  any  given  magnitudes  AB*  BC  be  added  together,  their 
sum  AC  is  given. 

Because  AB  i$  given,  a  magnitude  equal  to  it  may  be  found  •}  a  1.  def 

let  this  be  D£:  and  because  BC  is  gi-  ^  ^        ^ 

Ten,  one  equal  to  it  may  be  found;  let  ■ 

this  be  EF:  wherefore,  because  AB  is  ' 

equal  to  D£,  and  BC  equal  to  £F;  the  j^  £        F 

whole  AC  is  equal  to  the  whole  DF:  . 

AC  is  therefore  given,  because  DF  ' 

has  been  found  which  is  equal  to  it. 


PROP.  IV. 


f 


IF  a  given  magnitude  be  taken  from  a  ^ven  magni- 
tude; the  remsdning  magnitude  shall  be  given. 

From  the  given  magnitude  AB,  let  the  given  magnitude  AC 
be  taken;  the  remaining  magnitude  CB  is  given. 

Because  AB  is  given,  a  magnitude  equal  to  it  may  *  be^^j^^f 
found;  let  this  be  DE:  and  because    ^  C        B 

Ac  is  given,  one  equal  to  it  may  be  , 

found;  let  this  be  DF:  wherefore  be^  ■ 

cause  AB  is  equal  to  D£,  and  AC  to    jv  F        p 

DF;  the  remainder  CB  is  equal  to  the    ^ | 

remainder  F£.    CB  is  therefore  gi*  I 

Ten  •,  because  FE  which  is  equal  to  it  has  been  found. 

3  A. 


PROP.  V. 

8mN.  if  of  three  magnitudes,  the  first  together  with  the 

second  be  given,  and  also  the  second  together  with 
the  third;  either  the  first  is  equal  to  the  third,  or 
one  of  them  is  greater  than  the  otlter  by  a  given 
magnitude. 

Let  AB,  BC,  CD  be  three  magnitudes,  of  which  AB  together 
with  BC,  that  ia  AC,  ia  given;  and  aJso  BC  together  with  CD, 
that  is  BD,  is  given.  Either  AB  is  equal  to  CD,  or  one  of  thctn 
is  greuter  than  the  other  by  a  given  magnitude. 

Because  AC,  BD  are  each  of  Iheni  given,  they  are  either 
equal  (o  one  another,  or  not  equal. 
Fi^s^  let  them  be  ecjual.  and  because     A     B  CD 

AC  is  equal  t<i  BD,  take  away  the  com-    1"  ■'     '     | 

mon  part  BC;  therefore  the  remainder 
AB  is  equal  to  the  remainder  CD. 

But  if  they  be  unequal,  let  AC  be  greater  than  BD,  and  nuke 
CE  equal  to  BD.  Therefore  CE  is  given,  because  BD  is  gircn. 
And  the  whole  AC  is  given;  there- 
«  4.  dkt.     fore  ■  AE  the  remainder  is  given.  A     E  B  CD 

And  because  EC  is  equal  to  BD,  by ] [ 1| 

taking  BC  from  both,  the  remain- 
der EB  is  equal  to  the  remainder  CD.  And  AE  is  given; 
wherefore  AB  exceeds  EB,  that  a  CD  by  the  given  magni- 
tude AE. 


See  M.  IF  a  magnitude  have  a  given  ratio  to  a  part  trf"  it, 

it  shall  also  have  a  given  ratio  to  the  remaining  part 
of  it. 

Let  the  ma^itude  AB  have  a  given  ratio  to  AC  k  part  of  it; 
it  hasalw  a  given  ratio  to  the  remainder  BC. 

Because  the  ratio  of  AB  to  AC  b  giveni  k  ratio  may  be 

■  %  d«f.    found  ■  which  is  the  same  to  it:  let  tttia  be  tlte  ratio  of  D£ 

a  given  magnitude  to  the  given  magni-  .  r>  n 

tude  DP.  And  becaiwe  DE,  DP  are  gi-  ^ V        _" 


:n,  the  remainder  PE  is  >>  given;  and 
because  AB  is  to  AC,  as  DE  to  DP,  by  j^  V  V 

conversion  «  AB  is  to  BC,  as  DE  to  EF.  , 

Therefore  the  ratio  of  AB  to  BC  is  gi-  "^""1 

-  Ten,  because  the  ratio  of  the  given  magnitudes  OE)  EF,  whUk 
is  the  same  with  it,  has  beeniound. 


'  DATA,  .3/1 


Co&.  From  this  it  foUows,  that  the  parts  AC,  CB  hate  agiven 
ratio  to  one  another:  because  as'AB  to  BC,  so  is  D£  to  £F;  hj 
division  «>,  AC  is  to  CB,  as  DF  to  FE:  and  DF,  FE  are  given;  d  17. 5. 
therefore  •  the  ratio  of  AC  to  CB  is  given.  »  3.  dcf 

PROP.  VII.  ^ 

IF  two  magnitudes  which  have  a  given  ratio  toSec.if. 
one  another,  be  added  together;  the  whole  magnitude 
shall  have  to  each  of  them  a  given  ratio. 

Let  the  magnitudes  AB,  BC  which  have  a  given  rado  to  one 
another,  be  added  together;  the  whole  AC  has  to  each  of  the 
magnitudes  AB,  BC  a  given  ratio. 

Because  the  ratio  of  AB  to  BC  is  given,  a  ratio  may  be 
found  •  which  is  the  same  with  it;  let  this  be  the  ratio  of  the  &  3.  d^. 
given    magnitudes   DE,  EF:   and  be-   *  B  C 

cause  DE,  EF  are    given,  the    whole  i 

DF  is  given  ^:  and  because  as  AB  tov  I  1,3  ^w 

BC,  so  is  DE  to  EF;  by  composition  D  £        F 

«  AC  is  to  CB,  as  DF  ^o  FE;  and  by  | c  la  5. 

conversion  ^,  AC  is  to  AB,  as  DF  to  d  £.  5v 

DE:  wherefore  because  AC  is  to  each  of  the  magnitudes  AB, 
BC,  as  DF  to  each  of  the  others  DE,  EF;  the  ratio  of  AC  to 
each  of  the  magnitudes  AB,  BC  is  given  «. 

PROP.VIIL  r. 

IF  a  given  magnitude  be  divided  into  two  parts  See  N«t^. 
which  have  a  given  ratio  to  one  anotiier,  and  if  a 
fourth  proportional  can  be  found  to  the  sum  of  the 
two  magnitudes  by  which  the  given  ratio  is  exhibited, 
one  of  them,  and  the  given  magnitude;  each,  of  the 
parts  is  given. 

Let  the  given  magnitude  AB  be  divided  into  the  parts  AC, 
CB  which  have  a  given  ratio  to  one  another;  if  a  fourth  propor- 
tional can  be  found  to  the  above  nam- 
ed itiagnitudes;  AC  and  CB  are  each  A  C  B 
of  the  m  given.                                         _— —  | 

*  Because  the  ratio  of  AC  to  CB  is  p.  F        F 

given,    the    ratio  of  AB    to  BC  is  ^^        '        ^ 
given  •;  therefore  a  ratio  which  b  """^  "  t/.dat 


-l- 
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the  '*ame  with  h  can  he    found   >•,   let   litis  be  the 

the  given    ma^itudes    DE,    EF:    and     , 

because   the  given  magnitude  AB  has  ^^_^^___ 

to  BC  the  given  ratio  of  DE  to  El,  if 

unto  DE,  EF,  AB  a  fourth  proportion-     D  F     E 

al  can  be   found,  this  whioh  is  BC  is     —  ■  |     ' 

given  •^;  and  because  AB  is  given,  the 

other  part  AC  is  given  ■•. 

In  the  same  manner,  and  with  the  like  limitulon,  if  the  dif- 
ference AC  of  two  m^initu^es  AB,  BC  which  have  a.given  ratio 
be  given;  each  of  the  magnitudes  AB,  BC  is  given. 


« 


MAGNITUDES  «-hich  have  given  ratios  to  the 
same  magnitude,  have  also  a  giveii  ratio  to  one  ano- 
ther. 

Let  A.  C  have  each  of  theni  a  given  ratio  to  B;  A  has  a  given 
ratio  to  C. 

Because  the  ratio  of  A  to  B  is  given,  a  ratio  which  is  the 
same  to  it  may  be  found  ■;  1«  this  be  the  ratio  of  the  given 
mugnitudes  D,  E:  and  because  tlie  miio  of  B  to  C  is  given,  a 
ratio  which  is  the  same  with  it  may  be  found  ';  lei  this  be  tlit 
ratio  of  the  given  magnitudes  F,  G: 
to  F,  G,  E  find  a  fourth  propor- 
tiooal  H,  if  it  can  be  done;  and 
because  as  A  is  to  B,  so  is  t)  to'E; 
and  as  B  to  C,  so  is  (F  to  G,  and 
BO  is)  E  to  Hi  ex  tquali,  as  A  to 
,C,  so  is  D  to  H:  therefore  the  ra- 
tio of  A  to  C  is  given",  because  the 
-ratio  of  the  given  magnitudes  D  and  T*   *i 

H,  which  is  the  same  with  it,  has  {      J 

'^n  found:  but  if  a  fourth  proper-  ,1       1 

tional  to  F,  G,  E  cannot  be  found,  I 

then  ii  can  only  be  said  that  the  ratio  of  A  to  'C  is  <iOinpounM 
of  the  ratios  of  A  to  B,  and  B  to  C,  that  is,  of  the  ttivcn  ratios  (^ 
DtoE,andFtoG. 


IF  two  or  more  magnitudes  have  given  ratios  to 
one  another,  and  if  they  have  g^ven  ratios,  thou^ 
they  be  iiot  the  same,  to  some  other  magiutud^; 
these  other  magnitudes  shall  also  have  g^ven  ratios 
to  one  another. 

Let  two  or  more  magnitudes  A,  B,  C  have  giTcn  rados  to  one 
another;  and  let  them  have  given  ratlosi  though  they  be  not  the 
same,  to  some  other  magnitudes 'D,  E,  F:  the  magnitudes  D, 
£,  F  have  ^ven  ratios  to  one  another. 

Because  the  ratio  of  A  to  B  is  given,  and  likewise  the  ratio 

of  A  to  D;  therefore  the  ra-     .  ^^^^^^^ 

do  of  D  to  B  is  given*;  but  U— —  ^, 

the  lutio  of  B  to  E  is  given,    B E 

therefore  '  the  ratio  of  D  to    „  _^^  F  —^—, 

E  is.  given:  and  because  the 

rati*  of  fi  to  C  is  given,  and  also  the  ratio  of  B  to  E;  the  ratio 

of  E  to  C  is  given*:  and  the  ratio  of  C  to  F  is  given;  wherefore 

the  ratio  of  E  to  F  is  {^ven:  D,  E,  F  have  therefore  given  ratios 

to  one  anoiher. 

PROP.  XL 

IF  two  magnitudes  have  each  of  them  a  g^ven  ratio 
to  another  magiutude,  both  of  them  together  shall  have 
a  given  ratio  to  that  other. 

Let  the  magnitudes  AB,  BC  haYe  a  given  ratio  to  the  magni> 
tud«  D;  AC  has  a  g^ven  ratio  to  the  same  D. 

Because  AB,  BC  have  each  of  B 

them  a  given  ratio  to  D,  the  ratio      . >  „ 

of  AB  to  BC  is  given*:  and  by  .  ^  '  ^»i 
-^  ii,thet»tioof  ACtoCB     " 


is  given'':  but  the  ratio  of  BC  to  U  b  7.  dat. 

is  given;  therefore*  the  ratio  of  AC  to  D  u  given. 


•Li  y'.  i:"i!"Jj 


1 


t 


IF  the  whole  have  to  the  whole  a  given  ratio,  and  I 
the  parts  have  to  the  parts  pvcn,  but  not  the  same, 
ratios,  every  one  of  them,  whole  or  part,  shall  have 
to  every  one  a  given  ratio.  j 

I 
Let  the  whole  AB  have  a  given  ratio  to  the  whole  CD,  mi 
the  parts  AE,  EB  have  given,  but  not  the  same,  ratios  to  tho    j 
parts  CF,  FO,  every  one  shall  have  to  every  one,  whole  or  part, 
a  given  ratio. 

Because  the  raUo  of  AE  to  CF  is  given,  as  AE  to  CF,  so 
make  AB  to  CG;  the  ratio  therefore  of  AB  to  CG  is  giTcn; 
wherefore    the  ratio  of  the  remainder  EB  to  the   remainder 

■  19.  5.       FO  is  given,  because  it  ia  the  same'  witli  the  ratio  of  AB  lo 
CG:  and  the  ratio  of  EB  to  FD  is     .              „                       _ 
given  wherefore  the  ratio  of  1-D  , 

b  9  d»t.     to   FG  is   pven**;  and  by  conver-  ' 

sion,   the  ratio  of  FD   to  DG   is     C         F  G     D  i 

cCdat.      ^ven':   and  because   AB    has  to     |         -.      |.  ■  .-  | 

each  of  the  magnitudes  CD,  CG  a 

given  I'atio,  the  ratio  of  GD  to  CG  is  given'';  nnti  therefore' 
the  ralio  of  CD  to  DO  la  given:  hut  (he  ratio  of  GD  to  DF  IS 
giveci,  wherefore''  the   ratio  of  CD   to  DF  is  given,  and  conse- 

dcor.  6.      quently*!  the  mlio  of  CE"  to  FD  ia  given;  but  the  ratio  of  CF  ta 

^*-  AE  ia  given,  as  also  the  ratio  of  FD  to  EB,  wherefore*  the  «- 

F7.  dst.     them^:  the  ratio  therefore  of  every  one  to  every  one  is  g^ven. 


IF  the  first  of  three  proportional  straight  lines  have 
a  given  ratio  to  the  third,  the  first  shall  aUo  have  a 
given  ratio  to  the  second. 

Let  A,  B,  C  l>e  three  proportional  straight  lines,  that  is,  ta  A 
to  B,  so  is  B  to  C;  if  A  have  to  C  a  given  ratio,  A  shall  also  have 
to  B  a  given  ratio- 

Because  the  ratio  of  A  to  C  is  given,  a  ratio  which  is  the 
same  with  it  may  be  found';  let  this  be  the  ratio  of  the  pfCD 
straight  lines   D,   E;   and  between  D  tai  £  find  a  ^  meW 


DATA. 

proportional  F;  therefore  the  rectangle  ontained  by  D  and 
E  is  equal  to  the  square  of  F,  and  the  rect- 
angle D,  £  U  eiven,  because  Us  aides  D,  £  are 
given;  wherefore  the  sqnare  of  F,  and  the 
straight  line  F  is  given:  and  because  as  A  is 
to  C,  so  is  D  to  E;  but  ai  A  to  C,  so  is  <  the 
square  of  A  to  the  square  of  B;  and  as  D  to 
£,  so  is  '  the  square  of  D  to  the  square  of  Fi 
therefore  the  square  ^  of  A  is  to  the  square  of 
B,  as  the  square  of  D  to  the  square  of  F: 
as  therefore  '  the  straight  line  A  ^  ^^  straight 
line  B,  so  is  the  straight  line  D  to  the  straight 
line  F:  therefore  the  ratio  of  A  to  B  is  given*) 
because  the  ratio  of  the  gjven  straight  lines  D| 
F  which  is  the  same  with  it  has  been  fbimd. 


I 

c%cat. 
20.6. 

I    I 

i 

dits. 

3     F 

£ 

e32.6. 

IF  a  magnitude  together  with  a  given  magmtude  see  K. 
have  a  given  ratio  to  another  magnitude;  the  excess 
of  thb  other  magnitude  above  a  given  magnitude  has 
a  ^ven  ratio  to  the  first  magnitude:  and  if  the  ex- 
cess of  a  magnitude  above  a  given  magnitude  has  a 
given  ratio  to  another  m^nitude;  this  other  m^ni-  ^ 
tude  together  with  a  given  magnitude  has  a  given 
ratio  to  the  first  magnitude. 

Let  the  magnitude  AB  together  with  the  ^tcq  maniitude 
BE,  that  is  AE,  have  a  given  ratio  to  the  ma^itude  CD;  the 
excels  of  CD  above  a  given  magnitude  has  a  given  ratio  to  AB. 

Because  the  ratio  of  AE  to  CD  is  giveoi  as  AE  to  CD,  so 
make  BE  to  FD^  therefore  the  ratio  of  BE  to  FD  is  given,  and 
BE  is  given;  wherefore  FD  is  giv-      .  B         F 

cn  "J  and  because  as  AE  to  CD,  so  ,  s  S-d&C. 

is  BE  to  FD,  the  remaindev  AB  is"*  '  "   bl9.3; 

to  the  remainder  CF,-as  AE  to  CD:     , 
but  the  ratio  of  AE  to  CD  is  given, 
therefore  the  ratio  of  AB  to  CF  is 

giTeii;  that  is,  CF  t^ie  excess  of  CD  above  the  given  ma^itude 
PP  has  a  given  ratio  to  AB. 

Next,  Het  the  excess  of  the  magnitude  AB  above  the  given 
aoagnitude  BE,  that  is,  let  AE*  have  a  g^ven  ratio  to  the  toagr 


-I- 


nitude  CD:  CD  together  with  a  gUen  magnUudc  tuua  gint 
ratio  to  AB. 

Because  the  ratio  of  AE  to  CD  is  given,  as  AE  to  CD,  u 
make  BE  to  ED;  therefore  the  ratio  of 

BE  to  ED  is  giTen,  and  BE  is  given,     A  E      B 

whei-cforc  FD  is  given".   And  because 
as  AE  to  CD,  »o  is  BE  to  FD.  AB   is 
to  CF,  as'  AE  to  CD:  but  the  ratio  of    C 
AE  to  CD  is  given,  therefore  Che  ratio  . 

of  AB  to  CE  is  given:  that  ist  CE  vrhich  is  equal  ti 
iherniih  the  given  magnitude  DF,  has  a  given  ratic 


See  Note.  IF  a  magnitude,  together  with  that  to  which  ano- 
ther magnitude  has  a  given  ratio,  be  given;  the  sum 
of  this  other,  and  that  to  which  the  first  magnitude 
has  a  given  ratio,  is  given. 

Let  AB,  CD  be  two  magnitudes,  of  which  AB  together  with 
BE,  to  which  CD  has  a  given  ratio,  is  given;  CD  ia  given]  toge- 
ther with  that  magnitude  to  which  AB  has  a  given  ratio. 

Itecause  the  ratio  of  CD  to  BE  is  given,  as  BE  to  CD,  w 

make  AE  to  FD;  therefore  the  ratio  of  AE  to  FD  is  given,  aw) 

aS-dat.     AE  is  giveiii  wherefore*  ED  is  given:    .  n        p 

and  because  as  BE  to  CD,  so  is  AE  to  ^  ,         *" 

b  wr.  19.    FD:  AB  is"-  to  FC,  as  BE  to  CD:  and  1 

*■  the  ratio  of  BE  to  CD  is  given,  where-  F  CD 

fore  the  ratio  of  AB  to  FC  is  given:  and .    |^— 

FD  is  given,  that  is,  CD  together  with 
FC,  to  which  AB  h~as  a  given  ratio,  is  given. 

10.  PROP.  XVI. 

See  Note.  If  the  cxCcss  of  a  magnitude  above  a  given  magni- 
tude, has  a  ^ven  ratio  to  another  magnitude;  the 
-  excess  of  both  tc^ether  above  a  given  magnitude  shaS 
have  to  that  other  a  g^ven  ratio:  and  if  me  excess  of 
two  magnitudes  together  above  a  given  magnitude, 
have  to  one  of  them  a  given  ratio;  either  the  excess 
of  the  other  above  a  given  magnitude  has  to  that  one 
a  given  ratio,  or  the  other  is  given  together  with  the 
magnitude  to  which  that  one  1^  a  given  ratio. 


DATA.  srr 

Let  the  excess  of  the  magnitude  AB  above  a  given  niagni- 
tude,  have  a  g^ven  nstio  to  the  magnitude  BC;  the  excess  of  AC, 
both  of  them  together,  above  the  given  magnitude,  has  a  given 
ratio  to  BC. 

Let  AD  be  the  given  magnitude,  the  excess  of  AB  above 
which,  viz.  DB   has  a  given  ratio   .  D       B  r 

to  BC:  and  because  DB  has  a  given . i 

ratio  to  BC,  the  ratio  of  DC  to  CB  »         I 

is  given  ^  and  AD  is  given;  therefore  DC,  the  excess  of  ACaTdat. 

above  the  given  magnitude  AD,  has  a  given  ratio  to  BC. 

Next,  Let  the  excess  of  two  magnitudes  AB,  BC  together, 
above  a  given  magnitude,  have  to  one  .  T)       B      F     P 

of  them  BC  a  given  ratio;  either  the  .1         . 

excess  of  the  other  of  them  AB  above  I         >         ' 

the  given  magnitude  shall  have  to  BC  a  given  ratio;  or  AB  is 
given,  together  with  the  magnitude  to  which  BC  has  a  given 
ratio. 

I^t  AD  be  the  given  magnitude,  and  first  let  it 'be  less  than 
AB;  and  because  DC  the  excess  AC  above  Ai)  has  a  given  ra* 
tio  to  BC,  DB  has  ^  a  given^  ratio  to  BC;  tliat  is,  DB  the  excess  b  Cor.  6. 
of  AB  above  the  given  magnitude  AD,  has  a  given  ratio  to  BC.  ^^* 

But  let  the  given  magnitude  be  greater  than  AB,  and  make 
AE  equal  to  it;  and  because  EC,  the  excels  of  AC  above  AE, 
has  to  BC  a  given  ratio,  BC  has  «  a  given  iittio  to  BEl;  and  be-c  &  dat 
cause  AK  is  given,  AB  together  with  BE,  to  which  BC  has  jl 
given  ratio,  is  given.  , 


PROP.  XVII.  ^j 

IF  the  excess  of  a  magnitude  above  a  given  magni-  See  Note, 
tude  have  a  given  nitio  to  another  magnitude;  the  ex- 
cess of  the  same  first  magnitude  above  a  given  mag- 
nitude, shall  have  a  given  ratio  to  both  the  magni- 
tudes together.  And  if  the  excess  of  either  of  two 
magnitudes  above  a  given  magnitude  have  a  given  ra- 
tio to  both  magnitudes  together;  the  excess  of  the 
same  above  a  given  magnitude  sliall  have  a  given  ra- 
do  to  the  other. 

Let  the  excess  of  the  magnitude  AB  above  a  given  magnitude 
bave  a  given  ratio  to  the  magnitude  BC;  the  excess  of  AB  abovsi 
a  given  magnitude  has  a  given  ratio  to  AC. 

a  B 
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Let  AD  be  the  given  magnitude;  and  because  DB,  the  ex- 
ccM  of  AB  above  AD,  has  a  given  ratio  to  BC;  the  ratio  of  DC 

a  7.dat.  ta  DB  is  given  •:  make  the  ratio  of  AD  to  D£  the  same  with 
this  ratio;  therefore  the  ratio  of  .  v       r\        n        r 

AD  to  DE  is  given:  and  AD  is  gi-  ^  |        |         I 

b « (Imt     ^*"'  wherefore  ^  DE,  and  the  re-  '         •         ' 

mainder  AE  are  given:  and  because  as  DC  to  DB,  so  is  AD  td 

c  12. 5.  DE,  AC  is  «  to  EB,  as  DC  to  DB;  and  the  ratio  of  DC  to  DB  is 
given;  wherefore  the  ratio  of  AC  to  EB  is  given:  and  because 
die  ratio  of  EB  to  AC  is  given,  and  that  AE  is  given,  therefine 
£B  the  excess  of  AB  above  the  given  magnitude  A£|  has  a 
given  ratio  to  AC. 

Next,  Let  the  excess  of  AB  above  a  given  magnitude  have  a 
given  rado  to  AB  and  BC  together,  that  is,  to  AC;  the  excess 
of  AB  above  a  given  magnitude  has  a  g^ven  ratio  to  BC. 

Let  AE  be  the  given  magnitude;  and  because  EB  the  excess 
of  AB  above  AE  has  to  AC  a  given  ratio,  as  AC  to  EB,  so  make 

d  6.  dat.  ^^  ^o  ^^»  therefore  the  ratio  of  AD  to  DE  is  g^vcn*  as  also  ' 
the  rado  of  AD  to  AE:  and  AE  is  given,  wherefore  ^  AD  is 
given:  and  l>ccause,  as  the  whole  AC,  to  the  whole  EB,  so  it 

a  19.  5.  AD  to  DE,  the  remainder  DC  is  «  to  the  remainder  DB  as  AC 
to  EB;  and  the  ratio  of  AC  to  EB  is  given;  wherefore  the  ratio 

f  Cor  6     ^^  ^^  ^  ^^^  ^'  gi^en,  as  also  '  the  rado  of  DB  to  BC:  and  AD 

^^  *  *  is  given;  therefore  DB,  the  excess  of  AB  above  a  given  mag- 
nitude AD,  has  a  given  ratio  to  BC. 


14.  PROP.  XVIII. 


IF  to  each  of  two  magnitudes,  which  have  a  givcH 
ratio  to  one  another,  a  given  magnitude  be  added; 
tlie  wholes  shall  either  have  a  given  ratio  to  one  ano- 
ther, or  the  excess  of  one  of  them  above  a  given  mag- 
nitude shall  have  a  given  ratio  to  the  other. 

Let  the  two  map;nitudes  AB,  CD  have  a  pjiven  ratio  to  one 

another,  and  to  AB  let  the  given  magnitude  BE  be  addcd«  and 

the  given  magnitude  DF  to  CD:  the  wholes  AE,  CF  either 

have  a  given  ratio  to  one  another,  or  the  excess  of  one  of  thew 

a  1.  dat.     above  a  given  magnitude  has  a  given  ratio  to  the  other*. 

Because  BE,  DF  arc  each  of  them  given,  their  ratio  is  given. 
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anfl  if  this  ratio  be  the  same  with  A        B 
the  ratio  of  AB  to  CD^  the  ratio  of 1 


A£  to  CF,  which  is  the  same  >>  with  p       n  v*  b  13.  5. 

the  given  raUo  of  AB  to  CD,  shall.  T 

begiven.  I 

But  if  the  ratio  of  BE  to  DF  be  not  the  same  with  the  ratio 
of  AB  to  CD,  either  it  is  greater  than  the  ratio  of  AB  to 
CD,  or,  by  inversion,  the  ratio  of  DF  to  BE  is  'greater  than 
the  ratio  of  CD  to  AB:  first,  let   .         p  r         v 

the  ratio  of  BE  to  DF  be  greater  ^ P 7 

tlian  the  ratio  of  AB  to  CD;  and  as  p         Wl  '  « 

AB  to  CD,  so  make  BG  to  DF;  \        , 

therefore  the  ratio  of  BG  to  DF  is  ' 

given;  and  DF  is  given*  therefore  ^  BG  is  given:  and  because  c  2.  dau 
BE  has  a  greater  ratio  to  DF  than  (AB  to  CD,  that  is,  than) 
BG  to  DF,  BE  is  greater  ^  than  BG;  and  because  as  AB  to  CD,^  ^0. 5. 
so  is  BG  to  DF;  therefore  AG  is  <»  to  CF,  as  AB  to  CD:  but 
the  ratio  of  AB  to  CD  is  given,  wherefore  the  ratio  of  AG  to 
CF  is  given;  and  because  BE,  BG  are  each  of  them  given,  GE 
is  given:  therefore  AG  the  excess  of  A£  above  a  given  magni- 
tude GE,  has  a  given  ratio  to  CF.  The  other  case  is  demon- 
strated in  the  same  manner. 


PROP.  XIX.  15. 


IF  from  each  of  two  magnitudes,  which  have  a 
given  ratio  to  one  another,  a  g^ven  magnitude  be 
taken,  the  remainders  shall  either  have  a  given  ratio 
to  one  another,  or  the  excess  of  one  of  them  above  a 

given  magnitude,  shall  have  a  given  ratio  to  the  other. 

« 

Let  the  magnitudes  AB,  CD  have  a  given  ratio  to  one  ano« 
ther,  and  from  AB  let  the  given  nuignitude  A£  be  taken,  and 
from  CD,  the  given  magnitude  CF:  the  remainders  EB,  FD 
shall  either  have  a  given  ratio  to  one  another,  or  the  excess 
of  one  of  them  above  a  given  mag-  a  £  n 

nitude  shall  have  a  given  ratio  to  the  i 

other.  C       F  D 

Because  AE,  CF    are  each   of 
them  given,  their  ratio  is  given*:  [    ■    ■       ■  al.dat. 

and  if  this  ratio  be  the  same  with  the  ratio  of  AB  to  CD,  the 
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ratio  of  the  remainder  EB  to  the  remftinder  FD^  which  istht 
b  19.  5.      same  ^  with  the  given  ratio  of  AB  to  CD«  shall  be  given.  ' 

But  if  the  ratio  of  A B  to  CD  be  not  the  same  with  the  ratio 
of  A£  to  CF,  either  it  is  greater  than  the  ratio  of  AE  to  CP, 
or,  by  inversion,  the  ratio  of  CD  to  A B  is  greater  than  the  ra- 
tio of  CF  to  A£.  First,  let  th*?  ratio  of  AB  to  CD  be  greater 
than  the  ratio  of  AE  to  CF,  and  as  AB  to  CD,  so  ms^e  AG 
to  CF;  therefore  the  iwo  of  AG   ^  p  ^  «! 

to  CI"  IS  given,  anci  CF  is  given,  i i 

c2.dat      wherefoi'e  ^    AG   is   given:  and  '     * 

because  the  ratio  of  AB  to  CD,  C  F       D 

that  is,  the  ratio  of  AG  to  '.     ,   ■■  ■    «        \ 
d  10.  5.      ^^  greater  than  the  i*atio  of  A£  to  Cv;  AG  is  greater  ^  tbaft 
A£:  and  AG,  A£  are  giv       therefore  the  remainder  EG  U 
given;  and  as  A9  to  CD,  o  AG  to  CF,  and  so  is  ^  the  re- 

mainder GB  to  the  remainciLA  FD;  and  the  ratio  of  AB  to  CD 
is  given:  wherefdre  the  ratio  of  GB  to  FD  is  given;  there- 
fore GB,  the  excess  of  £B  above  a  given  magnitude  EG)  has  a 
given  ratio  to  FD.  In  the  same  manner  the  other  case  is  de^ 
monstraied. 


16.  PROP.  XX. 


IF  to  one  of  two  magnitudes  which  have  a  given 
ratio  to  one  another,  a  given  magnitude  be  added, 
and  from  the  other  a  given  magnitude  be  taken;  the 
excess  of  tt)t^  sum  above  a  given  magnitude  shaU  have 
a  given  ratiA  to  the  remainder. 

Let  the  two  magnitudes  AB,  CD  have  a  given  ratio  to  one 
another,  and  to  AB  let  the  given  magnitude  £A  be  added,  and 
from  CD  let  t*ie  given  magnitude  CF  be  taken;  the  excess  of 
the  sum  £B  above  a  given  magnitude  has  a  given  ratio  to  the 
remainder  FD. 

Because  the  ratio  of  AB  to  CD  is  given,  make  as  AB  to 
CD,  so  AG  to  CF:  therefore  the  ratio  of  AG  to  CF  ia  given, 

a  2.  dat.     ?"^  .^P  ^  gi.^cn,  wherefore  •  AG  ^  ^  G  B 

is  given;  and  LA  is  given,  there- I Y  ^ 

fore  the  whole  EG  is  given:  and  ^  '  «    1""^  -- 

because  as  AB  to  CD,  so  is  AG  i 

b  19  5       *^  ^^'  ^^^^  *^  **  **  ^^^  remainder  ' 

OB  to  the  remainder  FD;  thcT  ratio  of  GB  to  FD  is  givwk 
And  EG  is  given,  therefore  GB,  the  excess  of  the  turn  £B 
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kibore  the  given  magnitude  £G»  has  a  giyen  rado  to  the  remain- 

4ap  FD. 


PROP.  XXI.  C-. 

IF  two  magnitudes  have  a  given  ratio  to  one  ano-  ^®  Note. 
ther,  if  a  given  magnitude  be  added  to  one  of  them, 
and  the  other  be  taken  from  a  given  magnitude;  the 
sum,  together  ^vith'  the  magnitude  to  which  the  re- 
mainder has  a  given  ratio,  liJgiven:  and  the  remain- 
iier  is  given  together  willi  the  magnitude  to  which 
iie  sum  has  a  given  ratio.    \^  *^7 

Let  the  two  magnitudes  AB}  CD  have  a  given  ratio  to  one 
Mother;  and  to  AB  let  the  given  magnitude  BE  be  added,  and 
bt  CD  be  taken  from  the  -given  magnitude  FD:  the  sum  A£  is 

EVen,  together  with  the  magnitude  to  which  the  remainder  FC 
tt  a  given  ratio. 

Because  the  ratio  of  AB  to  CD  is  given,  make  as  AB  to  CD, 
GB  to  FD:  therefore  the  ratio  of  GB  to  FD  is  given,  and 
FD  is  given,  wherefore  GB  i^  ^     a  ^         £ 

l^en*;   and   BE   is  given,   the  i  i  a  2.  d»t 


vhole  G£  is  therefore  given:  and 

because  as  AB  to  CD,  so  is  GB  F  C  D 

to  FD,  and  so  is»»  G  A  to  FC;  the 1 ^  1^-  ^• 

ndo  of  G  A  to  FC  is  given:  and  ^ 

AE  together  with  GA  is  given,  because  GE  is  giv  n;  therefore 
Ihe  smn  AE  together  with  GA,  to  which  the  rem.,  nder  FC  has 
■giren  ratio,  is  given.  The  second  part  is  manifest  f^9m  prq).  1 5. 


PROP.  XXIL  ^' 


^! 


IF  two  magnitudes  have  a  given  ratio  to  one  ano-  See  Not*. 
fler,  if  from  one  of  them  a  given  magnitude  be  taken, 
ind  the  other  be  taken  from  a  given  magnitude;  each 
Nf  tfie  remainders  is  given,  together  with  the  magni- 
>li^  to  which  the  other  remainder  has  a  given  ratio. 

•Let  the  tvro  magnitudes  AB,  CD  have  a  given  ratio  to  one 
^bCbcTy  and  from  AB  let  the  given  magnitude  AE  be  taken, 
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•nd  let  CO  be  taken  from  the  given  magnitudo  CF:  the  ramun- 
der  EB  is  given,  toRcther  with  the  magniiude  to  which  the  other 
remainder  DP  has  u  given  ratio, 

Because  the  ratio  of  AB  to  CD  is  given,  make  as  AD  to  CD, 
so  AG  to  CF;  the  ratio  of  AG  lo  CF  is  therefore  given,  aixl 
CF  is  given,  wherefore-  AG  is  ^  ^,  ^  q 

given;    and   AL    is    given,  and  i ■ 

Uiereforc  the   remainder  EO  is  '     ' 

givenj  and  because  ttsAfi  to  CD,  C  D  F 

so  is  AG  lo  CF:  and  so  is"  the  1 

remainder  EG  lo  the  remainder 
■    DF;  the  ratio  of  BG  to  DF  is  given;  and  EB  together  wilJi 
fiG  is  given,  because  EG  is  given:  therefore  the  remainder  EB 
together  with  BG,  to  which  DP  ihc  otlier  remainder  has  a  gi<en 
ratio,  is  given-  The  second  part  is  pl;un  from  this  and  prop.  li. 


»■  PROP.  XXIII. 

,  SmV^b.  if  from  two  ^ven  magnitudes  there  be  taken 
magnitudes  which  have  a  given  ratio  to  one  another, 
the  renuiinders  shall  cither  h;ive  a  given  ratio  to  one 
another,  or  the  excess  of  one  of  them  above  a  given 
magnitude  shall  have  a  given  ratio  to  the  other.         , 

Let  AB,  CD  be  two  given  magnitudes,  and  from  them  let  the 
magnitudes  AE,  CF,  which  have  a  given  ratio  to  one  another,  be 
(akcni  the  remainders  EB,  FD  either  have  m  given  ratio  to  one 
another;  or  the  excess  of  one  of  them  above  a  given  mi^initiidB 
has  a  given  ratio  to  the  other. 

Because  AB,  CD  are  each  of  A  E  B 

t'lem  given,  the  ratio  of  AB  to  ™  "   H  ~  ' 

CD  is  given;   and  if  this  ratio 
be  the  same  with  the  ratio  of  A£  C  F    D 

to  CF,  then  the    remainder  EB         ■■    ■    |  -  - 
s  19.  5.       has*  the  same  given  ratio  to  the 
remainder  PD. 

But  if  the  ratio  of  AB  to  CD  be  not  the  same  with  the  i>- 
tio  of  AE  to  CF,  it  is  either  greater  than  it,  or,  by  inverBOOi 
the  ratio  of  CD  to  AB  is  greater  than  the  ratio  of  CF  to  AEt 
first  let  the  ratio  of  AB  to  CD  be  greater  thw  the  ratio  of 
A£  to  CF;  and  as  AE  to  CF,  so  make  AG  to  CD;  there- 
fere  the  ratio  <J  AG  to  CO  is  given,  because  the  ratio  of 
b3.dat     AE  to  CF  is   given;  and  CD  is  given,  wherefore^  AG  is 


fld  becBiiae  the  ratio  of  AB  to  CD  ia  greater  tbao  the 


G  B 

-I— 


AE  to  CF,that  is,  than 
of)  AG  to  CO;  AB  u 
than  AG:  and  AB,  AG 
i;  therefore  the  remain-    „  F     D 

s  given:  and  because  ai     i 

F,  so  is  AG  to  CD,  and  ' 

J  to  FD;  the  ratio  of  EG  to  FD  is  ^ven;  and  GB  i»^  *®'  ^■ 
lercforc  EG,  the  excess  of  EB  above  a  ^iven  mi^itude 
a  given  ratio  to  FD.  The  other  cue  »  Bbown  ia  the 


here  be  three  magnitudes,  the  first  of  which  See  Note, 
iven  ratio  to  the  second,  and  the  excess  of  the 
above  a  given  magnitude  has  a  given  ratio  to 
rd;  the  excess  of  the  first  above  a  g^ven  mag- 
ihall  also  have  a  given  ratio  to  the  tturd. 


.B,  CD,  E,  be  the  three' magnitudes  of  which  AB  has 
ratio  to  CD;  and  the  excess  of  CD  above  a  given  mag- 
as  a  given  ratio  to  E:  the  excess  of  AB  abore  a  given 
de  has  a  given  ratio  to  E. 

F  be  the  given  magnitude,  the  excess  of  CD  above 
riz.  FD  has  a  given  ratio  to  E:  and  because  the  ratio 
I  CD  is  given,  as  AB  to  CD,  so  make 
;Fi  therefore  the  ratio  of  AG  to  CF 

and  CF  is  given,  wherefore  ■  AG  ia 
nd  because  as  AB  to  CD,  so  is  AG 
Id  so  itt-  GB  to  FDj  the  ratio  of  OB 
I  given.  And  the  ratio  of  PD  to  E  ia 
therefore  *  the  ratio  of  GB  to  E  is 
nd  AG  is  given;  therefore  GB  the  ex- 
AB  above  a  given  magnitude  AG  has 
ratio  to  E. 

1.  And  if  the  fi rat  have  a  given  ratio  to  the  seeondt  and 
'SS  of  the  first  above  a  given  magnitude,  have  a  given  ratio 
lird;  the  excess  of  the  second  alwve  a  given  magnitude 
fc  a  given  ratio  to  the  third.  For,  if  thesecmid  be  called 
,  and  the  first  the  second)  ibis  corollary  will  be  the  same 

proposition. 


b  19.  S, 
c9.dxi. 
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Cor.  S.  Also,  if  the  fine  have  a  ^wn  raiio  to  th«  secuniti  tat 
the  excess  ofthelhird  above  a  given  lUMgnitude  have  uho  agi«M 
miiu  to  the  sl-colkI,  the  same  excess  shvU  have  «  given  niio  U 
the  first;  as  h  eiidcnt  from  ihe  9»li  dat.  ^ 


ir.  PROP.  XXV. 

IF  there  be  three  magnitudes,  the  excess  of  the 
first  whereof  above  a  given  magnitude  has  a  given 
ratio  to  the  second;  and  the  excess  of  the  third  above 
a  given  magnitude  has  a  given  ratio  to  the  same  se- 
cond: the  first  shall  either  have  rt  given  ratio  to  the* 
third,  or  the  excess  of  one  of  theni  above  a  given' 
magnitude  shall  have  a  given  ratio  to  the  other. 

Let  AD,  C,  DE  be  three  magnitudes,  and  let  the  excesses  of 
each  of  the  two  AB,  DE  above  givt-n  magnitudes  have  pTta 
rutins  to  C;  AB)  DE  either  have  a  given  ratio  to  one  uiDthtfi, 
or  the  excess  of  one  of  them  above  a  given  magnitude  bu  ■ 
given  nitio  m  ih.-  olher. 

Let   KB  the  excess  of  AB  above  the  given  maginkude  AF 
have  ■  gtven  ratio  to  C;  and  let  GE  the  ex- 
cess oT  DE  above  the  given  tnagnitiide  DG 
Iwve  ft  given  rMM  to  C;  and  becnuM  FB,  GE 
have  e^h  of  them  a  given  ratio  to  C,  tbcf     p 

■  9.  d«t  hvre  a  given  rado^'to  one  asctiwr.  But  to  PB, 
0£  the  gWen  magnitudes  AF)  DG  are  added; 

b  1&  dat.  therefore  •>  the  whtde  magnitudes  AB,  D£ 
have  either  a  given  ratio  to  one  anrtbflr,  or  the 
excels  of  one  of  them  above  a  given  magni- 
tude has  a  givci  ratio  to  the  other. 


G-- 


.       *  PBOP.  XXVJ.       .  ,;;r 

IF  iSiere  be  three  magnitudes,  the  exot«eft>4f  'COi, 
of  winch  above  given  nME;nitudes  hafe  givqt  'iMitji 
-  to  tfK  a&et  two  magnitaaes;  diese  tWo  lli^,  d^ 
ht^  a  gtyeu  ratio  to  oneauo^ier,  or  {b^gir/a^'ai'fif^'- 
of  them  above  A  giveo  BiagBibi^isiMiltiuBKiL.^Mi 
ratio  to  the  other.  ...ii-n  j.- -  -     . 


DATA. 
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Let  AB,  CD,  £F  be  three  inag:nitudes,  and  let  GD  the  ex-  , 
cess  of  one  of  them  CD  above  the  given  magnitude  CG  have  la 
given  ratio  to  AB  ;  and  also  let  KD  the  excess  of  the  same  CD 
above  the  given  magnitude  CK  have  a  given  ratio  to  CF:  either 
AB  has  a  given  ratio  to  £F,  or  the  excess  of  one  of  them  above 
a  given  magnitude  has  a  given  ratio  to  the  other. 

Because  GD  has  a  given  ratio  to  AB9  as  GD  to  AB,  so 
make  CG  to  HA  ;  therefore  the  ratio  of  CG  to  HA  is  given : 
and  CG  is  given,  wherefore  *  HA  is  given ;  and  because  as  GD  &  3.  dat. 
to  AB,  so  is  CG  to  HA,  and  so  is  >"  CD  to  HB,  the  ratio  of  CD  b  12. 5- 
to  HB  is  given :  also  because  KD  has  a  given  ratio  to  £F}  as 
KD  to  EF,  so  make  CK  to  L£ ;   therefore  ^ 
the  ratio  of  CK  to  LC  is  given ;  and  CK  is 
^en,    wherefore  L£  •  is  given :    and    be- 
cause as  KD  to  EF,  so  is  CK  to  L£,  atfd  so  .  J- 
*  is  CD  to  L,F;  .the  ratio  of  CD  to  LF  is^ 
given:  but  the  ratio  of  CD  to  HB  b  given, 
wherefore  c  the  ratio  of  HB  to  LF  is  g^ven :  «   / 
and  from  HB,  LF  the  given  magnitudes  HA,      i 
LE  being  taken,  the  remainders  AB,   EF 
shall  either  have  a  given  ratio  to  one  anotfa^er,  or  the  excess  of 
one  of  them  above  a  given  magnitude  has  a  given  ratio  to  the 
•their*.  dl9.d»ti 


G± 

D.I 


E— 
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Another  Demonstration, 


Let  AB,  C,  D£  be  three  magnitudes,  and  let  the  excesses  of 
one  of  them  C  above  given  magnitudes  have  given  ratios  to  AB 
and  D£ ;  either  AB,  D£  have  a  given  ratio  to  one  another,  or 
the  excess  of  one  of  them  above  a  given  magnitude  has  a  given 
ratio  to  the  other. 

Because  the  excess  of  C  above  a  given  magnitude  has  a  given 
ratio  to  AB  ;  therefore  »  AB  together  with  a  given  magnitude  a  14.  da^. 
has  a  given  ratio  to  C:  let  this  gpven  magni-  p 
tude  be  AF,  wherefore  FB  has  a  given  ratio  to 
C :  also  because  the  excess  of  C  above  a  given 
magnitude  has  a  given  ratio  to  D£  ;  therefore  • 
DE  together  with  a  given  magnitude  has  a 
given  ratio  to  C :  let  this  given  magnitude  be 
DG9  wherefore  GE  has  a  given  ratio  to  C :  and 
FB  has  a  given  ratio  to  C,  therefore  >>  the  ratio  of  FB  to  G£  isbOidat 
given :  and  from  FB,  GE  the  given  magnitudes  AF,  DG  being 
taken,  the  remainders  AB,  DE  either  have  a  given  ratio  to  one 
another,  or  the  excess  of  one  of  them  above  a  given  magnitude 
has  a  given  ratio  to  the  other  <^.  /  c  19,  dat 

3  C 
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B      C 


D 


PROP.  XXVII. 


IF  there  be  three  magnitudes,  the  excess  of  the 
-  &nt  of  which  above  a  given  mag^tude  has  a  givea 
i^:  ..nA)  to  the  second;  and  the  excess  of  the  second 
atove  a  given  magnitude  has  also  a  given  ratio  to  tlic 
third :  the  excess  of  the  Unt  above  a  given  magiutude 
flbdl  have  a  given  ratio  to  the  third. 

.  Let  AB,  CD,  E  be  three  magDitudes,  tbe  excoM  of  the  fini^ 

ot  vhich   Alt  above  the  given  magnitude  AG,  viz.  GD,    hu  I 

l^vcii  ratio  Id  CD ;  and  FU  tlie  excess  of  CD  above  Ihe  giKa 

."^       Atgnitudc  CF.  has  a  given  ratio  lo  E :  the  exce&s  of  AB  atxfK 

'■'    "  m^KXi  magnitude  has  a  given  ratio  to  E. 

Because  tbe  ratio  of  GB  to  CD  is  given,  as  GB  to'  CD, «' 
make  GH  to  CF:   therefore  the  ratio  of  GH 
gS,tei   to  CF  is  given;  and  CF  is  given,  wherefore* 

Gtt  it  given  i   and   AG  is  given,    wherefore  G-  -    C 


F— 


Ihfr  whole  AH  rs  given :   and  beciiuse  bb  GQ 
bl9.5.     to  CD,  80  is   CH  to  CF,  and  so  is^  the  re- 

mtinder  HB  to  the  remainder  FD ;  the  ratio  I^'  ' 
dT  HB  to  FD  is  given :   and  the  ratio  of  FD 
e^dab  to  E  is  given,  therefore ^  the  ratio  of  HB  lo  jj 
£  U  givca:  and  AH  it  given;   ihcrelore  Up 
th«  excess  of  AB  above  k  (pven  nngnitiide  AH  has  a  giTCO  »• 
tiotoE. 


'*Otherv>iie, 


htit  All,  C,  D  be  three  tn^^itudes,  the  exceaa  EB  bf  At 
fint  of  which  AB  tbDve  the  given  magnitude  AE  has  a  ^n> 
ratio  to  C*  and  the  exccu  of  C  above  a  ^ven  . 
nagniuide  haa  a  ^ven  ratio  to  D  i  the  excesa 
cf  AB  titan  a  given  n^iaitiide  has  a  giteti 
ihlio  to  D. 

Beeaiue  £B  baa  a  given  ratio  to  C,  uid  Ae 
excess  of  C  abova  a  given  magnittide  has  a  glv- 
djidatcn  ratio  Ip  D;  tbarcfere'  tb6  excess  of  EB 
i&xm  a  given  ta^gnittide  has  n  given  ratio  to 
D :  let  this  given  magnitude  be  EF ;  thcrefbre 
FB  the  csccaa  of  EB  above  EP  has  a  given  ra- 
tio to  D:  and  AF  b' given,. because  A£,£F 


E  - 


ut  giTcn :  therefim  FB  the  eness  of  AB  abare  »  giren  nuignl< 
tudc  AF  has  a  giTcn  ratio  to  D." 


PROP.  XXVIH.  9S. 

* 

IF  twe  lines  given  in  podtion  cut  one  anotho-,  smh. 
the  point  or  pcnnts  in  vrfuch  th^  cut  (Hie  another 
are^ven. 

Let  two  lines  AB,  |CD  given  in  ptnitimi  cul  one  imtlier  ia 
the  point  E;    tin  pi^t  E  is  gj-  q 

Ten. 

Becaiue  the  lines  AB,  CO 
an  given  ia  {msition,  tlH7  have 
alwaffl  the  same  aiuiatioo",  and 
therefore  the  point,  or  p<MntB| 
in  which  they  cut  eoe  another 
have  alwaya  die  same  situation  t 
and  because  the  Unet  AB.  CO 
CKi  be  found  ■,  the  popit,  or 
ppintai  in  which  tbej  cut  one 
another,  are  likewise  found; 
and  therefore  are  given  in  pOMtton 


PROP.  XXIX. 


IF  the  extiemitks  of  a  atralfriit  line  be  ^iven  ni 
position  i    the  strait  line  »  ^vta  i«  po^oa  aoA 


Beeaiue  the  estrenuties  of  the  straight  Hnc  are  given,  tfaef 
can  be  lbund*i   let  these  be  the  pwntt  A*  B,  between  whiefaaidaL 
a  straight  line  AB  can  be  drawn  ^;  b  Ifotdf 

this  has  an  invariaUe  positioo,   he-    A  ■ B     bte> 

OHiae  between  two  given  points  tliere 

can  be  drawn  but  we  straight  line  i  vd  when  the  Mraight  fine 
AB  is  drawn,  its  ntagiutude  is  at  tlw  aaOM  tins  ezhihiied,  or 
givea:  therefore  the  straig^  line  AB  k  given  in  poaitmi  and 


Eottyi^ 


IF  one  of  tbe  extremities  of  a  straight  line  ^vea 
in  poabian  ttid '  magnitude  be  given ;    the  other  cx- 
■  tresfir^  ah^alao, be  given. 

*  liet  the  f(HOt  A  be'^  given,  to  wit,  one  of  the  extrcmilicx  tf 
ft  ■tnu^lit  Itae  givcDiii  magnitude,  and  which  lies  in  the  stragH 
Udc  AC  gtrcn  In  poMtkin ;  the  other  extremity  a  also  gi?en- 
'  BeCMM  ffm  Afwgbt  line  is   given  in  mogTiitude.  one  cqvit 

t  to  it  ciD  be  Ibnnd  ■  i    let  this  be  the  straight  line  O :  from  tbe 
grater  ttrught  Imc  AC  cui  off  AB 
eqml  to  the  UfMs'  D :    therefore  the     A  B        C 

.OtbercxtremityB.lif ttie  straightline     1 ■ 

" AB  is'  ib«tid';.  «nd  the  point  It  has  al< 
waji   tbe   Mme  dbation ;    because     D 

tanf  oSief  point  in-  AC,  upon  the    

mat  lide  of  A,  cnli  olT  between  it 

and  the  pcibt  A  •  greater  or  less  straight  line  than  AB,  tint  _ 

f-  t>,diMi  b;'  flkl<dbtc  die  point  B  is  given  k:  and  h  is  plaiM 
another  such  point  can  be  found  in  AC,  produced  upon  the  other 
aide  of  the  pmnt  A. 


IF  a  straight  line  be  drai^  through  a  given  poiot 
parallel  to  a  straight  line  given  in  poudoii ;  Aat 
atnight  line  is  ^ven  in  position. 

Let  A  be  a  given  pdnl,  and  BC  a  straight  line  given  in  po 
ntton ;  the  straight  line  drawn  through  A  parallel  to  BC  is  given 
ia  position. 

a  31. 1.         Through  A  draw  »  the  straight  line 

D\£  parallel    to    BC;    the  straight     D  A         E 

line  Dak  has  always  the  same  posi-     ■    >.-.       .       [     .i  .,  . 
tion,  because  no  other  straight  line  can 

be  drawn  through  A  parallel  to  BC:    B  C 

therefore  the  straight  line  DAE  which     i.^. .  -.i..-—  ...i.    ,„m 

b  4  def.    has  been  found  is  given  ^  in  position. 


\i^:.- 


PROP.  XXXIT. 

IF  a  straight  line  be  drawn  to  a  g^ven  point  in 
a  straight  luie  given  in  position,  and  makes  a  pven 
angle  with  it ;  that  straight  line  is  given  in  poutiim. 

Let  AB  be  b  straight  line  given  in  poution,  and  C  m  given 
point  in  it,  the  itrught  line  drawn  ..  TV 

to  Ci  which  makes  a  g^vea  angle  >  '    -^ 

with  CB,  is  given  in  posititMi. 

Because  the  angle  is  given,  one 
equal  to  it  con  be  found' ;  let  this 
be  the  angle  at  D:  at  the  given  ^ 

point  C,  in  the  given  straight  line     "  ^  o 

AB,  make'"  the  angle  ECB  equal  /  b 

to  the  angle  at  D :  therefore  the  / 

atroight  line  EC  has  always  the  / 

urae  situation,  because  any  other  jjf     . 

straight  line  FC,  drawn'  to  the 

punt  C,  makes  with  CB  a  greater  or  less  angle  than  the  angle 
ECB,  or  the  angle  at  D :  therefore  the  stra^ht  line  EC,  vbkh 
has  been  found,  is  given  in  poution. 

It  is  to  be  observed,  that  there  are  two  stral^t  lines  EC* 
GO  upon  one  side  of  AB  that  make  equal  angles  with  it,  and 
Whicli  make  equal  angles  with  it  when  produced  to  the  other 
aide. 


PROP.  XXXIII. 

IF  a  straight  line  be  drawn  from  a  given  point  to 
a  straight  line  nven  in  position,  and  inakes  a  given 
angle  with  it ;  uat  straight  tine  is  given  in  position. 

Froni  the  given  point  A,  let  the  strught  line  AD  be  drawii 
to  the  straight  line  BC  given  in  posltim),  and  make  with  it  a 
given  angle  ADC  ;  AD  is  given  in  po>    ^ 
ution.  ^— 

Through  the  point  A,  draw*  the  \  »3li' 

straight  line  EAF  parallel  to  BC  j  and 
because  through  the  given  point  A^  the 

straight  line  EAF  is  drawn  parallel  to  —  — 

BC.  which  is  given  in  position,  EAF  is  therefore  given  in  po- 
ll itiGn** :   and  because  the  straight  line  AD  meets  the  parallels  b  31.  du. 


X 


'Wi;  BCi  EV,  the  lOri*  EAD  k  «9HI'  lo  the  aDgJe  ADcTnd  ASG: 

bgnca,  wbordfarcckodlBlptfe  EAO  ia  given:  therefore,  be 

cMne  the  Knight  Cue  DA  it  drawn  la  the  given  point  A  in  the 

.   KnUilipeEFgiiTm  iapoulibn,  and  makes  with  it  a  given  M- 


'  PHOT  XXXIV.  , 

IF  from  a  ffiveA  point  to  a  straight  line  ^en  in  po- 
dtion*  ^  .ttnS^t  une  be  dratvn  which  is  given  in 
magnitude;  tbe  snne  it  also  given  in  position. 

Let  A  be  a  t^nU  paiatt  (ml  BC  a  atraight  line  given  to  j/ai- 
lioo;  a  atnUKht  tine  given  Id  magnitude  drano  iwra  the  paiU; 
'    A  to  BC  Jb  giwD  in  poalth^ 

ficcaaaeths  Mni^-'tine  u%iven  in  magnitude,  one  equal  to 
•  L^t  '^  can  be  fcooda;  let  tU*  be  tbe  straight  line  D:  tram  ttiB 
point  AdnwA^perpendknlarlo  BC;  and  ^ 

lines  which  can  he  irnm  tnta  Uic  point  A  | 

to  DC,  tbe  etraight  line  D,  to  which  one  1 

equal  is  to  be  dravn  from  the  point  A  to  | 

BC,  cannot  tx  less  than  AE.     If  therefore     B  L  C 

D  be  equal  to  AE,  AE  is  the  straight  line     D 

'  '       given  in  magnitude  drawn  From  the  given  point  A  to  BC :  and 

b  SS  lUt.  it  is  evident  that  AE  is  given  in  position  *•,  bccauae  it  ts  dtawit 
from  the  given  point  A  to  BC,  which  b  given  in  poiituo*  and 
Diakea  with  DC  the  given  angle  AEC. 

But  if  liie  straight  line  D  be  not  equal  to  AE)  It  tnqitbe 
greater  than  it:  produce  AE,  and  make  Af  equal  to  D;  an! 
from  ttie  centre  A,  at  the  distance  AF,  deacribe  the  circk  GHi| 
ami  join  AG,  AH:  because  the  circle  GFU  is  f[iy«i  la  paA- 

c&ifer.  (ions  and  the  straight  line  BC  is  also  given  in  poatdonj  time* 
fore  their  intersection  G  is  gi-  A 

iI38.daL'f*jn''l  ^•"^  tlie  point  A  it  gi- 
ven ;  wherefore  AG  is  given  in 

eSStdat. position',  that  is,  the  straight 
line  AG  given  in  magnitude, 
(for  it  is  equal  to  D)  and  drawn 
fran\  tbe  given  point  A  to  the 
straight  line  DC  given  in  pO' 
Mdon,  is  also  given  in  position :  and  in  like  OMnner  AH  h  gi(tt 
In  position:   tbereferc  in  thb  case  there  ere  two.ttnugbt  Bks 


v.- 


.     l'  'f 

Data.  tti 

A<jr»  AH  6f  the  flame  jglveli  magnitude  which  can  l)^  drawn  from 
•  given  point  A  to  a  straig;ht  line  BC  given  in  pontion. 

PROP.  XXXV.  si 

IF  a  straight  Ime  be  drawn  betvreen  tv^o  parallel 
straight  lines  given  in  podtiont  and  makes  given  an* 
^es  with  them,  the  stnught  Une  is  given  in  magni- 
tude. 

Let  the  straight  line  EF  be  drawn  between  the  parallels  AB, 
CD«  which  ane  given  in  position,  and  make  the  given  aiglet 
BEF,  EFO  t  EF  is  given  in  magnitude. 

In  CD  take  the  given  point  G,  and  through  Gdraw*GHa3LL 
parallel  to  FF:  and  because  CD  meets  the  pu^allels  GH,  EF, 
the  angle  EFD  is  equal  ^  to  the  angle  y.  EH  B^^*^ 

HGD:  and  EFD  b  a  given  angle  ;< 
vlierefore  the  angle  HGD  is  given ;  and 
beonise  HG  is  drawn  to  the  given  point 

Gt  in  the  straight  line  CD,  given  iri  posi- 

tionf  and  makes  a  given  aii^le  HGD:q  p  q 
the  straight  line  HG^  given  in  posi- 
tion^: and  AB  is  given  in  position:  therefore  the  point  H  isc33.dtti 
ghren^ ;  and  the  point  G  is  also  given,  wherefore  GU  is  given  in  dsadat 
magnitude*:  and  EF  ift  equal  to  %  therefore  EF  is  given  ine29^d«B 
magnitude. 

PROP.  XXXVL  33. 

IF  a  straight  line  given  in  magnitude  be  drawn  be-  see  n. 
\metxi  two  parallel  straight  lines  given  in  position,  it 
ahall  make  |^ven  angles  with  tlw  parallels* 

Let  the  straight  line  EF  given  in  magnitude  be  drawn  be- 
tween the  parallel  straight  lines  AB|  CD» 
which  are  given  in  position:  the  angles  A  EH        fi 

AEF,  ]§FC  shall  be  ^ven. 

Dtcanse  £F  is  given  in  magnitude,  a 
stnught  Ihie  equal  to  it  can  be  found*: 
let  this  be  G:  in  AB  take  a  given  point 


al.de£ 


perpendicu-  C  F    K        D  k  IS!.  ^ 

iar  to  CD ;  thentbre  the  straight  line  G>       G  ■  ■ 


that  JA,  EF,  canooi  be  l»s  than  HK.*  and  if  G  be  eqm\U 

HK,  £P  also  is  equal  to  it ;  wherefore  £1'  ia  ai  riqiht  angU 

CD;  for  if  ic  bo  nui,  LIF  would  be  greater  tliao  TIK,  which  i» 

absurd.     Therefore  the  aitglc  iil'D  in  a  right,  tuul  coiucqUcniljr 

a  given  angle. 

But  ir  the  stniglit  line  C  be  »ot  equal   to  HK.  it  must  be 

greater  than  tl :  prwlucc   HtL,  and  take  HLn  equal  to  G ;  and 

from  the  centre   H,  at   tlic  distance    HL,  describe   the  circle 
<6.(faf.    MLN,  and  jwn   HM,   HN  j   and  because   the  circle  «  MLN, 

and  the  straight  line  CD.  are   given  in  position,  the  fXMnu  M| 
iSadai.fj  are''gi''cn:  and  the  point 

H    is  given,   wherefore    the    A 

straight  lines  HM.  HN.  aw      - 
c  39.  dat.  given  in  position 

is  given  in  position : 

the  anglM  HMN,  Hnm,  are  > J      A^J ^'  j- 

f  A. del  given   in    posidonf;    of    the  ^      "^  »J  »i      i        .-h 

straight  lines  HM,  HN,  let 

HN  be  that  which  ia  not  pa-  G 

rallel  to  EF,  for  CF  cannot  be 

parallel  to  both  of  them  :  and  dravr  EO   parallel  to  HN:  EO 
g34.l-    therefore  is  equals  to  HN,  that  is  to  G;  and  EF  is  equal  to G, 

wherefore  EO  b  equal  to  EF,  and  the  angle  EFO  to  the  angle 
h  29  L    EOF,  that  is^,  to  the  given  angle  HNM  ;  and  because  the  an^le 

HNM,  which  is  equal  to  the  angle   EFO,  or  EFD,  has  bcea 

found ;  therefore  the  angle  EFD,  that  is,  the  angle  AEF,  is  given 
kl.def.  in  magnitude'' i  and  consequently  the  angle CFC. 


irnereiore    tnc    A  Ci  n 

rIM,  HN.  aw  77 JfT 

on'!  and  CD  ,     /\  /\ 

Lionn    of    the^      '^  OM      j^      N 


PROP,  xxxvn, 

IF  a  straight  line  given  in  magnitude  be  drawn 
from  a  point  to  a  straight  line  given  in  position,  in  a 
given  angle;  the  straight  line  drawn  through  that 
point  parallel  to  the  straight  line  given  in  position,  is 
given  in  position. 

Let  the  straight  line  AD  given  in  magnitude  be  dnwn  fnxa 
the  point  A  to  the  straight  line  BC  given  in 
position,  in  the  given  angle   AfK :  the  E         AH  F 

straight  line  EAF  drawn  through  A  paral-" 
lei  to  BC  ia  given  in  position. 

In  BC  take  a  given  point  G,  and  draw 
GH  parallel  to  AD:  and  because  HG  : 


ZI 


drawn  to  a  given  point  G  in  the  straight  B    ^    ** 


DATA. 


393 


line  BC  pvcn  in  poution,  in  a  given  angle  HGC,  for  it  is  equal 

'  lo  the  given  angle  ADC  ;  HG  is  given  in  poailioni* ;  but  it  is  *  39. 1. 

given  alio  in  magnitude,  because  it  is  equal  to'  AD  which  is  l>  32.  ixt 

given  in  magnitude  ;  therefore  because  G  one  of  the  eztremi-  c  34  1. 

ties  of  the  straight  line  GH  given  in  position  and  magnitude  i> 

given,  the  other  exremity  H  is  given  d  ;  and  the  straight  line  d  30.  dat. 

EAF,  which  is  drawn  through  the  gi^n  point  H  parallel  tn 

BC  given  in  position,  is  therefore  given  '  in  position.  *  ^^  <^' 

PROP,  xxxviri.  M. 


IF  a  straight  line  be  drawn  from  a  given  point  to 
two  parallel  straight  lines  given  in  position,  the  ratio 
of  the  segments  between  the  given  point  and  the  pa- 
rallels smll  be  given. 

Let  the  straight  line  EFG  be  drawn  from  the  given  point  E 
to  the  parallels  AD,  CD,  the  ratio  of  EF  to  EG  it  given. 

From  the  point  E  draw  EHK  perpendicular  to  CD ;  and 
because  from  a  given  point  E  the  Btnught  line  EK  is  drawn  to 
CD  which  is  given  in  poutton,  in  a  given  angle  £KC  ;  EK  is 


given  in  position* ;  and  AB,  CD  are  given  in  position  :  there-  a  3S-  dat. 
fore^  the  points  H,  K  are  given  ;  and  the  point  E  is  given  ;  b  38.  du. 
wherefore*^  EH,  EKarc  given  in  magnitude,  and  the  ratio*'  of  c  29.  dat 
them  is  therefore  given.  But  as  EH  to  EK,  so  is  EF  to  EG,d  i.  dai. 
because  AB,  CD  are  parallels ;  thereforetheraUoof  £F  toEG 
is  given. 


PROP.  XXXIX. 


35, 30. 


IF  the  ratio  of  the  segments  of  a  straight  line  be-  see  n. 
tween  a  given  point  in  it  and  two  parallel  straight 
lines  be  given,  if  one  of  the  parallels  be  §^ven  in  po- 
siUon,  the  ottur  is  also  g^ven  in  position, 


394 


EUCLID'S 


From  the  given  point  A,  let  the  straight  line  AED  be  drawn 
to  the  two  parallel  straight  lines  FG,  BC,  and  let  the  ratio  of 
the  segments  A£,  AD  be  given  ;  if  one  of  the  parallels  BC  be 
given  in  position,  the  other  FG  is  also  given  in  position. 

From  the  point  A,  draw  AH  perpendicular  to  BC,  and  let 
it  meet  FG  in  K  :  and  because  AH  is  drawn  from  the  given 
point  A  to  the  straight  line  BC  given  in  position,  and  mtiktn  a 


a  33.  dat.  ^iven  angle  AHD;  AH  is  given  ^  in 

position  ;  and  BC  is  likewise  given  in 

position,  therefore  the  point  H  is  gtv-  j^ 
b  28.  dat.  en  ^ :  the  point  A  is  also  given;  where-— 
c  29.  dat.  fore  AH  is  given  in  magnitude  c,  and 

because  FG,  BC  are  parallels,  as  A£ 

to  AD,  so  is  AK  to  AH;     and  the  _ 

T'Mio  of  AK  to  AD  is  given,  where-F 

fore  the  ratio  of  AK  to  AH  is  given  ;  but  AH  is  given  in  mag- 
d  2.dat.  nitude,  therefore**  AK  is  given  in  magnitude  ;  and  it  is  also 
c  30.  dat.  f>iven  in  position,  and  the  point  A  is  given ;  wherefore*  the  point 

K  is  given.    And  because  the  straight  line  FG  is  drawn  through 

the  JLifiven  point  K  parallel  to  BC  which  is  given  in  position, 
f  31.  dat.  therefore *^  FG  is  given  in  position. 


PROP.  XL. 


Sec  N. 


third  is  also  given  in  position. 


Let  AB,  CD,  HK  be  three  parallel  straight  lines,  of  uhich 
AH,  CI)  arc  given  in  position;  and  let  the  ratio  of  tiie  scjr- 


DATA.  39  i 

Tuents  GE,  GF  into  which  the  straight  line  CEF  is  cut  by  the 
three  parallels,  be  given  ;  the  third  parallel  HR  is  given  in 
position. 

In  AB  lake  a  given  point  L,  and  draw  LM  perpendicular 
to  CD,  meeting  HK  in  N  ;  because  LM  is  drawn  from  the  gi- 
ven point  L  to  CD  which  is  given  in  position,  and  makes  a  gi- 
ven angle  LMD,  LM  is  given  in  position* ;  and  CD  is  given  "33.  cUi. 
in  position,  wherefort:  the  point  M  is  given  <> ;  and  the  point  L  b  38.  dat 
i  s  given,  LM  is  therefore  given  in  magnitude  '  ;  and  because  c  29.  dit. 
:  \k  ratio  of  G£  to  GF  is  given,  and  as  GE  to  GF,  so  is  NL  to 
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NM;  the  ratio  of  NLto  NM  is  given;  and  therefore  >i  the  ra-  CCor. 
tio  of  ML  to  LN  is  given  ;  but  LM  is  given  in  magnitude*, "^J^^ 
wherefore  •  LN  is  given  in  magnitude  ;  and  it  is  also  given  in  ^  2  d«' 
position,  and  the  point  L  is  given;  wherefore f the  pdnt  N  isf  3Q.da'[. 
given  ;  and  because  the  straight  line  HK  is  drawn  through  the 
given  point  N  parallel  to  CD  which  is  given  in  position,  there- 
fore HK  is  given  in  position  1.  g31.dat. 


IF  a  Straight  line  meets  three  parallel  straight  lines  see  n. 
which  are  given  in  position,  the  segments  into  which 
they  cut  it  have  a  given  ratio. 

Let  the  parallel  straight  lines  AB,  CD,EF,  given  in  position, 
be  cut  by  the  straight  line  CHK ;  tbe  ratio  of  OH  to  HK.  is 
ijiven. 

In  AB  take  a  given  point  L,  and  A  G    L  B 

draw   LM    perpendicular   to  CD,    — 
jnceting  EF  in  N;  therafore'LM  . 
is  givei*  in  position ;    and  CD,  EF 
arc  given  in  position,  wherefore  the 
points  31,  N  are  given  ;  and  the  point 
li  is  given;  therefore  *>  the  straight - 


s  LM,  MN  are  given  in  magni-K     K 


*t  z'  irc'.'Z  ABC  be  given  in  it 

::  *  is*  ■::' which  are  equal,  e 
•        t*  AB.  BC.  CA,  which 
.  ■  :  -.  ~  r-.-s:  be  greater  than 

A 


.  *:£:':rc,  because  the 
.t  BAC,  has  been  fou 
.-:-r  i\\L  anj^Ies  ai  H 
A 3,  BC.  CA  are  ^U 
.  :/.er£!ore  the  irian 


*  »  .     .\-  ..•■ 

v:  ..^  ::'  .i  rr:ar.2:le  be  given  in  mi 
.  .^  c. •*."•*  •"  species. 

^  :  ■     .  .    ir^iiw  ABC  be  given  in  nil 
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wherefore  each  of  those  at  the  points  D,  E)  F  is  given:  and 
because  the  straight  line  FD  is  drawn  to  the  given  point  D  iq 
DE  which  is  given  in  position,  making  the  given  angle  EDP ; 
therefore  DF  is  given  in  position ''.     In  like  manner  EF  also  b  32.  dat 
is  given  in  position  ;  wherefore  the  point  F  is  given  :  and  the 
points  O,  £  are  given ;   therefore  each  of  the  Mraight  lines 
DE,  EF,  FD  is  given  E  in  magnitude:  wherefbre  the  triangle  c  39.  dat. 
DEF  is  given  in  species'*;  and  it  is  similar'  to  the  trianglcd42.dat. 
AliC  ;  which  is  therefore  given  in  species.  S^a'^ 


IF  one  of  the  angles  of  a  triangle  be  ^ven,  and  if 
the  sides  about  it  lave  a  given  ratio  to  one  another ; 
the  triangle  is  given  in  species. 

Let  the  triangle  ABC  have  one  of  its  angles  6AC  given, 
and  lei  the  sides  B.\,  AC  about  it  have  a  given  ratio  to  one 
another  i  the  triangle  ABC  is  given  in  species. 

Take  a  straight  line  DE  given  in  position  and  magnitude, 
and  at  the  point  D,  in  the  given  straight  line  DE,  make  the  an- 
gle EDF  equal  to  the  given  angle  BAC ;  wherefore  the  angle 
EDF  is  given;  and  because  the  straight  line  FD  is  drawn  to 
the  given  point  D  in  ED  which  is  given  in  position,  making 
the  given  angle  EDF;  therefore  FD  A 

is  given  in  position*.     And  because  vj  j)».13.dK 

the    ratio  of  BA    to   AC  is  given,  yT    | 

make  the  ratio  of  ED  to  DF  the      y^       |  >^ 

same  with  it,  and  join  EF;    and  be-  ^ I  ^. f 

cause  the  ratio  of  ED  to  DF  is  given,  **  C       E         F 

and  ED  is  given,  therefore  *  DF  is  given  in  magnitude :  and  it  l"  2-  dat. 

ia  given  also  in  position,  and  the  point  D  is  given,  wherefore 

the  point  F  is  given  ' ;  and  the  points  D,  E  are  given,  where-  c  30.  dit. 

fore  DE,  EF,  FD  are  given'' in  magnitude;  and  the  triangle d 39. dai. 

DEF  is  therefore  given  '  in  species  ;  and  because  the  triangles  c  43.  dat. 

ABC,  DEF  have  one  angle  BAC  equal  to  one  angle  EDF, 

aiwl  the  sides  about  these  angles  proportionals;  the  triangles 

are  r  similar;   l>ut  the  triangle  DEF  is  given  in  species,  and  f  6.  6.  ■ 

therefore  also  the  triangle  ABC. 
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PROP.  XLV. 


SeeN. 


IF  the  sides  of  a  triangle  have  to  one  another  given 
ratios,  the  triangle  is  given  in  species. 


b22.5. 


c20.  1. 
dA.5. 


e22. 1. 


D      £ 


Let  the  sides  of  the  triangle  ABC  have  given  ratios  to  one 
another,  the  triangle  ABC  is  given  in  species. 

Take  a  straight  line  D  given  in  magnitude ;  and  because  the 
ratio  of  AB  to  BC  is  given,  make  the  ratio  of  D  to  £  the  same 
with  it ;  and  D  is  given,  therefore  ^  £  is  given.  And  because 
the  ratio  of  BC  to  C  A  is  given,  to  this  make  the  ratio  of  E  to  F 
a  2.  dat.  the  same ;  and  £  is  given,  and  therefore  ^  F ;  and  because  as 
AB  to  BC,  so  is  D  to  £ ;  by  composition  AB  and  BC  together 
are  to  BC,  as  D  and  £  to  F ; 
but  as  BC  to  C  A,  so  is  E  to  F ; 
therefore,  >a:  aguaii^^  as  AB 
and  BC  arc  to  CA,  so  are  D 
and  £  to  F,  and  AB  and  BC 
are  greater  ^  than  C A  ;  there- 
fore I)  and  £  are  greater^  than 
F.  In  the  same  manner  any 
two  of  the  three  D,  E,  F  are 
greater  than  the  third.  Make  « 
the  triangle  GHK  whose  sides 

are  equal  to  D,  E,  F,  so  that  GH  be  equal  to  D,  HK  to  E,  and 
KG  to  F ;  and  because  D,  £,  F  are  each  of  them  given,  there- 
foi*e  GH,  HK,  KG  are  each  of  them  given  in  magnitude; 
f  42.  dat.  therefore  the  triangle  GHK  is  given  ^  in  species ;  but  as  AB 
to  BC,  so  is  (D  to  P:,  that  is)  GH  to  HK ;  and  as  BC  to  CAi 
so  is  (£  to  F,  that  is)  HK  to  KG  ;  therefore,  ex  aguaiij  as  Afi 
to  AC,  so  is  GH  to  GK.  Wherefore  s  the  triangle  ABC  is 
equiangular  and  similar  to  the  triangle  GHK ;  and  the  trian- 
gle GHK  is  given  in  species;  therefore  also  the  triangle  ABC 
is  given  in  species. 

Cor.  If  a  triangle  is  required  to  be  made,  the  sides  of  whick 
shall  have  the  same  ratios  which  three  given  straight  lines  IX 
E,  F  have  to  one  another;  it  is  necessary  that  cYtry  two  Q^ 
them  be  greater  than  the  third. 


g5.6. 


PROP.  XLVI. 


IF  the  sides  of  a  riglu  angled  trian§^e  about  one  of 
the  acute  angles  have  a  g^ven  ratio  to  one  anctfher ;  the 
triangle  is  given  in  species. 

Let  the  udes  AB,  BC  about  the  acute  angle  ABC  of  the  tri- 
angle ABC)  which  has  a.  right  angle  at  A,  have  a  given  ratio 
to  one  another  ;  the  triangle  ABC  ia  given  in  species. 

Take  a  straight  line  OE  given  in  position  and  magnitude  ; 
'  and  because  the  ratio  of  AB  to  BC  ia  given,  make  as  AB  to 
BC,  so  DE  to  EF  ;  and  because  DE  has  a  given  ratio  to  EF, 
and  DE  is  given,  therefore*  EF  is  given  ;  and  because  as  AB  >  3  du. 
to  BC,  so  is  DE  to  EF  ;  and  AB  is  less  >>  than  BC,  therefore  b  19. 1. 
BE  is  less  t  than  EF.    From  the  point  D  draw  DG  at  right  an-  c  A.  S- 
glesto  DE,  and  from  the  centre 
£,  at  the  distance  EF,  describe  a 
circle  which  shall  meet  DG 
two  points;  let  G  be  either  of  ' 
them,  and  join  EG;  therefore  ^ 

the  circumference  of  the  circle  ,    .,  .  ^ 

is  given  <>  in  position  ;  and  the  E  ''6.  def. 

straight  line  DG  is  given'  in  posi^on,  because  It  is  drawn  toe32.dat. 
the  given  point  D  in  DE  given  in  position,  in  a  given  angle  ; 
therefore'  the  point  G  is  given  ;  and  the  points  D,  E  are  given  :  f  as.  dat, 
wherefore  DE,  EG,  GD  are  given  s  in  magnitude,  and  the  tri-  p  29  dit 
angle  DEG  in speciesi>.  And  because  the  triangles  ABC,  DEG  h  43.  dat 
have  the  angle  BAC  equal  to  the  angle  EDG,  and  the  sides 
about  the  angles  ABC,  DEG  proportionals,  and  each  of  the 
other  angles  BC  A,  EGO  less  than  a  right  angle  ;  the  triangle 
ABC  is  equiangular'  and  similar  to  the  triangle  DEG  :  buti  7.  6 
DEG  is  given  in  species  ;  therefore  the  triangle  ABC  is  given 
in  species :  and,  in  the  same  manner,  the  triangle  made  by 
drawing  a  straight  line  from  E  to  the  other  point  in  which  the 
r-ircle  meets  DG  is  given  in  species. 
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44. 


PROP.  XLVII. 


Sec  Note.  IF  a  triangle  has  one  of  its  angles  which  is  not  a 
right  an^le  given,  and  if  the  sides  about  another  angle 
have  a  given  ratio  to  one  another ;  the  triangle  is  given 
in  species. 

Let  the  triangle  ABC  have  one  of  its  angles  ABC  a  gifcn 

I)Ut  not  a  right  angle,  and  let  the  sides  BA,  AC  about  another 

angle  BAC  have  a  given  ratio  to  one  another ;  the  triangle 

ABC  is  given  in  species. 
First,  let  the  given  ratio  be  the  ratio  of  A 

equality,  that  is,  let  the  sides  BA,  AC  and 

consequently  the  angles  ABC,  ACB  be  e- 

qual ;  and  because  the  angle  ABC  is  given, 
a  S2. 1.    the  angle  ACB  and  also  the  remaining  * 

angle  BAC  is  given  ;  therefore  the  trian- 
l)43.dat.  g](>  ^D(;  js  given <>  in  species;  and  it  is  B  C 

evident  that  in  this  case  the  given  angle  ABC  must  be  acute. 
Next,  let  the  given  ratio  be  the  ratio  of  a  less  to  a  greater, 

that  is,  let  the  side  AB  adjacent  to  the  given  angle  be  less  than 

ihc  side  AC'  ;  lake  a  straight  line  1)E  given  in  po&ition  and 

inagniuidc,  and  make  the  angle  DKF  equal  to  the  given  angle 
.  ..J.  lint.  ABC  ;  therefore  LIK  is  given c  in  posilion;  and  because  the 

ratio  of  BA  lo  A('  is  given,  as  BA 

to  AC,  so  make  KD  lo  UG  ;  and 

because  the  ratio  of  ED  to  I)(i  is 

given,    and    KD     is     given,    the 
d  2.  dut.  straight  line   DG   is  given  <*,  and 

BA  is  less  than  AC,  therefore  ED 
c  A.  5.     is    less*"   than    DG.      Fiom    the 

centre  D  at  the  distance  DG  de- 
scribe the  circle  GE  meeting  EE 

in  E,  and  join  DF  ;   and  because 
16.  def.   the  circle  is  given^  in  position,  as 

also  the  straight  line  EE,  the  point 
yj28.  dat.  E  is  given  ^  ;  and  the  points  D,  E 

are  given;  wherefore  the  straight 
i»  29. dat.  lintis  DE,  EF,  ED  are  given''  in 
;  4j  ^i^t  mii,;niiude,  and  the  triangle  DEF  G 
k  IH.  1.    in  species  '.  And  because  BA  is  le*^sthan  AC,  the  angle  ACB  is 
1  1.  7.  I.   less'  than  lii?  nnj'Ie  ABC,  und  ihcreforc  ACB  is  Ics«  '  than 


D 
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-ight  angle.    In  the  same  manner,  because  ED  is  leas  than 

>  or  DF|  the  angle  DFE  is  less  thui  a  right  angle :   and  be- 
ise  the  triangles  ABC,  DEF  have  the  angle  ABC  equal  to 

angle   DEF,  and  the   sides  about  the  angles  BAC,  EDF 
iportionals,  and  each  of  the  other   angles  ACB,  DFE  less 
n  a  right  angle;    the  triangles  ABC,  DEF  are » similar,  andm7.& 
'.F  is  given  in  species,  wherefore  the  tnangle  ABC  is  also  given 
ipecies. 

Thirdly,  let  the  given  ratio  be  the  raUo  of  a  greater  to  a 
i,  that  is,  let  the  side  AB  adjacent  to  the  given  angle  he 
ater  than   AC;     and,   as  in  the  last 
e,  take   a  straight  line  DE   given  ia  A 

iition  and  magnitude,  and  make  the 
;le  DEF  equal  to  the  given  angle 
tC ;  therefore  EF  is  given  '  in  posj- 
1 ;  also  draw  DG  perpendicular  to 
;  therefore  if  the  ratio  of  BA  to 
■  be  the  same  with  the  ratio  of  ED 
the  perpendicular  DG,  the  triangles 
to,  DEO  arc  similar  ™,  because  the 
;les  ABC,  DEG  are  equal,  and  DGE 
a  right  angle:  therefore  the  angle 
'.B  h  a  right  angle,  and  the  triangle 

IC  is  given  in  *  species.  *• 

3ut  if,  in  this  last  case,  the  given  ratio  of  BA  to  AC  be 

the  same  with  the  ratio  of  ED  to  DG,  that  is,  with  the 
;o  of  BA  to  the  perpendicular  AM  drawn  from  A  to  BC; 

ratio  of  BA  to  AC  must  be  less   than  "  the   ratio  of  BA  o 
AM,  because  AC  is  greater  than  AM.     Make  u  BA  to  AC 
ED  to  DH;   therefore  the  ratio  of 

>  to  DH  is  less  than  the  ratio  of  (BA 
\M,  that  is,  than  the  ratio  of)  ED 
>G ;  and,  consequently,  DH  is  great- 
•thanDG;  and  because  BA  is  great- 
;han  AC,  ED  is  greater 'than  DH. 
>m  the  centre  D,  at  the  distance  DH, 
cribe  the  circle  KHF,  which  neccssa- 

meets  the  straight  line  EF  in  two 
nts,  because  DH  ia  greater  than  DG, 
I  less  than  DE,    Let  the  circle  meet 

in  the  points  F,  K  which  are  given, 
vas  shown  in  the  preceding  case  ;  and 
*,  DK  being  joined,  the  triangles  DEF,  H 

;K  arc  !;iven  in  species,  as  was  there  shown.     From  the  cen- 

A,  lit  tlie  distance  AC,  describe  a  circle  meeting  BC  again  in 

and  if  the  angle  ACB  be  less  thsm  a  right  angle,  ALB  must 
3  E 


A. 


tftlM 


mi  «B  Vm  conUtry. 

right  un);!c  DKE  lairrt 


In  gmtar  than  wet  vai  on  tte  dntrary. 
ttf$  ACBi  .PFE  te  either  liM  «  gnat- 
«:A«n  ft  (Wki^  t  and  bmiuw  in  the 

^]Erii*9  «i«a«A.t)i»  aUeftRA,  AC 
■nd  ED,  DP  Bbcmt  two  of  the  otitcr 
WfjiM  pr^tortloHl^  the  trianglB  AKC 
"■r-^  ll  similar  Bts  the  tTiM)gleO£F.  b  the 
MUDC  manner,  tbe  triai^  ASL  h  nmi- 
br  to,  DEK.  And  the  ttiw^^  DEF, 
'  DEK  ve  given  in  specks;  thet«fiii«  &!• 
•0  the  tnnclci  ABC,  ABL  uc  given  in 
specie*.  And  &«n  tUt  It  it  evidra^  tliat 
in  this  third  case  there  ue  sIwhts  ^vo  j^ 

trlugles  of  s  dUhrcnt  species,  to  wUch 
the  things  meotioocd  iu  giTen  in  the  pmiKisiiion  cui  sgrcc. 


IF  a  triangle  has  one  angle  given,  and  if  both  the 
sides  together  about  that  angle  have  a  given  ratio  to  the 
remaining  side ;  the  triangle  is  given  in  species. 


Let  the  triangle-ABC  have  the  uigle  BAC  given,  and  let  tbe 

sides  BA,  AC  logeiher  about  that  angle  have  a  given  ratio  to  BCj 

the  triangle  ADC  is  given  in  speciea. 
n  9. 1.  Bisect  •^  the  smgle  BAC  by  the   straight  line  AD ;    therefore 

b3.6.      the  angle  BAD  is  given.      And  because  aa  BA  to  AC,  w  ia^ 

BD  to  DC,  by  permuiaiion,  as  AB  to  BD 

so  13  AC  to  CD;  and  as  BA  and  AC  to. 
c  13.  5.     gcther  to  BC,  so  is  «  AB  to  BD.     But  tbe 

r^itio  (j(  BA  and  AC  together  to   BC   is 

given,  wherefore  the  ratio  of  AB  to  BD 

in  i;ivcn,  and  the  angle  BAD  is  given; 
d47.  ilat.thtrefoi-c>l  the  triangle  ABD  is  given  in 

species,  and  the  angle  ABD  is  therefore  given ;   the  angle  BAC 
e  43.  iu.  is  o\at>  given :  wherefore  the  triangle  ABC  is  |^ven  in  species'. 

A  iriungle  which  shall   have  the  things   that  are   mentioned 

in  the  proposition  lo  be  given,  can  be  found  in  the  following 
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manner.  Let  EFG  be  tlie  given  angle,  and  let  ihe  ratio  of  H 
to  K  be  the  given  ratio  which  the  two  sitlea  about  ihe  angle 
EFG  must  have  to  the  third  side  of  the  triangle ;  therefoi-e, 
localise  two  sides  of  a  triangle  arc  greater  than  the  third  side, 
the  ratio  of  II  to  K  must  he  the  ratio  of  a  greater  to  a  less. 
Bisect  =r  the  angle  EFG  by  the  straight  line  FL,  and  by  the  a  9.1. 
47th  proposition  find  a  triangle  of  which  EFL  is  one  of  the 
angles,  and  in  which  the  ratio  of  the  sides  about  the  angle  op- 
posite to  FL  is  the  same  with  the  ratio  of  H  to  K:  to  do 
which  take  FE  given  in  position  and  magnitude,  and  draw  EL 
pLL-pcndicular  to  FL;  then,  if  the  ratio  of  H  to  K.  be  the  same 
with  the  ratio  of  FE  to  EL,  produce  EL,  and  let  it  meet  1(1 
in  P;  the  triangle  F£P  is  that  which  was  to  be  found:  for  it 
has  the  given  angle  EFG  ;  and 
because  this  angle  is  bisected  by 
FL,  the  sides  EF,  FP  together 
arc  to  EP,  as  k  FE  to  EL,  that 


IS,: 


sH  t< 

But  if  the  r 


b3.  6. 


Mio  of  H  to  K 
lie  not  tlie  same  with  the  ratio 
of  FE  to  EL,  it  must  be  less         E  N 

than  it,  as  was  shown  in  prop.  47,  and  in  this  case  there  are  two 
triangles,  each  of  which  has  the  given  angle  EFL,  and  the  ratio 
of  the  sides  alwut  the  angle  opposite  to  FL  the  same  with  the  ra- 
tio of  H  to  K.  By  prop.  47,  find  these  triangles  EFM,  EFN, 
each  of  which  has  the  angle  EFL  for  one  of  its  angles,  and  the  ra- 
tio of  the  side  1"E  to  EM  or  EN  the  same  with  the  ratio  of  H  to 
K ;  and  let  the  angle  EMF  be  greater,  and  ENF  less  than  a  right 
angle.  And  because  H  is  greater  than  K,  EF  is  greater  than  EN, 
and  therefore  the  angle  EFN,  that  is,  the  anglcNFG.'is  lessfthanf  18- 1 
the  angle  ENF.  To  each  of  these  add  the  angles  NEF,  EFN: 
therefore  the  angles  NEF,  EFG  are  less  than  the  angles  NEF, 
EFN,  FNE,  that  is,  than  two  right  angles ;  therefore  the  straight 
lines  EN,  FG  must  meet  together  when  produced ;  let  them  meet 
in  O,  and  produce  EM  to  G.  Each  of  the  triangles  EFG,  EFO 
has  the  things  mentioned  to  be  given  in  the  proposition :  for  each 
of  them  has  the  given  angle  EFG;  and  because  this  angle  is  bi- 
sected by  the  straight  line  FMN,  the  sides  EF,  FG  together  have 
to  EG  the  third  side  the  ratio  of  FE  to  EM,  that  is,  of  H  lo  K. 
In  like  manner,  the  sidts  El',  VO  together  havu  lo  EO  the  ratio 
which  H  has  to  K. 
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PROP.  XLIX. 


IF  a  triangle  has  one  angle  given,  and  if  the  sides 
about  another  angle,  both  together,  have  a  given  ratio 
to  the  third  side ;  the  triangle  is  given  in  species. 

Let  the  triangle  ABC  have  one  angle  ABC  given,  and  let  the 
two  sides  BA,  AC  about  another  angle  BAC  have  a  given  ratio  to 
BC  f  the  triangle  ABC  is  given  in  species. 

Suppose  the  angle  BAC  to  be  bisected  by  the  straight  liDe 
AD;  BA  and  AC  together  are  to  BC*  as  AB  to  BD,  as  was 
shown  in  the  preceding  proposition.  But  the  ratio  of  BA  and 
AC  togetlier  to  BC  is  given,  therefore  also  the  ratio  of  AB  to 

a  44.  dat.  BD  is  given.  And  the  angle  ABD  is  given,  wherefore  •  the 
triangle  ABD  is  given  in  species:  and  consequently  the  angle 
BAD,  and  its  double  the  angle  BAC 
are  given ;  s^nd  the  angle  ABC  is  gi- 
ven.    Therefore  the  triangle  ABC  is 

p  43.  dat  given  in  species'*. 

A  triangle  which  shall  have  the 
things  mentioned  in  the  proposition 
to  be  j^iven,  may  be  thus  found.  Let 
EFG  be  the  p;ivcn  angle,  and  the  ra- 
tio of  H  to  K  the  given  ratio;  and 
by  prop.  4-1  find  the  trianjijle  EFL, 
which  has  the  angle  Kl'G  for  one  of 
Its  angles,  and  the  ratio  of  the  sides 
EF,  FL  about  this  angle  the  same 
with  the  ratio  of  H  to  K ;  and  make  the  angle  LEM  equal  to  the 
angle  FEE.  And  because  the  ratio  of  H  to  K  is  the  ratio  >\hick 
two  sides  of  a  triangle  have  to  the  third,  II  must  be  greater  than 
K  ;  and  because  FF  is  to  FL,  as  II  to  K,  therefore  EF  is  greater 
than  F'L,  and  the  angle  FEL,  that  is,  LEM,  is  therefore  less  than 
the  angle  ELF.  Wherefore  the  angles  LFE,  FEM  are  less  than 
two  right  angles,  as  was  shown  in  the  foregoing  proposition,  and 
the  straight  lines  FL,  EM  must  meet,  if  produced ;  let  them  meet 
in  G,  EFG  is  the  triangle  which  was  to  be  found ;  for  EF'G  is  one 
of  its  angles,  and  because  the  angle  FFLG  is  bisected  by  EL,  the 
two  sides  FE,  EG  together  have  to  the  third  side  FG  the  ratio  cf 
EF  to  F'L,  that  is,  the  given  ratio  of  1:1  to  K. 
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IF  from  the  vertex  of  a  triangle,  ^ven  in  species,  a 
straight  line  be  drawn  to  the  base  in  a  given  angle,  it 
shall  nave  a  ^ven  ratio  to  the  base. 

From  the  vertex  A  of  the  triangle  ABC  vhich  is  given  in  spe- 
cies, let  AD  be  drawn  to  the  base  BC  in  a  given  an^e  ADB;  the 
ratio  of  AD  to  BC  is  given. 

Because  the  triangle  ABC  is  given  in  spc- 
cies  the  angle  ABD  is  given,  and  the  angle 
ADB  13  given,  therefore  the  triangle  ABD  is 
given  » in  species ;  wherefore  the  ratio  of  AD 
to  AD  is  given.  And  the  ratio  of  AB  to  BC 
is  given ;  and  therefore  *>  the  ratio  of  AD  to 
BC  is  given. 


.:d\ 


RECTILINEAL  figures,  given  in  species,  are  di- 
vided into  triangles  wMch  are  given  in  species. 

I^et  the  reclilinea]  figure  ABCDE  be  given  in  si>ecie3 ;  ABCDE 
may  be  divided  into  triangles  given  in  species. 

Join  BE,  BU;   and  because  ABCDE  is  given  in  species,  the 
angle  BAE  is  given',  and  the  ratio  of  BA 
to  AE  is  given";    wherefore  the  triangle 

BAE  is  given  in  species'",  and  the  angle  v'      \  b4tda^ 

AEB  is  therefore  given*.  But  the  whole 
angle  AED  is  given,  and  therefore  the  re- 
maining angle  BED  is  given,  and  the  ratio 
of  AE  to  EB  is  given,  as  also  the  ratio  of 
AE  to  ED ;   therefore  the  ratio  of  BE  to  l;  u 

ED  is  givcni.     And  thu  angle  BED  is  given,  wherefore  the  tn-c9.da^ 
angle  BED  is  given  >■  in  species.      In    the   sarae    manner,   the 
.  triangle  BDC   is  given  in  species:    therefore  rectilineal  figures 
which  arc  given  in  species  arc  divided  into  triangles  given  in 
species. 


fnanglcs  given  in  species  be  described  upon 
kaight  line,  they  shall  have  a  given  ralio  lo 


i 


trianelcs  ABC,  ABD  (,-iven  in  »peci«  Ut  doseribfil  ufrm 
'     ught  line  Alij  xlic  ratio  of  Uic  irisuiglt  AIK:  io  the 
}  is  givcii' 

*^'.  point  C  draw  CE.  iKirallcl  lo  AU>  and  let  it 
'IX  prtmuced  in  E,  ami  join  UK-      Became  the  trUncJe 
j»«v.    is   given  ill   siKcicii,  the  angle  liAC  ihat  i»,  the  Mglt 
ACE,  is  giren;   and  because  tlic  triangle  ABD  is  given  in  ipe- 
cies,  tlie  angle  DAII> 
tliat  is,  the  angle  AEC 
is  given.     TJiereforc 
the  triangle  ACE  ijigi* 
Ten  in  species ;  where- 
fore iheralioorEAto 
■*  "•'■  AC  ii  given*,  and  the 
ratio  of  CA  tu  AB  is 
given,  as  al'w  ilie  ra- 
tio of    llA    lo    ADi 
k  9-  du.  therefore  the  ratio  on-  EA  to  AD  is  given,  and  the  triangle  ACB 
ear.l-    iflequa]<  to  the  triangle  AEB,  and  aa  the  triangle  AEBi  or  ACB, 
41.6.      Is  to  the  triangle  ADB,  so  ■3<<the  straight  line  E A  lo  AD.     But 
the  ratio  of  EA  to  AD  is  given,  therefore  the  ratio  of  the  triangle 
ACB  to  the  triangle  ADB  is  given. 

PROBLEM. 

To  find  the  ralioof  two  triangles  ABC,  ABD  given  in  species, 
and  which  an  described  upon  the  same  straight  line  AB. 

Take  a  straight  line  FG  given  in  position  and  iDagnibide, 
and  iKcauie  the  angles  of  the  triangles  ABC,  ABD  are  E^ven, 
at  the  points  F,  G  of  the  straight  line  FG,  malte  the  angles 
eSil.  GFH,  GFK- equal  to  the  angles  BAG,  BAD;  and  the  angles 
FGH,  FGK  equal  to  the  angles  ABC,  ABD,  each  to  each. 
Therefore  the  triangles  ABC,  ABD  are  equiangular  to  the  tri- 
angles FGH,  FGK,  each  to  each.  Throtigh  the  point  H  draw  . 
HL  parallel  to  FG,  meeting  KF  produced  in  L.  And  because 
the  angles  BAC,  BAD  are  equal  to  the  angles  GFH,  GFK,  each 
to  each ;  therefore  the  angles  ACE,  AEC  are  equal  to  FHL, 
FLH,  each  to  each,  and  the  triangle  AIX  e<iuiangular  to  the 
triangle  FLH.    Therefore  as  EA  to  AC,  so  is  LF  to  FH ;  and 


DATA. 

tLs  CA  to  AD,  so  HP  to  FG;  and  tu  BA  to  AD,  so  is  GF  to 
FK ;  wherefore,  ex  tguali,  as  £A  to  AD,  bo  is  LP  to  FK.  But, 
:is  was  showDi  the  triangle  AllC  is  to  the  triangle  ABD,  as  the 
straight  line  £A  to  AD,  that  is,  as  LF  to  FK.  The  ratio  there- 
fore  of  LP  to  FK  has  been  found,  which  is  the  same  with  the  ratio 
of  the  triangle  ABC  to  the  triangle  ABD. 


PROP.  LIII.  «i 

IF  two  rectilineal  figures  given  in  species  be  de-SeeNote. 
scribed  upon  tlie  same  straight  line,  they  shall  have  a 
gi\en  ratio  to  one  another. 

Let  any  two  rectilineal  6gur<;s  ABCDE,  ABPG  which  ue 
given  In  species,  be  described  upon  the  same  straight  line  AB;  ' 

tlie  ratio  of  them  to  one  another  is  given. 

Join  AC,  AD,  AP ;  each  of  the  triangles  AED,  ADC,  ACfi, 
ACT,  ABF  is  given'  in  species.      And  because   the  triangles  a  51.  dst. 
ADE,  ADC  given  in  species  arc  de-  D 

BtTibed  upon  ihe  same  straiglit  line 
AD,  the  ratio  of  EAD  to  DAC  ia 
given^ ;  smA,  by  composition,  the 
ratio  of  EACD  to  UAC  is  given=. 
And  the  ratio  of  DAC  to  CAB  is 
given*',  because  tliey  ai'e  dc3Crit>cd 
uimn  the  same  straight  line  AC; 
therefore  the  ratio  of  EACD  to  ACB 
is  givcnJ ;  ami,  by  composition,  the 
ratio  of  ABCDE  lo  ABC  is  given. 

In  the  same  manner,  the  ratio  of  AUFG  to  ABF  is  given.  But 
the  ratio  of  tlie  triangle  ABC  to  the  triangle  ABF  is  given; 
whercfurc'',  hecaiiBe  the  ratio  of  ABCDE  to  ABC  is  given,  as 
also  the  ratio  of  ABC  to  ABF,  and  the  ratio  of  ABF  to  ABPG ; 
the  ratio  of  the  rcctitmcut  ABCDE  to  the  rectilineal  ABFG  is 
given-'. 

PROBLEM. 

To  find  the  ratio  of  two  rectilineal  figures  given  in  species, 
and  described  upon  the  same  straight  line. 

Let  ABCDE,  ABP"G  be  two  i-ectilineal  figures  given  in 
species,  and  described  upon  the  same  straight  line  AB,  and 
join  AC,  AD,  AF.  Take  a  straight  line  UK  given  in  position 
and  magnitude,  and  by  the  52d  dai.  find  the  ratio  of  the  tri- 
auj;!;;  ADE  to  the  triangle  ADC,  and  msiVe  the  ratio  of  HK 
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to  KL  the  same  with  it.  Find  aluo  the  r&tio  oT  the  trian^  ACD  I 
to  the  triangle  ACU.  AniJ  innkc  the  ratio  of  KL  to  l.M  the 
same.  Also,  find  the  ralio  of  the  triangle  ABC  to  the  triangle  i 
ADF,  nnti  make  the  rntio  of  LM  to  M.V  the  same.  And,  lasilft  J 
Gnd  the  ratio  of  the  triangle  AFB  to  the  triangle  AFG,  and  ,, 
make  the  niUo  of  MN  to  NO  ihc  D  J 

same.  Then  the  ratio  of  ABODE 
to  ABFG  is  the  aamc  Willi  the  n- 
Uonf  HMloMO. 

Beciuse  the  triangle  EAD  is  to 
the  triangle  DAC  as  tlic  straight 
line  HK  to  KL;  and  as  the  tiian- 
rIc  DAC  to  CAB,  so  is  the  straigliC 
line  KL  to  LM ;  therefore,  hy  us- 
ing composition  as  ol^en  as  the 
number  of  triangles  refjuirea,  the 
rectilineal  AflCDE  is  to  the  triangle  ABC,  as  the  straight  line  HM  ' 
to  ML.     In  like  manner,  because  the  triangle  G  AF  is  to  FAB, »  \ 
ON  to  MM,  by  composition,  the  lectilincal  ABFG  is  to  the  trian- 
gle ABF,  as  MO  to  NM;    and,  by  inversion,  as  ABF  to  ABFG, 
so  is  NM  to  MO.     And  the  triangle  ABC  is  to  ABF,  as  LM  to 
MN.    Whei-efore.bccausc  as  ABCDElo  ABC,8oiBHM  to  MLi    ( 
and  as  ABC  to  ABF,  so  is  LM  to  MN;  and  as  ABF  to  ABFG, 
so  is  MN  to  MO ;  f.c  aguali.  as  the  reclilintal  ABCDE  to  ABFG, 
ao  is  the  straight  line  HM  to  MO. 


IF  t\vo  Straight  lines  have  a  ^ven  ratio  to  <me  ano- 
^      ther,  the  similar  rectilineal  figures  described  upon  them 
similarly,  shall  have  a  given  ratio  to  one  anotlKT. 

Let  theVraight  lines  AB,  CD  have  a  given  ratio  to  one  ano- 
ther, and  let  the  similar  and  similarly  placed  rectilineal  figures  E, 
F  be  described  upon  them ;  the  ratio  of  E  to  F^  given. 

To  AB,  CD,  let  G  be  a  third  pro- 
pnrtional:    therefore  as  AB  to  CD, 
■o  b  CD  Co  G.     And  the  ratio  of  AB 
to  CD  is  given,  wherefore  the 
of  CD  to  G  is  given;    and  o 
qucntly  the  ratio  of  AB  to  G  is  also 
s  ft  dat.  given*.     But  as  AB  to  G,  so  is  the 
b  Z  Cor.  figure  E  to  the  figure  ""F.     There- 
sa 6.      fore  the  ratio  of  E  to  F  is  given. 


A°A 


PROBLEM. 

To  find  the  ratio  of  ttro  similar  rfctilineal  fi^urcS)  E,  P)  simi' 
larly  deHcrlbcd  upon  straight  lilies  AB,  CD  which  have  a  given 
ratio  to  one  another  i  let  G  be  a  third  proportional  to  AB.  CD- 
Take  a  straighl  line  H  given  in  niai;nitudc;  and  because  the 
ratio  of  AB  lo  CD  is  given,  make  the  ratio  of  H  lo  il  the  same 
with  it  i  and  because  H  is  given,  K  is  given.  As  H  is  to  K,  so 
make  K  to  Lj  then  the  ratio  of  V.  lo  F  is  the  same  with  the 
ratio  of  H  to  L:  for  AB  is  to  CD,  as  H  lo  K.  wherefore  CD  is 
to  G,  as  K  to  L:  and,  ex  tifuali,  as  AB  to  G,  so  is  M  to  L:  but 
the  Hgure  E  is  to  ^  the  figure  F,  ai  AB  to  C,  that  is,  as  U  to  L.    b  3  C«. 

PROP.  LV.  51 

IF  Uvo  straight  lines  have  a  given  ratio  to  one  another ; 
the  rectilineal  £gures  given  in  species  described  upon 
them,  shall  have  to  one  another  a  given  ratio. 

Let  AB,  CD  be  two  straight  lines  which  have  a  g;iven  ratio 
to  one  another  (  the  rectilineal  figures  K,  V  given  in  species  and 
described  upon  them,  have  a  given  raiio  to  one  another. 

Upon  the  straight  line  AB,  describe  the  figure  AG  similar 
and  similai'l^  placed  to  the  figure  F;  and  because  F  is  given  in 
species,  AG  is  also  given  in  spe- 
cies: therefore,  since4lie  figures 
E,  AG,  which  s 


s,  are  described  tipon  the  same  I  i     „     i 

■  straight  line  AB,  the  ratio  of  E         I I  |     "     \ 

to  AG  is  given ■,  and  because  the  G  a  J3.dai- 

raiio  of  AB  to  CD  is  given,  and      H^—  K.  -  L^— 

upon  them  aredi^scribed  the  simi- 
lar and  similarly  pUced  rectilineal  figures  AG,  F,  the  ratio  of 
AG  to  F  is  given ':   and  the  ratio  of  AG  to  E  is  given :  ibere-bSldu. 
fore  the  ratio  of  E  to  F  is  given  '.  ^^  j„ 

,,     PROBLEM. 

To  find  the  ratio  of  two  rectilineal  figures  E,  F  given  in  species, 
and  described  upon  the  straight  lines  AB,  CD  which  have  a  ^iveit. 
ratio  to  one  another. 

Take  a  sLraight  line  H  given  in  magnitude;  and  because 
the  rectilineal  figures  E,  AG  given'in  species  are  described  up- 
on the  same  straight  line  AB,  find  thctr  ratio  by  the  53d  dat> 
and  make  the  ratio  of  H  to  K  the'  aain«(  K  is  therefore  given: 
and  because  the  similar  rectilineal  figores  AG,  't"  are  dMcrihed 
.1  F 
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B  straittlil  lilies  AB,  CD,  which  have  a  gifcn  ratio,  find 
io  liy  llic  54ili  (Int.  and  mnKc  ihe  ralio  of  K  lo  L  the 
Ihe  figur^:  li  Ims  lo  F  the  some  rmfu  which  H  hu  to  I: 
he  cfiiisiiuciioii,  nit  tl  U  la  AC  nu  U  H  to  K;  Bnd  u 
K,  so  i!i  K.  lo  L)    thertrure,  e^  t'/uali,  as  E  to  V,  so 


IF  a  rtctilineal  figure  given  in  species  be  described 
upon  a  btTiiight  line. given  in  magnitude,  the 
given  ill  magnitude. 

I^t    Ihe  rectilineal    figure    ABCDK    Riven    in   species  be  dt- 
scribed  upon  the   Hti-iiighl    line    AD  givtu  tn  magmtude^   ilic 
!  AflCDE  is  given  in  ma^nilud*. 
"Upon  AB  let  ihc  square  AF  Uc  dtscrilied;   therefore  Af 
given  in   spicics   ami    niBgnitude,  and   bccau&e  ihe    rectflitw! 
figures  ABUDLt  AF  given  in  species  are 
described  upon  the  Same  airaight  line  A  B, 
■  S3,  dii.  Ihe  ratio  of  ABCOK  to  AF  is  given  »  i 
but  (he  square  AFisjjiven  in  mai^iuide, 
bS.dsi.   ihErefote'-alsoihefigUrB'ADCDEisgiven 
in  magnitude. 

PUOB. 
To  find  ihe  magnitude  iif  a  rectilineal 
figure ^iven  in  ipccics  described  upon  a 
Straight  line  fjiv^n  in  magnitude. 
-  Take  the  straight  line  Ci  H  equal  to  Ihe 
given  straight  line  AU.  and  by  the  53d 
dat.  find  the  ratio  \Hiich  the  square  Af 
upon  AB  has  to  the  figure  ABCDE; 
and  inake  the  ratio  of  GH  to  HK  the  same;  and  upon  GH  *■ 
scribe  Die  square  OL,  and  complete  the  parallelogram  LHO 
the  figure  ABCDL  is  eqiiai  lo  LHKM :  because  AF  i*  W 
AIKDK.  as  the  straight  line  GH  to  UK,  that  is,  as  the  Bbui* 
GL  to  HM;  and  AF  is  e<|uul  toOI.;  therefore  ABCUEiseuuil 
*14-S.     to  HMt. 


IF  two  rectilineal  figures  are  given  in  species,  and 
if  a  side  of  one  of  them  has  a  given  ratio  to  a  side  of 
the  other ;  the  ratios  of  the  remaining  sides  to  the  re- 
mnining  sides  slitill  be  given.  ■-> 


DAJA. 
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Let  ACj(  pF  be  two  rectilineal  4(;ures  ^iyen  in  species,  and 
I^t  the  ratio  of  the  side  AB  t9  tfie'side  DE  be  given',  the' ratios 
of  the  remaining  sides  to  the  remaining  sides  are  also  given. 

Because  the  ratio  of  AB  to  I)£  is  given,  as  also^  the  ratios  of  a  3.  def 
AB  to  BC,  and  of  DE  to  EF,  the  ratio  of  BC  to  EF  is  given k.  b  10.  dat. 
In  the  same  manner,  the  ratios  of  the 
other  sides   to   the   other  sides  are  ^^  D 

given.  A 

The  ratio  which  BC  has  to  EF 
may  be  found  thus:  take  a  straight 
line  G  given  in  magnitude,  and  be-  B 
canse  the  ratio  of  BC  to  BA  is  given, 
{nalfje  the  ratio  of  G  to  H  the  same ; 
and  because  the  ratio  of  AB  to  D£  is 
gfrcn,  make  the  ratio  of  H  to  K  the 
same ;  and  make  the  ratTo  of  K  to  L 
the  same  with  the  given  ratio  of  DE 

U».£F«  Since  therefore  as  BC  to  BA,  so  is  G  to  H ;  and  as  BA 
m>  OE,  so  |s  U  to  K :  and  as  DE  tp  EF,  so  is  K  to  L :  ^x 
^quaii^  BC  is  to  EF,  as  G  to  L ;  therefore  the.  ratio  of  G  to  L 
iiaa  heen  found,  which  is  the  san^e  with  the  ratio  ojf  BC  to  EF. 


i 
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PROP.  LVIII. 


G. 


IF  two  similar  rectilineal  figures  liave  a  given  ratio  See  n. 
to  one  another,  their  homologous  sides  have  also  a 
given  ratio  to  one  another. 

IjuX.  the  two  similar  rectilineal  figures,  A«B  have  a  given  ra- 
tio toone  another,  their  homologous  sides  have  also  a  given  ratio* 

Let  the  side  DC  be  homologous  to  EF,  and  to  CD,  EF  let 
the  straight  line  G  be  a  third  proportional*    As  therefore^  CD  %^9^^' 
to  G,  so  is  the  Pgure  A  to  B ;  and  ^'   ' 

the  ratio  of  A  to  B  is  given,  there- 
fore the  ratio  of  CD  to  G  is  given ; 
and  CD,  EF, G  are  proportionals; 
wherefore b  the  ratio  of  CD  to  EF 
is  given* 

The  mtio  of  CD  to  EF  may  be  ^ 
ibund  thus:  take  a  straight  line  H  ' 
given  in  magnitude ;  and  because 

||ie  ratio  of  the  figure  A  to  B  is  given,  make  the  ratio  of  \l  to  K 
(he  a^nie  with  it:  and,  as  the  Idth  dat*  directs  to  be  done,  find 
n  mj^aa  proportional  L  between  H  and  K^  the  ratio  of  CD  to 
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b  13.  dat. 


H 


K 
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13th  dib 


td  E^k  B'to£'ui«'4ti^Sirp^' 


/  raop.  Lix.  '■ 


A«  H-     IF  two  rectUinal  figiiMSr  fi^ven'  ia, '  species  have  a 
^      Kiven  i^o  tomie  ^nodier,  tedr.si^  shall  likewise 
Dave  givni  latJotf  ^t.ooc  another. 

Let  thft  two  rectifioMlflgtees  Ai  B,  given  in  species,  hxn 
ft  gina  iMio  to  one  ApqMHu,  tkeir  ^dn  ■hall  alto  have  giwi 
mUii»lonBe«M)tto<'  ' 

If  the  BgUK  Ade  ifafl  Qv  tf^B,  Oieir  horaoloecua  side*  did 
bftveftgiveb  fUktloflOe  wiotbcivbftbe  preceding  propouliaaj 
uid  beraoM  tbe  flfURS  BTC  Bi*cn  in  epeclem,  the  sides  of  csch^ 

•  S.d«f.   them  bsra  giTRi  ndot*  M«fie  ■heUkiiti  thcrelbre  each  tide  of 

b9.ilat    one  of  them  has*  to  each  side  of  the  other  a  given  ratio. 

Hut  if  the  figure  A  be  not  similar  to  B,  let  CU,  EF  be  an; 
two  of  Thtir  sides  i  and  upon  EF  conceive  thi:  tigurc  LG  lu  be 
descrihrd  similar  and  similarly 
pUced  to  the  iii^urc  A,  so  that 
CD,  HF  be  homologous  sides; 
therefore  EG  is  given  in  spe- 
cies; and  the  ligu'c  B  is  given 

c53-du.  in  species;  whcrtfort^  the  ra- 
tio of  B  lo  EG  is  given;  and    ^  " 
the  ratio  of  A  to   B  is  given,    H 
therefore^  the  ratio  ofthe  figure     K  — — 
A  to  EG  is  given  ;  and  A  is  si-     M 

il  S&-  dat  milar  to  EG  ;  therefore^  the  ra-    L 

tio  ofthe  aide  CD  to  EF  is  given;  and  consequently^  the  ratin 
of  the  retnairiing  sides  to  the  retnainmg  aides  ure  given. 

The  ratio  nf  CD  to  EP  tnaf  be  found  thus:  take  a  straight 
line  H  given  in  magnitude,  and  because  the  ratio  of  the  figure 
A  to  B  is  given,  make  the  ratio  of  H  to  K  the  same  with  ii' 
And  by  the  3Jd  dat  find  the  ratio  of  the  figure  B  to  EG,  and 
make  the  ratio  of  K  to  L  the  same:  between  H  and  L 
find  a  mean  proportional  M,  the  ratio  of  CD  to  EF  is  the 
same  ivitti  the  r^itio  of  H  to  M ;  because  the  figure  A  is  to  B 
as  H  to  K;  and  as  B  to  EG,  so  Is  K  to  L;  rx  *guaS,  as  A 


to  EG,  (o  ii  H  to  L  t  and  the  figum  A,  EG  are  aimilar,  and 
M  is  a  mean  proportional  between  H  and  L;  llierrfore,  as  was 
shown  in  the  precediDg  proposition,  CD  is  to  EF  as  H  to  M. 


IF  a  rectilineal  fi^re  be  given  in  species  and  mag- 
nitude, the  sides  of  it  shall  be  glyen  in  magnitude. 


£  F 


r^ 
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Let  the  rectilineal  figure  A  be  given  in  species  and  magni- 
tude, ita  sides  are  given  in  magnitude. 

Ttke  a  straight  line  BC  given  in  poaidon  and  magnitude, 
-and  upon   DC  describe*  the  figure  D  similar,  and  similarly ti  1ft 6- 
placed,  to  the  figure  A.and 
let  Kt'  be  the  aide  ot  the 
figure   A    homologous    to 
BC  the  side  of  D ;   there-  ^^ 
fore  the  figure  D  is  given 
in    species.     And  became 
upon    the    given    straight 
line  BC  the  figure  D  giv- 
en in  species' is  described, 

D  is  given  k  in  magnitude,     |      H      |       ^ : J^ '      b  S6.  du. 

and  ihe  figure    A  is  giv- 
en in  magnitude,  thererore, 
the  ratio  of  A  to  D  is  given :    and  the  figure  A  is  similar  to 
D ;   therefore  the  ratio  of  the  side  EF  to  the  homologous  lide 
BC   is  given';    and  BC  is  given,   wherefore*  KF  is  given :  c  ss.  dai. 
and  the  ratio  of  EF  to  EG  is  given  •,  therefore  EG  is  given,  j  g  j^, 
And,  in  the  same  manner,  each  of  the  otber  aides  of  the  figure  ^  ^  ^j 
A  can  be  ihown  to  be  given. 

PROBLEM. 

To  describe  a  rectilineal  figure  A,  similar  to  a  given  figure  D, 
and  equal  to  another  given  figure  H.  It  is  prop.  23,  b.  6,  Elem. 

Because  each  of  the  figures  D,  H  is  given,  their  ratio  is  giv- 
en, which  maf  be  found  by  making'upon  the  given  straight  fCDT.45, 
tine  BC  the  parallelogram  BK  equal  to  D,  and  upon  its  side  1- 
CK  making'  the  parallelogram  K.L  equal  to  H,  and  the  angle 
KCL  equal  to  the  angle  MBC  ;  therefore  the  rado  of  D  to  H, 
that  is,  of  BK.  to  ILL,  is  the  aame  with  the  ratio  of  BC  to  CL : 
and  because  the  figures  D,  A  are  similarr  and  that  the  ratio  oC 
D  to  A,  or  H,  is  the  aame  with  the  ratio  of  BC  to  CL;  by 
the  ssth  dat.  the  ratio  of  the  homologous  sides  BC,  EF  is  the 
aame  with  the  ratio  of  BC  to  the  mean  proportional  between 
BC  and  CL.    Find  EF  the  mean  proportiond ;  then  EF.  it  the 
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fare  isft.fi>  mjLt( 
toKL,tluai%toH. 


90. &     JD  {s  to  A,  Mt  BC  to  CL»  thatift,  «h  the 


f  ZCor. 

90.  & 

b  14  5.   tluit  D  ii  equal  to  BK}  t 

,  ST.      *  PROP.  LXI. 

its  sides  and  one  elt  lb  angles  ^Vdl  id  illlijBpAAhide^^ 
otbcr  side  .also  is^yep 


■.». 


y A  Tf»v| 


B  .  i<;i      ./-  ^?  *r"  ■-.  /j  ih   • 

^-   /     / 


Let  the  {Nirallelograin  'ABDClgM>'<"  ttaRalMli^  imAhfe 
«de  A»Uid  tile  Mgte  BA£  «|Mi  Ift  lasgwMiibythB  odiMiift^ 
'  *.    -  AGft'gimk      =■  ••■  ^  ^  ■'••     '   ■■■••-  ■  -•'■   ■   -»-     "-a. -raxfu,  ?.-».. • 
Take  a  straight  line  EF  gmn  ill  tefitittifc  aB4^wi|j|iiiiah, 
and  becaiMtrihr  ^ndlelograin  AD  A      ^^'>^i    iS  jM 

ia  givean  magm^ode,  a  MMlineal'' 
aLdet  fig^ure  eqaii  to  it  can  he  Ibimdatf^ 
And  a.  parallelogram  equal  to  |lii«« 
bCor.il  Bguwg  fcan  he  aiirtfatt  ^  tothngiven        "C  •^-■•'''*<;'D-- 

1.     'atndglitfilie  EF  inkii  angle  eqnaita*-'      ^     '      <    i^     "tM' 
the  givtoD  angle  B^C.    Let  this  her  '>       ^'*N   . ->  -a%^.i. 
the  parallelogram;  EFHG>  haVfng    ^  -•      >i^»«*toe«H^ 
the-angieTEGa^al  t#  tMe  ao^le 
BAC.     And  because  the  parallelo- 
grams AD,  EH  are  equal,  and  have 
the  angles  at  A  and  E  equal ;  the  C  fl 

c  14  6.  sides  about  them  are  reciprocally  proportional  ^ ;  therdTore  as 
AB  to  EF,  so  is  EG  to  AC;  «nd  AB,  EF,  EG  are  given, theic- 
fore  also  aAC  is  given  ^.  Whence  the  way  of  finding  AC  is  ma- 
nifest. 

PROP.  LXII. 

IF  a  parallelogram  has  a  given  angle^  the  rectangle 

contained  by  the  sides  about  that  angle  has  a  given 

ratio  to  the  parallelogram. 

A  D 

Let  the  parallelogram  ABCD  have  the  gi- 
ven angle  ABC,  the  rectangle  AiB,  BC  has 
a  given  ratio  to  the  parallelograpi  AC. 

From  the  point  A  draw  AE  perpendi-  h  E» 
cular  to  BC;  because  the  angle  ABC  is>gi* 
'  ven,  as  also  the  the  angle  AEB,  the  triangle 
a43dat.  ABE  is  ^tven^in  species:    therefore 

ratio  of  BA  to  AE  is  given.     But 
b  1. 6.      AR,  so  is  b  the  rectangle  AB,  BC  wi^   ^^      ^  ^ 
rectangle  A£,  JSC;  therefore  the  ratio  of 


dl3.6. 

H. 

See.  N. 


e  triangle  a 

jforc   the  y\ 

as  BA  to  /  I 

C  to  the  .4-=L 


H 


ihe  rectan^ii  AB,  BC'te, AE(  BC, thit  isstethe  pawIlelogTam c 3i.  i. 
AC  is  given. 

And  it  is  erident  how  theratio  of  the  mtmngle  to  the  paral- 
Iclogram  may'^  found  Vy  Riakiiig  the  angle  FGU  equal  to 
the  given  angle  ABC.  und  dl^wing,  from  any  ppint  F  in  one  of 
its  sides,  FK  perpendicular  to  the  Ather  GH ;  for  GF  is  to  FK, 
as  BA  to  AE,  that  is,  as  the'  rectangle  AB,  BC  to  the  parallelo- 
gram AC. 

Cor.  And  if  a  triangte  ABC  has  a  giVen  angle  ABC,  the      66. 
rectangle  AB,  BC  cnntaincd  by  the  sides  about  tliat  angle,  nhall 
have  a  given  ratio  to  ihe  triangle  ABC. 

Complete  the  paralletogram  AfiCD ;  therefore,  hj  this  pro- 
position, the  rectangle  AB,  BC  has  u  given  ratio  to  the  paral- 
lelogram  AC ;  and  AC  (las  a  given  ratio  to  h«  haff-the  triangleii  d  41. 1- 
ABC;  therefore  the  re<»angliE  AB,  ^  has  a  giv'en*  ratio  to  iheeS.dat. 
triangle  ABC. 

'  And  the  ratio  of  the  rectangle  toihe  triangle  is  itmni  -thus: 
tnaiic  the  triangle  FGK,  as  was  shown  in  the  proposition;  the 
ratio  of  OF  to  the  half  of  the  pt:rpendicular  FK  is  the  same  with 
the  ratio  of  the  r(:cian};ie  AB,  BC  to  the  triangle  ABC.  Be- 
cause, as  was  shown,  OF  is  to  FK,  as  AB,  BC  to  the  parailelo- 
gritm  AC ;  and  FR  is  to  its  half,  as  AC  is  t4  its  half,  which  i» 
the  triangle  ABC;  therefore,  ex  gguttii,  CF'is'.tb  the  half  of 
FK,  as  AB,  BC  recttdlgle  ia  to  the  tViangle  AW.'. '  " 


IF  two  parallett^rams  be  eqtiiangular,  as  a,^^',of 
the  first  to  a  side  of  the  second,  so  is  *jie,othCTsii^e 
of  the  second  to  the  straight  line  to  whicK  the  other 
side  of  the  first  has  the  same  ratio  which  the  first  pa- 
raUelogram  has  to  the  second.  And  consequently, 
if  the  ratio  of  the  first  .parallelogram  to  the  sebond  ■be 
given,  the  ratio  of  the  other  side  ^of  rile  first  to  ,that 
straight  line  is  given  ;  ^nd  if  .tlie  ratio  of 'the  oilier  side 
of  the  first  to  that  straight  line  be  given,  the  ratio  ,of 
the  first  parallelogram  to  the  second  is  givsD. 

Let  AC,  DF  be  two  equiangular  paralkldgratnir  as  BC,  a 
aide  of  the  first,  is  to  EF,  a  lide  of  the  siicoffd,  lo  is  OE,  the 
other  side  of  itie  second,  td  the  straight  line  to  wh?ch  A'Hi  the 


416  EUCLID'S 

other  side  of  the  first,  has  the  same  ratio  which  AC  baa  to  DF* 
Produce  the  straig^ht  line  AB,  and  make  as  BC  to  EF,  m 
DE  to  iiG,  and  complete  the  parallelo* 
gram  BGHC ;  therefore  because  B  or 
GH  is  to  EF,  as  Db:  to  BG,  the  sides 
about  the  equal  angles  BGK,  DEF  are 
at  14. 6.  reciprocally  proportional;  wherefore*- 
the  parallelogram  BH  is  equal  to  DF; 
and  AB  is  to  BG,  as  the  parallelogram 
AC  is  to  BH,  that  is,  to  DF;  as  there- 
fore BC  is  to  EF,  so  is  DE  to  BG, 
nrhich  is  the  straight  line  to  which  AB 
has  the  same  ratio  that  AC  has  to  DF* 

And  if  the  ratio  of  the  parallelogram  AC  to  DF  be  given,  then 
the  ratio  of  the  straight  line  \B  to  BG  is  given;  and  if  the  ra- 
tio of  AB  to  the  straight  line  BG  be  given,  the  ratio  of  the  pa- 
rallelogram AC  to  DF  is  given. 


74.  73.  PROP.  LXIV. 


Sec  N.  jp  j^Q  parallelograms  have  unequal  but  given  an- 
gles,  and  if  as  a  side  of  the  first  to  a  side  of  the  se- 
cond, so  the  other  side  of  the  second  be  made  to  a 
certain  straight  line ;  if  the  ratio  of  the  first  paralleled 
gram  to  the  second  be  given,  the  ratio  of  the  other 
side  of  the  first  to  that  straight  line  shall  be  given. 
And  if  the  ratio  of  the  other  side  of  the  first  to  that 
strti^t  line  be  given,  the  ratio  of  the  first  parallelogram 
to  the  second  shall  be  given. 

Let  ABCD,  EFGH  be  two  parallelograms  which  have  the 
unequal,  but  given  angles  ABC,  iLFG ;  and  as  BC  to  FG,  so 
itiake  b^'  to  the  straight  line  M.  If  the  ratio  of  the  paralldo- 
gram  AC  to  EG  be  given,  the  ratio  of  AB  to  M  is  given. 

At  the  point  B  of  the  straight  line  BC  make  the  angle 
Cl^K  equal  to  the  angle  EFG,  and  complete  the  parallelogram 
KBCL.     And  because  the  ratio  of  AC  to  EG  is  given,  and  that 

a  35. 1.  ^Q  jjj  equal*  to  the  parallelogram  KC,  therefore  the  ratio  of 
KC  to  EG  is  given;    and  KC,  EG  are  equiangular;    there- 

b  63.  dat.  fore  as  BC  to  FG,  so  is^  EF  to  the  straight  line  to  which  &B 
has  a  given  ratio,  viz.  the  same  which  the  parallelogram 
KC  has  to  EG ;  but  as  BC  to  FG,  so  is  EF.  to  the  straight 
line  M;  therefore  KB  has  a  given  ratio  to  M;  and  the  ratiQ 


DATA. 

uf  AB  to  BK  is  given)  because  the  triangle  ABK  is  giytM  in 
species';  therefore  the  MtJo  of  AB  to  M  is  given^.         '  = 

And  if  the  ratio  of  AB  to  M  be  given,  the  ratio  of  the  p»-* 
rallelogram  AC  to  E(i  is  Riten;  Ibr.unce  the  tstio  Of  KB^to 
B A  is  riven,  as  also  the  nbo  of  AB  to  M, 
the  rauo  of  KB  to  M  is  given^;  and  be- 
cause the  parallelograms  KC,  EG  are 
equiangular,  as  BC  to  FG,  so  is*"  EF  to 
the  straight  line  to  which  KB  has  the 
same  ratio  which  the  parallelogram  KC 
has  to  EG;  but  as  BC  to  FG,  so  is  EF  to 
M;  therefore  KB  is  to  M,  as  the  psmllel- 
ogram  KC  is  to  EG;  and  the  ratio  of  KB  u 

to  M  is  given,  therefore  the  ratio  of  tbe  parallelogram  KG,  that 
is,  of  AC  to  EG,  is  given. 

CoK.  And  if  two  triangles  ABC,  EFG,  have  two  equal  angles, 
or  two  unequal,  but  given,  angles  ABC,  EFG,  and  if  as  BC  a  Nde 
of  the  first  to  FG  a  side  of  the  seciMid,  so  the  other  side  of  the 
second  EF  be  made  to  a  straight  line  M;  if  the  ratio  of  the  tri- 
angles be  given,  the  ratio  of  the  other  side  of  the  first  to  the 
straight  line  M  is  given. 

Complete  the  parallelograms  ABCD,  EFGH;  and  becatise  the 
ratio  of  the  triangle  ABC  to  the  triangle  EFG  ia^ven,  the  ratio 
of  the  parallelogratn  AC  to  EG  is  given*,  because  the  parallet-e 
ograms  are  double  ^  of  the  triangles;  and  because  BC  is  to  FG,  f ' 
,«s  EF  to  M,  the  ratio  of  AB  to  M  is  given  by  the  G3d  dat.  if  the 
angles  ABC,  EFG  arc  equal;  but  if  they  be  unequal,  but  given 
angles,  the  ratio  of  AB  to  M  is  given  by  this  proposition. 

And  if  the  ratio  of  AB  to  M  be  given,  the  ratio  of  the  parallel- 
ogram AC  to  EG  is  given  by  the  same  proposition;  and  there' 
fore  the  ratio  of  the  triangle  ABC  to  EFG  is  given. 


PROP.  LXV. 

IF  Uvo  equiangular  paraUelf^rams  have  a  given 
ratio  to  one  another,  and  if  one  side  have  to  one  side 
a  given  ratio;  tbe  other  side  shall  also  have  to  the 
Wher  side  a  given  ratio. 

Let  the  two  equiangular  parallelograms  AB,  CD  have  a  given 
noio  to  one  another,  and  let  the  ude  EB  have  a  given  ratio  to  the 
ude  FD;  the  other  side  AE  has  also  a  given  ratio  to  the  other 
ndeCF. 

3G 
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Because  ihc  two  equiangular  parallelograms  AB,  CD  have  a 
given  ratio  t«  one  another;  as  EB,  a  side  of  the  first,  is  to  FD, 

.  a  side  of  the  sccanil,  so  is  '  FC,  tlic  other  side  of  the  second,  to 
ihe  straight  line  to  which  AK,  ihc  other  side  oi  the  first,  ha* 
the  same  given  ratio  which  the  first  paridlclograni  AB  ka> 
to  the  other  CD.  Let  this  straight  line  be  EG;  therefore  Ihe 

mtio  of  AE  to  E(!  is  given;  

and  EB  is  to  FD,  as  FC  to  ^}  1 

EG,  therefore  the  ratio  of  FC       -A  / "         7  /  / 

to  EC  is  given,  because  the  /  /^     ^i  '  Jp 

ratio  oi  EB  to  FD  is  given; 

and  because  the  ratio  of  AE 

to  EG,  as  also  the  t^tio  of  FC     ^ 

to  EG  is  given;  the  ratio  of    "      H  K  L 

AH  to  CF  is  gtveni". 

The  nilio  of  AE  to  CF  may  be  ftiunil  thus;  take  a  straiglit 
line  H  (fiven  ili  niagtutiide;  anh  because  the  ratio  of  the  purd- 
Iclugt-am  AB  to  CD  is  given,  jnake  the  ratio  of  H  to  K  the  same 
inith  it.  And  because  the  mtio  of  FD  lo  F.B  is  given,  make 

I  Chc  t«iio  of  K  to  L  the  same:  the  ratio  of  AE  to  CF  is  the  s»m' 
wiih  the  ratio  of  H  to  L.  Make  as  EB  to  FD,  so  FC  to  EG, 
therefore,  by  inversion,  as  FD  lo  EB,so  is  EG  to  FC;  and  as  Ah 
to  EG,  so  is  «  (the  parallelogram  AB  to  CD,  and  so  U)  H  tfl  K;  ' 
but  as  EG  to  FC,  so  is  (¥D  to  EB,  and  so  is)  K  to  L;  therefore, 
ex  seijuali,  as  AE  to  FC,  so  is  H  to  L. 


69.  PROP.  LXVI. 

IF  two  parallelf^rams  have  unequal,  but  given 
angles,  and  a  given  ratio  to  one  anodier;  if  one  side 
have  to  one  side  a  ^ven  ratio,  the  other  side  has  also 
a  given  ratio  to  the  other  side. 

Let  the  tiro  pBrallelogrflms  ABCD,  EFGH  whicft  have  Ac 
given  tmequal  angles  ABC,  EFG,  have  a  ^en  ratio  to  one  ano- 
ther, and  let  the  ratio  of  BC  to  FG  be  given;  the  nitio  also  of 
AB  to  EF  is  given. 

At  the  point  B  of  the  straight  line  BC  make  the  angle  CBK 

equal   to  the  given  angle  EFG,  and   complete  the  parallels 

gram  BKLC;  and  because  each  of  the  angles  BAK,  AE.B,  li 

a43.dat>  given,  the  triangle  ABK  is  given*  in  spedes;  therefbre  the 

ntio  of  AB  to  BK  is  given;  and  because)  by  the  hypotfaeais, 


H 
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the  ratio  of  the  paraUelogrem  AC  to  EG  is  given,  and  that  AC 

is  equal  ^  to  BL;  therefore  the  ratio  of  BL  to  EG  is  given:  and  h  35. 1. 

l>ecakise  BL  is  equiangular  to  EG,  and,  by  the  hypothesis,  the 

ratio  of  BC  to  FG  is  given;  therefore  '  the  ratio  of  K.B  to  EP  isc  65.  dat. 

given,  and  the  ratio  of  KB  to  BA  is  A      K  D     L 

given;  the  ratio  therefore  '^  of  AB  to  \~]  \~]       d  9,  d»(. 

EF  is  given.  \  \ 

The  ratioof  AB  to  EFmay  befound  ^H NJ  c 

thus:  take  the  strMghi  line  MN  given    p.      . ,.  — „      M        m 

in  position  and  magnitude;  and  make       i j 

the  ingle  NMO  equal  to  the  given    F  q 

angle  BAK^and  the  angle  MNO  equal 

to  the  given  angle  EFG  or  AKB:  and  \0 

because  the  parallelogram  BL  is  equiangular  to  EG,  and  has  a 
given  rjtio  to  it,  and  that  the  ratio  of  BC  to  FG  is  ^ven;  find 
by  the  6Sth  dat.  the  ratio  of  KB  to  EF;  and  make  the  ratio  of 
NO  to  OP  the  same  with  it:  then  the  ratio  of  AB  to  EF  is  the 
same  with  the  ratio  of  MO  to  OP;  for  unce  the  triangle  ABK 
is  equiangular  to  MON,  as  AD  (o  BK,  so  is  MO  to  ON:  and  as 
KB  to  EF,  so  is  NO  to  OP;  therefor*,  ex  aequali,  as  AB  to  EF, 
so  is  MO  to  OP. 


PROP.  Lxvn. 


IF  the  sides  of  two  equiangxilar  parallelograms  have  See  N. 
given  ratios  to  one  another;  the  paraUelogiamB  shall 
have  a  g^ven  ratio  to  one  another. 


Let  ABCD,  EFOH  be  two  equiangular  parallelograms,  and  let 
the  ratio  of  AB  to  EF,  as  also  the  ratio  of  BC  to  FG,  be  given; 
the  rdtio  of  the  parallelogram  AC  to  EG  is  given. 

Take  a  straight  Une  R  given  in  nugnitude,  and  because  the 

ratio  of  AB  to  EF  is  given,  make  A D      E H 

the  ratio  of  K  to  L  the  same  with  >  \       V  '  '" '    \ 

itj  therefore    L   is  given  •:    and  \  \      \  \  3.  i*.t. 

because  the  ratio  of  BC  to  FG  BN i  C  \  \       *■*■■*■ 

is  given,  make  the  ratio  of  L  to  K      ■—  \  \ 

M  the   same:    therefore    M    iaL F<  'G 

g'ven»:  and  K  is  given,  where- M  ^—_ 
re  I*  the  ratio  of  K  to  M  is  given:  but  the  parallelogram  AC  is  b  1.  du. 
to  the  parallelogram  EG,  as  the  straight  line  K  to  the  ttrught 
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line  Mt  as  ia  demooatrated  in  the  33d  prop,  of  B.  6»  Elem.  there- 
fore the  ratio  of  AC  to  EG  ii  ^ven. 

From  this  it  is  plain  how  the  ratio  of  two  equiangular  panl- 
lelograms  may  be  round  when  the  ratios  of  their  sides  are  g^vcn. 


70.  PROP.  LXVIII. 


See  Note,     jp  jjj^  ^y^g  ^f  ^^y^  parallelograms  which  haye  im- 
^  equal,  but  given  angles,  have  given  ratios   to  oat 
another;  the  parallelograms  shall  have  a  given  ratio 
to  one  another^ 

Let  two  parallelograms  ABCD,  EFGIf ,  which  have  the  mfilk 
unequal  angles  ABC,  EFG  have  the  ratios  of  their  udes,  viz.  ot 
AB  to  EF,  and  of  BC  to  FG,  given;  the  ratio  of  the  paralle)Q- 
gram  AC  to  EG  is  given. 

At  the  point  B  of  the  straight  line  BC  make  the  angle  CBK 
equal  to  the  given  angle  EFG,  and  complete  the  parallelogram 
RBCL:  and  because  each  of  the  angles  BAK,  BKA  is  given, 

a  45.  dat.   ^^^  tn.angle  ABK  is  given  ■  in  species:  therefore  th>;  ratio  of 
AB  to  BK  is  given;  and  the  ratio  of  AB  to  EF  is  given,  whcrc- 

b9.dat.     forei>  the  ratio  of  BK  to  EF  is  K  A  L  D     E      H 

given:  and  the  ratio  of  BC  to 
FG  is  given; and  the  angle  KBC 
is   equal  to    the   angle    EFG; 

c  67.  dat.  therefore^  the  ratio  of  the  pa- 
rallelogram KG  to  EG  is  given: 

a  35. 1.  but  KC  is  equaH  to  AC;  tjici-e- 
fore  the  ratio  of  AC  to  EG  is 
given. 

The  ratio  of  the  parallelogram  AC  to  EG  may  be  found 
thus:  take  the  straight  line  MN  given  in  position  and  mag^- 
tude,  and  make  the  angle  MNO  equal  to  the  given  angle  KAB, 
and  the  angle  NMO  equal  to  the  given  angle  AKB  or  FEH: 
and  because  the  ratio  of  AB  to  EF  is  given,  make  the  ratio  of 
NO  to  P  the  same;  also  make  the  ratio  of  P  to  Q  the  same  witli 
the  given  nuio  of  BC  to  FG,  the  parallelogram  AC  is  to  EG,  as 
MO  to  Q. 

Because  the  angle  KAB  is  equal  to  the  angle  MNO,  and 
the  angle  AKB  equal  to  the  angle  NMO;  the  triangle  AKB 
is  equiangular  to  NMO:  therefore  as  KB  to  BA,  so  is  MO 
to  '^X;  and  as  BA  to  EF,  so  is  JO  to  P;  wherefore,  ex 
sequali,  as  KB  to  EF,  so  is  MO  to  P.   md  BC  is  to  FG,  as  P 
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to  Q,  auci  tbc  puallelogninis  KC,  EG  are  equiangular;  there- 
fore, as  was  shown  in  prop.  67,  the  parallelogram  KC,  that  U, 
AC,  is  to  fcjG,  as  MO  to  Q. 

Cok.  1.  If  two  triangles,  ABC,  DEF  have  two  equal  angles,      tl. 
or  two  unequal,  but  given  anglea,  ABC,  D£F,  and  if  the  ratios 
of  the  sides  Hbout  these  angles,  vis.  A  G  D         H 

the  r-tios  of  AB  to  UE,  and  of  BC  A" 7      .^^ , 

to  EF  be  given;  the  triangles  shall         /    \^     /      |\      \ 
have  a  given  ratio  to  one  another.  /         \/        [       x; 

Complete  the  parallelograms  BG,      g  C        E         F 

EH:  the  ratio  of  BG  to  EH  is  gi- 
ven')  and  therefore   the  triangles  which  are   the  halves.^  af|^  er.  or 
them  have  a  given^  ratio  to  one  another.  6B.  <Ut 

Cor.  3-  If  the  bases  BC,  EF  of  two  triai^les  ABC,  DEF  have  b  34. 1. 
a  given  ratio  to  one  another,  and  if  ulso  the  sinught  lines  AG,*^  '^'  ^' 
DH  which  are  drawn  to  the  bases  fi-om  the  fapposlte  an^es,     72. 
cither  in  equal  angles,   or  unequal,  but  given  angles  AGO,' 
DHI"  have  a  given  ratio  to  one     K     A  L     D 

another;  the  triangles  shall  have     i  ■    ■  ».        ■  i  i — rr — j 

a  given  ratio  to  one  other.  /\  /1\   I 

Draw  BK,  EL  parallel  to  AG,     |/    1     Xl  //  '    \/ 

DH  and  complete  the  parallel-     g      Q        q  E     H    F 

logramsKC,  LF.  And  because 

the  angles  AGC,  DHF,  or  their  equals,  the  angles  KBC,  LEF 
'are  either  equal,  or  unequal,  but  given;  and  that  the  ratio  of  AG 
to  DH,  thiit  K,  of  KB  to  LE,  is  given,  as  also  the  ratio  of  BC  to 
EF;  therefore"  the  ratio  of  the  parullelogram   KC  to  LFisgi-aWw 
ven;  wherefore  also  the   ratio  of  the  triangle  ABC  to  DEF  isM- d«t-- 
giyenb.  •  bj*!;!; 


IF  a  parallelogram  which  has  a  given  angle  be  ap- 
plied to  one  side  of  a  Tcctitineal  figure  ^ven  in  spe- 
cies; if  the  figure  have  a  ^ven  ratio  to  the  parallelo- 
gram, the  paraUelogram  is  given  in  species. 

Let  ABCD  be  a  rectilineal  figure  given  in  species,  and  to  one 
side  of  it  AD,  let  the  parullelogram  ABEF,  having  the  given 
'angle  ABE,  be  applied;  if  the  figure  ABCD  have  a  given  ratio 
to  the  paraUelogram  BF,  the  parallelogram  BE  is  given  in 
species. 
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d  35.  1. 
e  1.  6. 


Through  the  point  A  draw  AG  parallel  to  BC,  and  through 
the  point  C  draw  CG  parallel  to  AB,  and  produce  GA,  CB  to 
a3.  dcf.  the  points  H,  K:  because  the  angle  ABC  is  given*,  and  the 
ratio  of  AB  to  BC  is  given,  the  figure  ABCD  bcin^  given  in 
species;  therefoiT,  the  parallelop^ram  BG  is  given*  in  species. 
And  because  upon  the  same  straight  line  AB  the  two  rectilineal 
figures  BD,  BG  given  in  species  are  described,  the  ratio  of  BD 
b  53.  dat.  to  BG  is  givcn^;  and,  by  hypothesis,  the  ratio  of  BD  to  the 
c  2/^^-  parallelogram  BF  is  given;  wherefore*  the  ratio  of  BF,  that  isi«S 
of  the  parallelogram  BH,  to  BG  is  given,  and  therefore*  the  ra- 
tio of  the  straight  line  KB  to  BC  is  given;  and  the  ratio  of  BC 
to  BA  is  given,  wherefore  the  ratio. of  KB  to  BA  is  given*:  and 
because  the  angle  ABC  is  given,  the  adjacent  angle  ABK  is  gi- 
ven;  and  the  angle  ABE  is  given,  therefore  the  remaining  angle 
KBE  is  given.  The  angle  EKB  is  also  given,  because  it  is  equal 
to  the  angle  ABK;  therefore  the  triangle  BKE  is  ^iven  in  spe- 
cies, and  consequentiv  the  ratio  of  EB  to  BK  is  given;  and  the 
ratio  of  KB  to  BA  is  given, 
wherefore^  the  ratio  of  EB 
to  B  A  is  given;  and  the  an- 
gle ABE  is  given,  there- 
fore the  parallelogram  BF 
is  given  in  species. 

A  parallelogram  similar 
to  BV  may  be  found  thus: 
take  a  straight  line  LM  gi- 
ven in  position  and  magnitude;  and  because  the  angles  ABK, 
ABK  are  given,  make  the  angle  NLM  equal  to  ABK,  and  the 
angle  NL()  equal  to  AliE.  And  because  the  ratio  of  BF  to  BD 
is  given,  make  the  ratio  of  LM  to  P  the  same  with  it;  and  be- 
cause the  ratio  of  the  figure  HD  to  BG  is  given,  find  this  ratio  by 
the  53  dat.  and  make  the  ratio  of  P  to  Q  the  same.  Also,  lie- 
cause  the  ratio  of  CB  to  BA  is  given,  make  the  ratio  of  Q  to  R 
the  same;  and  take  LN  equal  to  R;  through  the  jKjint  M  draw 
OM  parallel  to  LN,  and  complete  the  parallel logi-am  NLOS;  then 
this  is  similar  to  the  parallelogram  BP\ 

Because  the  angle  ABK  is  equal  to  NLM,  and  the  angle  ABE 
to  NLO,  the  angle  KBK  is  equal  to  MLO;  and  the  angles 
BKE,  LMO  are  equal,  because  the  angle  ABK  is  equal  to 
NLM;  therefore  the  triangles  BKE,  LMO  are  equiangu- 
lar to  one  another;  wherefore  as  BE  to  BK,  so  is  LO  to 
LM;  and  because  as  the  figure  BF  to  BD,  so  is  the  straight 
line  LM  to  P;  and  as  BD  to  BG,  so  is  P  to  Q;  ex  aequali, 
as  BF,  that  is'»  BH  to  BCi,  so  is  LM  to  Q:  but  BH  is  to^ 
BG,  as  KB  to  BC;  as  therefore  KB  to  BC,  so  is  LM  to  Q; 
and  because  BE  is  to  BK,  as  LO  to  LM;  and  as  BK  to  BC. 
so  is  LM  to  Q:  and  as  BC  to  BA,  so  Q  was  made  to  R;  there- 


lore,  ex  sqoali,  as  BE  to  BA,  so  is  LO  to  R,  that  is  to  LN; 
and  the  angles  ABE,  NLO  are  equal;  therefore  the  parallelo- 
gram BF  is  sitnihir  to  LS. 


IF  two  Straight  lines  have  a  given  ratio  to  one  ano-         . 
ther,  and  upon  one  of  them  be  described  a  rectilineal    '    '*^' 
figure  given  in  species,  and  upon  the  other  a  paral- 
lelogram having  a  g^ven  ang^e;  if  the  Jigure  have  a 
given  ratio  to  the  parallelogram,  the  paraJlelogram  is 
given  in  species. 

.  Let  the  two  straight  lines. AB,  CD  have  a  given  ratio  to  one 
another,  and  upon  AB  let  the  figure  AEB  given  in  species  be 
described,  and  upon  CD  the  parallelogram  DF  having  the  given 
angle  FCD;  if  the  ratio  of  AEB  to  DF  be  given,  the  parallelo- 
gram DF  is  given  in  species. 

Upon  the  straight  line  AB,  conceive  the  parallelogram  AG 
to  be  described  similar,  and  similarly  placed  to  FD;  and  because 
the  ratio  of  AB  to  CD  is  given,  and  upon  them  are  described 
the  similar  rectilineal  figures  AG, 
FD;  the  ratio  of  AG  to  FD  is  pi- 
yen';  and  the  ratio  of  FD  to  AEB  j 

is   given;  therefore''  

AEB  to  AG  is  given;  and  the  angle        \  i      q 

ABG  is  given,  because  it  is  equal  C! 

to  the  angle  FCD:  because  there-      Mr V 

fore  the  parallelogram  AG  vfbich  \    •     \  jg-  |     t 

has  a  given  angle  ABG  is  applied  H  K 

to  a  side  ABof  the  figure  AEB  gi- 


^,U,  l^ 

EBAf^— Ab  V \ 

of       \  \  \ i     .M.dM. 

igle        L i  C        ,D  bg.drt. 


wn  in  species,  and  the  ratio  of  AEB  to  AG  is  given,  the  paral- 
lelogram AG  IS  ^iven  '  in  species;  but  FD  U  similar  to  AGj 
therefore  FD  is  given  in  species.  c  69.  dat 

A  parallelogram  similar  to  FD  may  be  found  thus:  take  a 
straight  line  H  given  in  magnitude;  and  because  the  ratio  of 
the  figure  AEB  to  FD  is  given,  make  the  ratio  of  H  to  K  the 
same  with  it:  also,  because  the  ratio  of  the  straight  line  CD  to 
AB  IS  given,  find  by  the  54th  dat.  the  ratio  vphich  the  fignre 
FD  descnbed  upon  CD  has  to  the  figure  AG  described  upon 
AB  similar  to  FD;  and  make  the  ratio  of  K  to  L  the  same  . 
with  this  ratio;  and  because  the  ratios  of  H  to  K,  and  of  K 
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b  9.  dat  to  L  are  giren,  the  i-atid  of  H  to  L  is  ^^en  ^;  because,  there- 
fore, as  AEB  to  FD,  so  is  U  to  R;  and  as  FD  to  AG,  so  is 
K  to  L;  ex  aequali,  as  AEB  to  AG,  so  is  H  to  L;  therefore 
the  ratio  of  AEB  to  AG,  is  given;  and  the  figure  AEB  is  giTen 
in  species,  and  to  its  side  AB  the  parallelogram  AG  is  applied 
in  the  given  angle  ABG;  therefore  by  the  69th  dat.  a  parallelo- 
grani  may  be  found  similar  to  AG:  let  this  be  the  parallelogram 
MN;  MN  also  is  similar  to  FD;  for,  by  the  construction,  MN 
is  similar  to  AG,  and  AG  is  similar  to  FD;  therefore  the  paral- 
lelogram FD  is  similar  to  MN. 


81.  PROP.  LXXI. 

IF  the  extremes  of  three  proportional  straight  lines 
have  given  ratios  to  the  extremes  of  other  three  pro- 
portional straight  lines;  the  means  shall  also  have  a 
given  ratio  to  one  another:  and  if  one  extreme  have  a 
given  ratio  to  one  extreme,  and  the  mean  to  the  mean; 
likewise  the  other  extreme  shall  have  to  the  other  a 
given  iLivio. 

Let  A,  li,  C  be  three  proj)orlional  straii^ht  lines,  and  D,  E,  I' 
three  otl.er;  uni;  let  the  raiius  of  A  to  1),  and  of  C  to  F  be  given; 
then  the  nitio  of  B  to  E  is  uiso  ^iven. 

Because  the  i\;ii:»  ot  A  to  IJ,  as  also  of  C  to  F  is  given,  the  ratio 

a  67.  dat.    of  the  rectangle   A,  C  to  the  rectangle  D,  F  is  given  *;  but  the 

b  17.  6.       square  of  B  is  etjuul '»  to  the  rectang:lc  A,  C;  and  the  square  of  E 

to  the  rectanj^le  '•  1),  F;  therefore  the  ratio  of  the  square  of  B  to 

c  58.  dat.    the  square  of  W  is  j^iven;  wherefore  ^'  also  the  ratio  of  the  straight 

line  B  to  E  is  piven. 

Next,  let  the  ratio  of  A  to  D,  and  of  B  to  E  be 
given;  then  the  ratio  of  C  to  F  is  also  given. 

Because  the  rutio  of  B  to  E  is  given,  the  ratio  of      ^ 
d  54.  dat.   ^^^^  square  of  B  to  the  square  of  E  is  given*^;  there-      n    F    F 
fore'*  the  ratio  of  the  rectangle  A,  C  to  the  rectangle       • 
D,  F  is  given;  and  the  rati(i  of  the  side  A  to  the  side      * 
D  is  given;  therefore  the  ratio  of  the  other  side  C  to 
c  65.  dat.    ^l^eother  F  is  given  ^ 

Cor.  And  if  the  extremes  of  four  proportionals  have  to  the 
extremes  of  four  other  proportionals  given  ratios,  and  one  of 
the  means  a  given  ratio  to  one  of  the  means;  the  other  mean 
shall  have  a  given  ratio  to  the  other  mean,  as  may  be  shown  in 
the  same  manner  as  in  the  foregoing  proposition. 


i 


PROP.  LXXII. 

ir  straight  lines  be  proportionals;  as  the  first 
straight  line  to  which  the  second  has  a  given 
.  is  the  third  to  -a  straight  line  to  which  the 
as  a  ^ven  ratio. 

B,  C,  D  be  four  propordonal  straight  lines,  viz.  as 
H)  C  to  D;  as  A  is  to  the  stmtght  line  to  which  B  has 
itio,  so  is  C  to  a  straight  line  to  which  D  has  a  giren 


le  the  straight  line  to  which  B  has  a  given 
as  B  to  E,  so  make  D  to  F:  the  ratio  of 
gifen  ■,  and  therefore  the  ratio  of  U  to  F; 
se  as  A  to  B,  so  is  C  to  D;  and  as  B  to  E 
P;  therefore)  ex  sequalii  as  A  to  £,  so  is 
md  £  is  the  straight  line  to  which  B  has  a 
),  and  F  that  to  which  D  has  a  given  ratio; 
iS  A  is  to  the  straight  line  to  which  B  has 
tioi  so  is  C  to  a  line  to  which  D  has  a 


PROP.  LXXni.  83. 

T  Straight  lines  be  proportionals;  as  the  first  s«eN. 
straight  line  to  which  the  second  has  a  given 
is  a  straight  line  to  which  the  third  has  a 
io  to  the  fourth. 


straight  line  A  be  to  Bt  as  C  to  D;  as  A  to  the 
DC  to  which  B  has  a  given  ratio,  so  is  a 
le  to  which  C  has  a  given  ratio  to  D. 
:  ihe  sirdight  line  to  which  B  has  a  given 
as  B  to  E,  so  make  F  to  C;  because  the 

to  I',  is  given,  the  ratio  of  C  to  F  is  gi- 
lecausc  A  is  to  B,  as  C  to  D;  and  as  B 
to  C;  therefore,  ex  xquali  id  proportione 
',  A  is  to  E,  as  F  to  Dj  that  is,  A  is  to  E 
B  has  a  given  ratio,  as  F,  to  which  C  has 
Jo,  is  to  D. 

3  H 


B   E 
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64.  PROP.  LXXIV. 

IF  a  triangle  have  a  given  obtuse  angle;  the  excess 
of  the  squace  of  the  side  which  subtends  the  obtuse 
angle,  above  the  squares  of  the  sides  which  ccmtain 
it,  shall  have  a  given  ratio  to  the  triangle. 

Let  the  triangle  ABC  have  a  given  obtuse  angle  ABC;  and 
produce  the  straight  line  CB,  and  from  the  point  A  draw  AD 
perpendicular  to  BC:  the  excess  of  the  square  of  AC  above  Uie 

a  12.  %  squares  of  AB,  BC.  that  is  %  the  double  of  the  rectangle  contain- 
ed by  DB,  BC,  has  a  given  ratio  to  the  triangle  ABC. 

Because  the  angle  ABC  is  given,. the  angle  ABD  is  also  gi- 
ven;  and  the  angle   ADB  is  given;    wherefore  the   \riaiigk 

b  43.  dat.  ABD  is  given  ^  in  species;  and  therefore  the  ratio  of  AD  to 

c  1.  6.  DB  is  given:  and  as  AD  to  DB>  so  is  c  the  rectangle  AD^ 
BC  to  the  rectangle  DB,  BC;  wherefore  the  ratio  of  the  rect- 
angle ADf  BC  to  the  rectangle  DB,  BC  is  given,  as  also  the 
ratio  of  twice  the  rcctant^le  DB,  BC  to  the     A  E 

rectangle  AD,  BC:  but  the  ratio  of  the  rect- 
angle AD,  BC  to  the  triangle  ABC  is  gi- 

d  41.  1.       veil,  because  it  is  double  **  of  the  triangle; 
therefore  the  ratio  of  twice  the  rectangle 

o  9.  dat.      DB,  BC  to  the  triangle  ABC  is  given  ^; 

and  twice  the  rectangle  DB,  BC  is  the  ex-     D    •  B  C 

cess  a  of  the  square  of  AC  above  the  squares  of  AB,  BC;  there- 
fore this  excess  has  a  given  ratio  to  the  triangle  ABC. 

And  the  ratio  of  this  excess  to  the  triangle  ABC  may  be  found 
thus:  take  a  straight  line  EF  given  in  position  and  magnitude; 
and  because  the  angle  ABC  is  given,  at  the  point  F  of  the  straight 
line  KF,  make  the  angle  EFG  equal  to  the  angle  ABC;  produce 
GF,  and  draw  EH  perpendicular  to  FG;  then  the  ratio  of  the  ex- 
cess of  the  square  of  AC  above  the  squares  of  AB,  BC  to  the  tri- 
angle ABC,  is  the  same  with  the  ratio  of  quadruple  the  straight 
line  HF  to  HE. 

Because  the  angle  ABD  is  equal  to  the  angle  EFH,  and 
the  angle  ADB  to   EHF,  each  being  a   right  angle;   the  tri- 

f  4  6.         angle  ADB  is  equiangular  to  EHF;  therefore  ^  as  BD  to  DA, 

gCor.  4. 5- so  FH  to  HE;  and  as  quadruple  of  BD  to  DA,  so  is  t  qua- 
druple of  FH  to  HE:  but  as  twice  BD  is  to  DA,  so  is  «  twice 
the  rectangle  DB^  BC  to  the  rectangle  AD,  JiC;  and  as  DA 

h  Cor.  5     to  the  half  of  it,  so  is  ^»  the  rectangle  AD,  BC  to  its  half  the 
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triangle  ABC;  therefore,  ex  tequoR,  as  twice  BD  Is  to  the  half 
of  DA,  that  is,  aB  quadruple  of  BD  is  to  DA,  that  is,  as  qua- 
druple of  FH  to  HE,  so  i»  twice  the  rectongle  DB,  BC  to  Uie 
triangle  ABC. 

PROP.  LXXV.  6S.  . 

IF  a  triangle  have  a  given  acute  angle,  the  space  by 
which  the  square  of  the  side  subtemKng  the  acute 
angle  is  less  than  the  squares  of  the  sides  which  con- 
tain it,  shall  have  a' given  rado  to  the  triangle. 

Let  the  triangle  ABC  have  a  given  acute  angle  ABC}  and  draw 
AD  perpendicular  to  BC,  the  space  by  which  the  aquara  of  AC 
is  less  than  the  squiiires  of  AB,  BC,  that  is  ■,  the  double  of  the  ■  13.  2. 
rectangle  contained  br  CB,  BD,  has  a  given  ratio  to  the  triangle- 
ABC. 

Because  the  anglts  ABD,  ADB  are  each  of  them  given, 
the  triangle  ABD  is  given  in  species;  and  therefore  the  ratio 
of  BD  to  DA  is  given:  and  as  BD  to  DA, 
•o  is  the  rectangle  CB.  BD  to  the  rectangle 
CB,  AD;  therefore  d  •      -    • 

angles  is  given,  ai 
recungle  CB,  Bl 

but  the  rectangle  CB,  AD  has  a  given  n  

to  itshalfthe  triangle  ABC;therefore<'the    B  DC  b9.d 

ratio  of  twice  the  rectangle  CB,  BD  to  the  triangle  ABC  is  given; 
and  twice  the  rectangle  CB,  BD  is  ■  the  space  by  which  the 
square  of  AC  is  less  than  the  squares  of  AB,  BC;  therefore  the 
ratio  of  this  space  to  the  triangle  ABC  is  given:  and  the  nUlo 
may  be  found  as  in  the  precetfing  propoution. 

LEMMA. 

iFfrom  the  vertex  Aof  an  isosceles  triangle  ABC,an^  straight 
line  AD  be  drawn  to  the  base  BC,  the  square  of  the  side  AB  is 
-  equal  to  the  rectangle  BD,  DC  of  the  segments  of  the  base  to- 
gether with  the  square  of  AD;  but  if  AD  be  drawn  to  the  base 
produced,  the  square  of  AD  is  equ'dl  to  the  rectangle  BD,  DC 
together  with  the  square  of  AB. 

Cask  1.  Bisect  the  base  BC  in  E,  and 

S'oin  AE  which  will  be  perpendicular  ■  to 
)C;  wherefore  the  square  of  AB  is  equal 
h  to  the  squares  of  AE,  EB;  but  the  square 
of  EB  is  equal  '  to  the  recUngle  BD,  DC 
together  with  the  square  of  pE;  there-  j^— n' n  V~ 
fare  the  square  of  AB  is  equal  to  the    "     n  u   £. 


lA  is  given:  and  as  BD  to  DA,  A 

:tangle  CB,  BD  to  the  rectangle  y\ 

lerefore  the  ratio  of  these  rect*  y'    j\ 

^en,  as  also  the  ratio  of  twice  the  /      1 '  \ 

B,  BD  to  the  rectangle  CB,  AD;  /          1    \ 

tangle  CB,  AD  has  a  given  ratio  /^              1 i 


Ar 


aquares  of  AE,  ED.  that  is,  to  'i  tl 
the  rectangle  BD,  DC;  the  other 
by  6.  3.  Elem. 


=  square  of  AD,  togoiher  wiiK 
ase  U  shown  in  the  ssune  wif, 
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PROP.  LXXVI. 

IF  a  triangle  have  a  given  angle,  the  excess  of  the 
square  of  the  straigtit  line  nhiLh  is  equal  to  the  two 
sides  that  contain  the  given  iinglc,  above  the  square 
of  the  third  side,  slmll  have  a  given  ratio  to  the  triangle. 

Let  the  triangle  ABC  have  the  given  angle  BAG,  the  cxceM 
of  the  square  of  the  struight  line  which  is  eqaul  to  BA.  AC  »-j 
geihcr  above  the  square  of  BC,  shall  have  a  ijiven  rjiio  (o  tlie' 
IriauRle  ABC. 

Produce  BA.  and  take  AD  equal  to  AC,  join  OC  and  pro- 
duce it  to  E,  and  through  the  point  B  tlrnw  Bh  purulkt  to  ACj 
join  AE,  and  draw  AF  perpendicuitr  to  DC;  iind  bfcdusc 
AD  is  equal  to  AC,  BD  is  equal  lo  BE:  and  BC  is  drawn 
'ftom  the  vertex  B  of  the  iBosceles  triangle  DBKj  there- 
Ibre,  by  the  lemma,  the  sqtiare  of  BD,  that  is,  of  BA  and 
AC  together,  is  equal  to  the  rectaiielc  DC,  CE  to^piiier  uiili 
the  square  of  BC;  ami,  therefore,  the  square  of  BA,  A(  lo- 
g«ther,  that  is,  of  BD,  in  greater  tii«n  D 

the  square  of  BC  by  the  rectangle  DC, 
CE;  and  this  rectangle  has  a  given 
ratio  lo  the  triangle  ABC:  because 
the  angle  BAG  is  given,  the  adjacent 
angle  CAD  is  given;  and  each  of  the 
angles  ADC,  DGA  is  given,  for  each 
of  them  is  the  half*  of  the  given  angle 
BAG;  therefore  the  triangle  ADC  is 
given  >>  in  species;  and  AF  b  drawn 
from  its  vertex  to  the  base  in  a  given 
angle;  wherefore  the  ratio  of  AF  to  the  base  CD  is  giveu  ';  and 
as  CD  to  AF,  so  b  '  the  rectangle  DC,  CE  to  ihe  rectangle  AF, 
CE;  and  the  t«tio  of  the  rectangle  AF,  CE  lo  its  half',  the  iri- 
aiii;lt  ACE,  is  given;  therefore  the  ratio  of  the  rectangle  DC, 
CE  to  the  triangle  ACE,  that  is  f,  to  tlie  iriungk  ABC,  is  given 
s,  and  the  rectangle  DC,  CE  is  the  excess  of  the  square  of  BA, 
AC  together  above  the  square  of  BC:  therefore  the  ratio  of  this 
excess  to  the  triaoglc  ABC  is  given. 

The  ratio  which  the  rectangle  DC,  CE  has  to  the  triangle 
ABC  is  found  thus:  take  the  straight  line  GH  given  in  posi> 
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tion  and  magnitude,  «nd  at,  the  point  G  in  GH  make  the  angle 
UGK  equal  to  the  given  angle  CAD,  and  take  GK  equal  to 
GH,  join  KH,  and  draw  pL  perpendicular  to  it:  then  the  ratio 
of  Hk  to  the  half  of  GL  is  the  xame  with  the  ratio  of  the  rect- 
angle DC,  C£  to  the  triangle  ABC:  because  the  angles  HGK, 
DAC  at  the  vertices  of  the  isosceles  triangles  GHK,  ADC  are 
equal  to  one  another,  these  triangles  are  aimilar;  and  because 
GL,  AF  are  perpendicular  to  the  bases  HK,  DC,  as  HK  to  GL,  - 
BO  is^  fDC  to  AF,  and  so  is)  the  rectangle  DC,  CE  to  the  rect-    ^^  6_ 
angle  AF,  CE;  but  as  GL  to  its  half,  so  is  the  rectangle  AF,1»  J^^.s. 
CE  to  its  hulf,  which  is  the  triangle  ACE,  or  the  trian^e  ABC; 
therefore,  ex  xquali,  HK  is  to  the  half  of  the  straight  line  GL, 
as  the  rectangle  DC,  CE  is  to  the  triangle  ABC. 

Cor.  And  if  a  triangle  have  a  given  angle,  the  apace  by  which 
the  square  of  the  straight  line  which  is  the  difference  of  the 
■ides  nhich  contain  the  given  angle  is  less  than  the  square  of 
:  the  thii'd  side,  shall  have  a  given  ratio  to  the  triangle.  This  is 
demonstrated  the  same  waj  as  the  preceding  proposition,  by 
help  of  the  second  case  of  the  lemma. 


^  PROP.  Lxxvn. 

IF  the  perpendicular  drawn  from  a  given  angle  of  see  Note. 
a  triangle  to  the  opposite  side,  or  base,  have  a  ^ven 
ratio  to  the  base,  the  triangle  is  given  in  species. 

Let  the  triangle  ABC  have  the  given  angle  BAG,  and  let  the 
perpendicular  AD  drawn  to  the  base  BC  have  a  given  ratio  to 
it,  the  triangle  ABC  is  given  in  species. 

If  ABC   be  an  isosceles  triangle,  it  is  evident*  that  if  anj a5. Ic33. 


B         R    D    C 


one  of  its  angles  be  given,  the  rest  are  also  given;  and  there- 
fore the  triangle  is  given  in  species,  without  the  consideration 
of  the  mtio  of  the  perpendicular  to  the  base,  which  in  this  cas« 
is  given  by  prop.  50. 

But  when   ABC  is  not  an  isosceles  triangle,  take  any  straight 
line  £F  given  in  position  and  magnitude,  and  upon  it  describe 
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the  segment  of  a  circle  EOF  containing  an  an^le  equal  to  tht' 
given  angle  BAG,  draw  GH  bisecting  EF  at  nght  angles,  and 
join  EG,  GF:  then,  since  the  angle  EGF  is  equal  to  the  angle 
BAG,  and  that  EGF  is  an  isosceles  triangle,  and  ABC  is  not) 
the  angle  FEG  is  not  equal  to  the  angle  CBA:  draw  £L  niak- 
ing  the  angle  FEL  equal  to  the  angle  CBA;  join  PL,  and 
draw  LM  perpendicular  to  EF;  thetii,  because  the  triangles  ELFj 
BAG  are  equiangular,  as  also  are  the  triangles  MLE,  DaB| 
as  ML  to  LE,  so  is  DA  to  AB;  and  as  LE  to  EF,  so  is  AB  to 
BC;  wherefore,  ex  sequali,  as  LM  to  EF,  so  is  AD  to  BC; 
and  because  the  ratio  of  AD  to  BC  is  given,  therefore  the  ratio 
of  LM  to  EF  is  given;  and  EF  is  given,  wherefore^  LM  aho 
is  given.  Complete  the  parallelogram  LMFK;  and  because  LM 
is  given,  FK  is  given  in  magnitude;  it  is  also  given  in  position, 

c  30.  dat  and  the  point  F  is  given,  and  consequently^  the  point  K;  and  be- 
cause through  K  the  straight  line  XL  is  drawn  parallel  to  EF 

d  31.  dat  ^ijich  jg  given  in  position,  therefore  *  KL  is  given  in  position: 


Ii2.dat 
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and  the  circumference  ELF  is  given  in  position;  therefore  the 
c  28.  dat.    point  L  is  given*.  And  because  the  points  L,  E,  F,  are  given, 
f  29.  dat.    the  straight  lines  LE,  EF,  FL,  are  given^  in  magnitude;  therc- 
e42  dat    ^'^^^  ^^  triangle   LEF  is  give  in   speciesf;  and  the  triangle 
'   ABC  is  similar  to  LEF,  wherefore  also  ABC  is  given  in  species. 
Because  LM  is  less  than  GH,  the  ratio  of  LM  to  EF,  that  is, 
the  given  ratio  of  AD  to  BC,  must  be  less  than  the  ratio  of  GU 
to  EF,  which  the  strdght  line,  \h  a  segment  of  a  circle  contain- 
ing an  angle  equal  to  the  given  angle,  that  bisects  the  base  of 
the  segment  at  right  angles,  has  unto  the  base. 

Cor.  1.  If  two  triangles,  ABC,  LEF  have  one  angle  BAC 
equal  to  one  angle  ELF,  and  if  the  perpendicular  AD  be  to  the 
base  BC,  as  the  perpendicular  LM  to  the  base  EF,  the  triangles 
ABC,  LEF  are  similar. 

Describe  the  circle  EGF  about  the  triangle  ELF,  and  draw 
LN  parallel  to  EF,  join  EN,  NF,  and  draw  NO  perpendicu- 
lar to  EF;  because  the  angles  ENF,  ELF  are  equal,  and  that 
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the  angle  EFN  is  equal  to  the  alternate  angle  FNL,  that  is,  to 
the  angle  FEL  in  the  same  segment;  therefore  the  triangle 
NEF  is  umilar  to  LEF;  and  in  the  segment  EGF  there  can  be 
no  other  triangle  upon  the  base  EF,  which  has  the  ratio  of  its 
perpendicular  to  that  base  the  same  with  the  ratio  of  LM  or  NO 
to  £F,  because  the  perpendicular  must  be  greater  or  less  than 
LM  or  NO;  but,  as  has  been  shown  in  the  preceding  denum- 
stration,  a  triangle  similar  to  ABC.  can  be  described  in  the  seg- 
ment EGF  upon  the  base  EF,  and  the  ratio  of  its  perpendicular 
to  the  base  is  the  same,  as  was  there  shewn,  with  the  ratio  of 
AD  to  BC,  that  is,  of  LM  to  EF;  therefore  that  triangle  must 
be  either  LEF,  or  NEF,  which  therefore  are  umilor  to  the  tri- 
angle ABC. 

Coil.  3.  If  a  triangle  ABC  have  a  ^ven  angle  BAC,  and  if  the 
straight  line  AR  drawn  tntm  the  given  angle  to  the  c^podte 
side  BC,  in  a  given  angle  ARC,  have  a  §^ven  ratio  to  BCt  the  tri- 
angle ABC  is  given  in  species. 

Draw  AO  perpendicular  to  BC;  therefore  the  triangle  ARD 
is  given  in  species;  wherefore  the  ratio  of  AD  to  AR  is  given: 
and  the  ratio  of  AR  to  BC  is  given,  and  consequentl]'''  the  ratio  h  9.  ^^ 
of  AD  to  BC  is  given;  and  the  triangle  ABC  is  therefore  given 
in  species'.  i77.dat. 

Cor.  3.  If  two  triangles  ABC,  LEF  have  one  angle  BAC 
equal  to  one  angle  ELF,  and  if  straight  lines  drawn  from  these  ' 

angles  to  the  bases,  making  with  them  given  and  equal  angles, 
have  the  same  ratio  to  the  bases,  each  to  each;  then  the  (rian- 
gles  are  similar;  for  having  drawn  perpendiculars  to  the  hoses 
from  the  equal  angles,  as  one  perpendicular  is  to  its  base,  so  is 
the  other  to  its  base^;  wherefore,  by  Cor.  1,  the  triangles  are  k  ii,^"- 
similar.  '  '^  '■ 

A  triangle  similar  to  ABC  may  be  found  thus:  having  de- 
scribed the  segment  EGF,  and  drawn  the  straight  line  GH,  as- 
was  directed  in  the  proposition,  find  FK,  which  has  to  EF  the 
^ivcn  ratio  of  AD  to  BC;  and  place  FR  at  right  angles  to  EF 
from  the  point  F;  then  because,  as  has  been  shown,  the  ratio 
of  AD  to  BC,  that  is  of  FK  to  EF,  must  be  less  than  the  ratio  of 
GH  to  EF;  therefore  FK  is  less  than  GH;  and  consequently 
the  parallel  to  EF,  drawn  through  the  point  K,  must  meet  the  '    ' 

circumference  of  the  segment  in  two  points:  let  L  be  either  of 
them,  and  join  EL,  LF,  and  draw  LM  perpendicular  to  EF: 
then,  because  tlie  angle  BAC  is  equal  to  the  angle  ELF,  and  that 
AD  is  to  BC,  as  KF,  that  is  LM,  to  EF,  the  triangle  ABC  is  si- 
milar to  the  triangle  LEF,  by  Cor.  >. 


E 


PROP.  LXXVIII, 

IF  a  triangle  li»vc  one  angle  given,  and  if  the  ratio 
of  the  rectangle  of  the  sides  ^vhich  contain  the  given 
angle  to  the  square  of  the  third  side  be  given,  the 
triangle  is  given  in  species. 

Let  tlie  iriun^le  ABC  have  ihc  given  angle  UAC,  and  Id 
ihc  i-atio  of  die  rectangle  BA,  AC  to  the  square  uf  ItC  be  p- 
vcni  the  triangle  ADC  is  given  in  ^pecics. 

From  Ihc  point  A,  draw  AD  perpendicular  to  BC,  ihc  te«' 
41. 1,       angle  AD,  liC  has  h  ginn  ratio  to  its  half",  the  triangle  AB(^ 
and  because  the  acigk  ItAC  is  given,  the  ratio  of  the  trian);lB 
Cor. 63.  ABC  to  tlie  lectangli-    BA,  AC  is  given'':  and  by  the  hypo- 
■*'■  thesis,  the  ruiio  of  the  iroiujiglc  BA,  AC  to  llie  squiire  oi  BC  is 

g.tUL  given;  therefore'  the  raiiu  of  the  recumgle  AD,  BC  to  the 
1,  6.  square  of  BC,  thai  i&<',  the  ratio  of  Uie  struight  line  AD  to  BC 
T7.  dMt.    is  given;  wherefore  the  iriaiiglc  ABC  is  given  in  species'. 

A  ti-iiingle  similar  to  ABC  may  be  Ibund  thus:  tsJce  i 
ttraight  line  EF  given  in  position  tmd  magnimde,  and  make 
the  angle  FEG  equal  to  the  6;iven  angle  BAC,  and  draw  FH 
pcrpeiitlicular  to  Kii.  aiid  BK  perpcntiicular  to  AC;  therefore 
the  Itiaiigles  ABR,  EIH  j^         ^ 

are  similar,  and  the  I'ect- 
anglc    AD.  BC,   or  the 
rectangle  BK,  AC  which 
is  equal  to  it,  is  to  the 
rectangle  BA,  AC,  as  the 
straight  line  BK  to  BA, 
lhatis,aslHloFE-  Let 
the  given  raiioof  the  rect- 
angle BA,  .\C  to  the  square  of  BC  be  the  same  with  the  i 
the  straight  line  UP  to  I'L;  therefore,  ex  sequali,  the  rutii 
recl,inRle  AD,  BC  to  the  square  of  HC,  that  is,  the  ratio 
sti'aight  line  AD  to  BC^s  ihe  same  widi  the  ratio  of  HF 


tlie  of 
ofthe 

of  the 
I  FL; 


and  because  AD  is  not  greater  than  the  straight  line  MN  in  the 
segiiieut  of  the  circle  riescnbcd  about  the  triangle  ABC,  which 
bisects  IJC  at  right  angles;  the  ratio  of  AD  to  BC,  that  is,  of 
HI"  to  i-'L,  must  not  lie  i;re;iier  tiian  the  ratio  of  MN  to  BC: 
let  it  be  so,  and,  by  the  77ih  ilat,  find  u  tviauKlc  OP(J 
which  has  one  of  its  angles  POQ  equal  to  ihe  given 
angle  BAC,  and  the  ratio  of  the  perpendicular  OR, 
drawn  from  that  angle  to  the  base  PQ  the  same  with  the 
ratio    of  HF    to  FL;    then    the    triangle    ABC  is    similar  to 
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OPQ:  bcnuse,  u  hu  been  Bhown,  the  ntio  of  AD  to  BC  is 
the  same  with  the  ratio  of  (HF  to  FL,  that  is,  by  the  canstnic* 
Uon,  with  the  ratio  of)  OR  to  PQ;  and  the  ani^le   BAG   is 
equal  to  the  angle  POQ;  therefore  the  triangle  ABC  is  umilu-  f  f  1'  Cor. 
to  the  triangle  POQ.  '''  "'■ 

Otherwuc, 

Let  the  triangle  ABC  have  the  given  angle  BAC,  and  let 
the  ratio  of  the  rectangle  B  A,  AC  to  the  aqtiare  of  BC  be  given; 
the  tiiangle  ABC  is  given  in  spccieB. 

Becuiise  the  angle  BAC  is  given,  the  excess  of  the  square 
of  both  the  sides  BA,  AC  together  above  the  square  of  the 
thii-d  side  BC  has  a  given  ■  ratio  to  the  triangle  ABC.    Let  the  &  76-  d>i- 
figure  D  be  equal  to  this  excess;  therefore  the  fKtia  of  D  to 
the  triangle  ABC  is  given:  and  the  ratio  of  the  triangle   ABC 
to  the  rccUnglc  B  A,  AC  is  ^ven  S  because  BAC  is  a  given  b  Cor.  6: 
angle;  and  the  rectangle  BA,  AC  has 
a  given  ratio  to   the  square   of  BC: 
wherefore*  the  ratio  of  D  to  the  square 
of  QC  is  given;  and  by  composition  ^, 
the  ratio  of  the  space  D  together  with 
the  square  of  BC  to  the  square  of  BC 
is  given;  but  D  together  with  the  square  of  BC  ti  equal  to  the 
square  of  both  BA  and  AC  together;  therefore  the  ratio  of  the 
square  of  BA,  AC  together  to  the  square  of  BC  is  given;  and  the 
ratio  of  BA,  AC  together  to  BC  is  therefore  given  ';  and  thee  59.d>L 
angle  BAC  is  given,  wherefore  '  the  triangle  ABC  is  given  infiadu. 
species. 

The  composition  of  this,  which  depends  upon  those  of  the 
76th  and  4 Bth  propositions]  is  more  complex  than  the  preced- 
ing composition,  which  depends  upon  that  of  prop.  77,  which 
is  casf. 
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IF  a  triangle  have  a  g^ren  angle,  and  if  the  straight  see  Note. 
line    clruwi)  from  that  angle  to  the   base,  making  a 
given  angle  with   it,  divide  the  base  into  segments 
which  have  a  g^ven  ratio  to  one  another,  the  triangle 
is  given  in  species. 

Let  the  triangle  ABC  have  the  given  angle  BAC,  and  let 
the  straight  line  AD  drawn  to  the  base  BC  making  the  given 
angle  ADU,  divide  BC  into  the  segments  BD,  DC  which  have 
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EA  be  placed  in  KB  towards  D,  the  point  F  divides  die  tase 
BC  into  the  scp^mcnis  Bl'\  VC  wJi^ch  have  to  one  anodier  tin 
ratio    of   the   sides  BA«    AC;,  because  BE,    £A   or  EFy  and 

'  19.  5.  EC  were  shown  to  be  proiK>riionals,  therefoi*e  *  BF  is  to  FC 
as  BE  to  EF,or  EA,  that  is,  as  BA  to  AC;  and  A£  onmoC 
be  less  than  tlip  altitude  of  the  triangle  ABC,  but  It  mf  be 
equal  to  it,  which,  if  it  be,  the  triangle,  in  this  case,  as  ain 
the  ratio  of  the  sides,  may  be  thus  found:  having  given  tiK 
ratio  of  the  perpendicular  to  the  base,  take  the  stnoglit  lim 
GH  g^iven  in  position  and  magnitude,  for  the  base  of  Che  tii* 
angle  to  be  found;  and  let  the  given  ratio  of  the  perpenfica- 
lar  to  the  base  be  that  of  the  straight  line  K  to  GH,  that  is,  kt 
K  be  equal  to  the  perpendicular;  and  suppose  GLH  to  be  the 
triangle  which  is  to  be  found,  therefore  having  made  theingk 
HLM  equal  to  LGH,  it  is  required  that  LM  be  perpendicular  Id 
GM,  and  equal  to  K;  and  .l>ccau&e  GM,  ML,  MH  are  propoi^ 
donals«  as  was  shewn  of  BE,  EA,  EC,  the  rectangle  GMH  b 
equal  to  the  squai*c  of  ML.  Add  the  common  square  of  NHi 

g  6. 2.  (having  bisected  GH  in  N),  and  the  square  of  NM  is  equak  to 
the  squares  of  the  given  straight  lines  NH  and  ML  or  K;  there- 
fore the  square  of  NM  and  its  side  NM,  is  given,  as  also  the 
point  M,  viz.  b^  taking  the  straight  line  NM,  the  square  of 
which  is  equal  to  the  squares  of  NH,  ML.  Draw  ML  equal  to 
K,  at  right  angles  to  GM;  and  because  ML  is  gi\en  in  positioa 
and  magnitude,  therefore  the  point  L  is  given,  join  LG,  LH; 
then  the  triangle  LGII  is  that  which  was  to  be  found,  for  the 
square  of  NM  is  equal  to  the  squares  of  NH  and  ML,  and  taking 
away  the  common  s(juare  of 


NH,  the  rectangle  GMH  is 
equal «  to  the  square  of 
ML:  therefore  as  GM  to 
ML,  so  is  ML  to  MH,  und 
h  C^.  a  the  triangle  LGM  is'»  there- 
fore equiangular  to  HLM, 
and  the  angle  HLM  equal  to  G  NQ  H  M  P 
the  angle  LGM,  and  the  straight  line  LM,  drawn  from  the 
vertex  of  the  triangle  making  the  anj^lc  HLM  equ.  1  lo  LCJH,  is 
perpendicular  to  the  base  and  equal  to  the  Riven  straight  line  K, 
as  was  required;  and  the  ratio  of  the  sides  CL,  LH  is  the  same 
with  the  ratio  of  CM  to  ML,  that  is,  with  the  ratio  of  the 
straight  line  which  is  made  up  of  ON  the  half  of  the  given  base 
and  of  NM,  the  square  of  which  is  equal  to  the  squares  of  GN 
and  K,  to  the  straight  line  K. 

And  whether  this  ratio  of  CiM  to  ML  be  greater  or  less 
than  the  ratio  of  the  sides  of  any  other  trianji;le  upon  the  basr 
nil,  and  of  Vkliich  L?ie  ulliuulc  is  C'liiil  to  tlic  sirairrht  line  K, 
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that  in,  the  vertex  of  which  is  in  the  pcralkl  to  (iH  drawn 
through  the  point  L,  may  t^  tlius  fuuiid.  Let  OGH  be  any 
Huch  imiigle,  and  draw  OP,  making  the  kn[;le  HOP  equal  to 
the  angle  OGH;  therefore,  as  belbi-e,  GP,  PO,  PH  are  pro- 
poi'tionals,  aii<l  PU  cannot  be  cciual  to  LM,  because  the  rect- 
angle (JPH  would  be  equal  to  the  rectangle  GMH,  which 
is  iinpoasible;  for  the  point  P  cannot  fall  upon  M.  because  O 
would  then  fall  on  L;  nor  can  PO  be  less  than  LM,  therefore 
it  is  greater;  and  coiisctiucntly  the  rectangle  GPH  is  greater 
than  tl)e  rectangle  G]\H1,  and  the  straight  line  GP  greater 
thun  GM:  therefore  the  ratio  of  GM  to  MH  is  greater  than 
the  ratio  of  GP  to  PH,  and  the  ratio  of  the  square  of  GM  to 
the  square  of  ML  is  therefore'  greater  than  the  ratio  of  the  13  Cor- 
squuvc  of  GP  to  the  square  of  PO,  and  the  ratio  of  the  straight  3"-  ^■ 
line  liM  to  ML,  greater  thun  the  ratio  of  GP  to  PO.  But  as 
GM  to  ML,  soisGLtoLH;  and  asGP  to  PO,  so  is  GO  to 
OH;  thti-ufore  the  mtio  of  GL  to  LH  is  greater  than  the  ratio 
of  C;0  to  OH;  wherefore  the  ratio  of  GL  to  LH  is  the  greatest 
of  all  utlicrs;  and  cotiseiiuently  tlie  given  ratio  of  the  greater 
side  to  the  less,  must  not  be  grt:atcr  than  this  ratio. 

But  if  the  ratio  of  the  siiics  he  not  the  same  with  this  great- 
est ratio  of  CiM  to  ML,  it  must  necessarily  be  leas  than  it: 
let  any  less  ratio  be  given,  and  the  same  things  being  suppo- 
sed, viz.  that  GH  is  the  base,  and  K  equal  to  the  altitude  of 
the  tiiangle,  it  may  be  found  as  follows.  Divide  OH  in  the 
jx>int  Q,  so  that  tlie  ratio  of  GQ  to  QH  may  be  the  same 
with  the  given  ratio  of  the  sides;  and  as  GQ  to  QH,  so  majce 
GP  to  Pg.  and  so  wilK  PQ  be  to  PH;  wherefore  the  square  f  19.  i. 
of  GP  is  to  the  square  of  PQ,  US'  the  straight  line  GP  to 
PH:  and  because  GM,  MI^,  MH  are  proportionals,  the  square 
of  GM  is  to  the  square  of  ML,  us'  tlic  straight  line  GM  to  MH: 
but  thu  ratio  of  GQ  to  Qf{,  that  is,  the  ratio  of  GP  to  PQ* 
is  Ic^s  tlian  the  ratio  of  GM  to  ML;  and  therefore  the  ratio 
of  tlie  sqiiure  of  GP  to  the  xqnure  of  PQ  is  less  than  the  ratio 
of  the  s;|ii;ire  of  (iM  to  that  of  ML;  and  consequently  the 
ratio  r.f  the  straight  line  GP  to  PH  is  less  than  the  ratio  of 
GM  to  MH;  i.nd,  by  division,  the  ratio  ot  Gil  to  HP  is  less 
th;.ri  that  of  GH  to  HM;  wherefoit''  the  stRiight  line  HP  isk  10.  5. 
grc;iter  than  HM,  and  the  rectiingle  GPH.  that  is,  the  square 
of  PQt  greater  ihim  the  rertsngle  G.MH,  tliot  is,  than  the 
squ.ii-c  of  ML,  and  ihc  straight  line  PQ  is  therefore  greater 
than  ML.  Draw  LU  parallel  to  C:P  luul  from  P  draw  PK  at 
litlh!  ;i.i};i.-^  tu  (;  i\  bixause  PQ  is  greater  thun  ML  or  PR 
the  fir:'.'  tic  i  rilird  fioii.  'hi;  centre  P.  at  the  distance  PQ, 
must  iieces-iarily  cut  LR  in  luo  points;  let  these  be  O,  S.  and 
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ioiii  OG,  OH;  SG,  SH:  each  of  the  triangles  OGH,  SGH 
has  the  things  mentioned  to  be  given  in  the  propoaitioD: 
jom  OP,  SPt  and  because  as  GP  to  PQ,  or  PO9  so  is  PO 
to  PH,  the  triangle  OOP  is  equiangular  to  HOP;  as,  there- 
fore, OG  to  GP,  so  is  HO  to  OP;  and,  by  permutation,  ai 
GO  to  OH  so  is  GP  to  PO,  or  PQ:  and  so  is  GQ  to  QH: 
therefore  the  triangle  OGH  has  the  ratio  of  iu  sides  GO,  OH 
the  same  with  the  given  ratio  of  GQ  to  QH:  and  the  perpendi- 
cular has  to  the  base  the  given  ratio  of  K  to  GH,  because  the 
perpendicular  is  equal  to  LM  or  K:  the  like  may  be  shown  in 
the  same  way  of  the  triangle  SGH. 

This  construction  by  which  the  triangle  OGH  is  found,  is 
shorter  than  that  which  would  be  deduced  from  the  demoQstra- 
tion  of  the  datum,  by  reason  that  the  base  GH  is  given  ia 
position  and  magnitude,  which  was  not  supposed  in  the  de- 
monstration: the  same  thing  is  to  be  observed  in  the  next  pro- 
position. 


M  PROP.  LXXXI. 


IF  the  sides  about  an  angle  of  a  triangle  be  une- 
qual and  have  a  given  ratio  to  one  another,  and  if  tlic 
perpendicular  from  that  angle  to  the  base  divide  it 
into  segments  that  have  a  given  ratio  to  one  another, 
the  triangle  is  given  in  species. 


Let  ABC  be  a  trungle,  the  sides  of  which  about  the  angle 
BAG  arc  unequal,  and  have  a  given  ratio  to  one  another,  and 
let  the  perpendicular  AD  to  the  base  BC  divide  it  into  the  seg- 
ments BD)  DC,  which  have  a  given  ratio  to  one  another,  the 
triangle  ABC  is  given  in  species. 

Let  AB  be   greater  than  AC,  and  make   the    angle   CAE 

c(juul  to  the  angle  ABC;  and  because  the  angle  AEIj  is  com- 

a4.  6.        mon  to  the   triangles  ABE,  CAK,  they  arc"   equiangular   ts 

one  anoilier:  therefore  as  AB  to  BEi  so  is  CA  to  AL,  and. 
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by  permutfttioiiy  as  AB  to  AC,  so  BE  to 
£A,  and  bo  is  £A  to  EC:  but  the  ratio  of 
BA  to  AC  is  given,  therefore  the  ratio 
of  BE  to  £A,  as  also  the  ratio  of  £  A  to 
EC  is  given;  wherefore  ^  the  ratio  of 
BE  to  EC,  as  also  «  the  ratio  of  EC  fo 
CB  b  given:  and  the  ratio  of  BC  to  CD 

is  given  ^,  because  the  ratio  of  BD  to  ^^Vlv  ^  ^'  ^' 

DC  is  ^ven;  therefore  ^  the  ratio  of  EC 
to  CD  IS  given,  and  consequently  ^  the 
ratio  of  D£  to  EC:  and  the  ratio  of  EC    6  KL  H      N 

to  EA  was  shown  to  be  given,  therefore  ^  the  ratio  of  DE  to  EA 
isjnven:  and  ADE  is  a  right  angle,  wherefore  «  the  triangle  ^  ^  <^' 
ADE  b  given  in  species,  and  the  angle  AED  given:  and  the 
Tatio  of  CE  to  EA  is  given,  therefore  f  the  triangle  AEC  i8f44.dat 
given  in  species,  and  consequently  the  angle  ACE  is  given,  as 
also  the  a^acent  angle  ACB.  In  the  same  manner,  because  the 
ratio  of  BE  to  EA  is  given,  the  triangle  BE  A  is  given  in  spe- 
cies, and  the  angle  ABE  is  therefore  given:  and  the  angle 
ACB  is  given;  wherefore  the  triangle  ABC  is  g^ven  s  in  species,  g  43.  dat 

But  the  ratio  of  the  greater  side  BA  to  the  other  AC  must 
be  less  than  the  ratio  of  the  greater  segment  BD  to  DC:  be- 
cause the  square  of  BA  is  to  the  square  of  AC,  as  the  squares 
of  BD,  DA  to  the  squares  of  DC,  DA;  and  the  squares  of 
BD,  DA  have  to  the  squares  of  DC,  DA  a  less  ratio  than  the 
square  of  BD  has  to  the  square  of  DCf,  because  the  square  of 
BD  is  greater  than  the  square  of  DC;  therefore  the  square  of 
BA  has  to  the  square  of  AC  a  less  ratio  than  the  square  of  BD 
has  to  that  of  DC:  and  consequently  the  ratio  of  BA  to  AC  is 
less  than  the  ratio  of  BD  to  DC. 

This  being  premised,  a  triangle  which  shall  have  the  things 
mentioned  to  be  ^ven  in  the  proposition,  and  to  which  the 
triangle  ABC  is  similar,  may  be  found  thus:  take  a  straight 
line  GH  given  in  position  and  magnitude,  and  divide  it  in  K, 
so  that  the  ratio  of  GK  to  RH  may  be  the  same  with  the  given 
ratio  of  BA  to  AC:  divide  also  GH  in  L,  so  that  the  ratio 
of  GL  to  LH  may  be  the  same  with  the  given  ratio  of  BD  to 


f  If  A  be  greater  than  B,  and  C  any  third  magnitude;  then  A  and  C  to- 
gether have  to  B  and  C  togetlier  a  less  ratio  than  A  has  to  B. 

Xjet  AbetoBasCtoD,  and  because  A  is  greater  than  B»  C  is  greater 
than  D:  but  as  A  is  to  B»  so  A  and  C  to  B  and  D;  and  A  and  C  have  to  B 
and  C  a  less  ratio  than  A  and  C  have  to  B  and  D,  because  C  is  greater 
than  Df  therefore  A  and  C  have  to  B  and  C  a  less  ratio  than  A  to  B« 
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DC,  and  draw  LM  at  right  angles  to  Gt(:  and  because  the 
ratio  of  the  side  of  a  triangle  is  less  than  the  ratio  of  the  seg- 
ments of  the  base,  us  has  been  shown,  the  ratio  of  GR  to  KH 
is  less  than  the  ratio  of  GL  to  Lll;  wherefore  the  point  L 
niii.«i  fall  l)etween  K  and  H:  also  make  as  GK  to  KH,  so  ON 
h  19.  5.  tu  NK.  and  scj  shall  ^  NK  \ye  to  NH.  And  from  the  centre  N| 
at  tlu-  distance  Nk,  describe  a  circle,  and  let  its  circumference 
meet  i.M  in  O,  and  join  OG,  OH;  then  OGH  is  the  triangle 
whirh  was  to  be  described:  because  (iN  is  to  NK,  or  NO,  as 
NO  to  Nil,  ihc  triangle  OGN  is  equiangular  to  HON;  there- 
fore :tH  ( ^G  to  GN,  so  is  FIO  to  ON,  and,  by  permutation,  as 
(;0  to  OH,  so  is  GN  to  NO,  or  NR,  that  is,  as  GK  to  KH. 
that  is,  in  the  given  ratio  of  the  <iidcs,  and  by  the  constnictiun. 
GL,  iJi  have  tu  one  another  the  given  ratio  of  the  segments  oi 
the  base. 


fiO.  PROP.  LXXXH. 


IF  a  paraikloirrani  given  in  species  and  maj^iitiidc 
be  in.erea.'xd  or  (rnninislietl  by  a  gnonum  gi\Ln  in 
magnitude,  ihe  sides  of  the  gnomon  arc  given  in 
magnitude. 

First,  Let  the  parallclo^^ram  AB  given  in  sptcifs  iind  niaj;- 
niUidc  he  inrrcuscil  liv  ihc  icivcn  unonion  L('lU)l'(i,  cut  1j  cjI  the 
MFi.i'.ihi   liiics  CK,  1)F  is  pivcn 

Bfcause  AIJ  is  given  in  spttics  and  nragniuulr,  anci  ih^it  the 

f^nomon    LCliDlCi   is    iiivcn,   ihercture   the   v.lu»:t;    spjce  AG 

is   given  in  nuigniuide:  bnf.  A(i   is  »ils<»  givtn   in   :  pt rirs,   bc- 

C  .;.(!.  fciaise   it   i.s  siniilur  '   to   A13;  tliercfore   the   sides  of  A(r   arc 

n<'2.  and^ivcn  '•  each  of  ilic  siraighi  lines  AK,  AF      ^^ . ■  .F. 

C-'j  <^-  is  therefore  given;  and  each  of  the  sUuiglu        V  ^„ J^ -C 

!•  tdat*^*   lines  CA,  AD  is  f^iven  •»,  thcrcfo.e  eaeli  of         i  ^'  •' 
the  renjaii'ders  KC,  1)F  is  given  *. 

Next,  let  thepari;lK.lo'^r.jn  AC;  ii^iven  in         F    D 
species  untl  nr.«f\nilu(U ,  tu-  (.in.ini^heci  I»y 
the  j^iven  j^nonion    F.CHDFCi,  tach  of  ll;c 
>traic;lil  lines  CF,  DV  is  };i\v.n. 

Because  the  paralliltij^i.tin   Ad  is  ,u^i\cn 
'as  also  its  [gnomon  FX'iJDI'Ci,  the  rctnaininp:  space  AU  is  ^hr.' 
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ifi  magniluds:  but  it  la  also  given  in  ^wcicB  i  becauae  it  ia  simi- 
Ur*  to  AC ;  therefort  ^  ila  ttUea  C A,  AD  arc  given,  and  eacli  of  tbe 
Btnight  .line*  £A.  AF  b  given ;  iberclbre  EC,  UF  arc  each  of 
them  given. 

The  gnaiBon  and  its  aidet  <JE,  DF  may  be  found  thus  <n  the 
first  case.  Let  H  be  the  Rtven  space  to  which  the  gnomon  mutt 
be  made  equal,  and  find  '  a  parallelogram  similar  to  AB  and 
equal  to  the  figures  AB  and  H  together,  and  place  ila  sides  AE, 
AF  from  the  point  A,  upon  the  atraight  lines  AC,  AD,  and  com- 
plete the  parallelogrBm  AG  which  is  about  the  same  diameter  ■ 
with  AU  i  because  therefore  AG  ia  eqiu]  to  both  AB  and  H,  take 
•way  the  common  part  AB,  the  remaining  gnomon  ECBDFCi  is 
equal  to  tbe  remainmg  figure  U  ;  therefore  a  gnomon  equal  to  H, 
Mid  its  aideaCE,  Dt'  are  found:  and  in  like  manner  they  may  be 
found  in  the  other  case,  in  which  the  given  figure  ii  must  be  lea^ 
Than  the  figure  FE  from  which  it  is  to  be  taken. 


C2d«f. 

^34.  6. 
b60.dat. 
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IF  a  parallelogiam  equal  to  a  given  space  be  ap- 
plied to  a  given  straight  line,  deficient  by  a  parallelo- 
gram given  in  species,  the  sides  of  the  defect  are 
^ven. 

Let  the  parallelogram  AC  equal  to.  a  given  apace  be  applied 
to  the  given  straight  line  AB,  deficient  by  the  parallelogram 
BDCL  given  in  spccieat  each  of  the  straight  lines  CD,  DB  are 
given. 

Bisect  AB  in  E;tbereibreEB  is  given  in  magnitude:  Upon  EB  - 
describe  ■  the  parallelogram  £F  similar  to  OL   and    nmilarly  a 
placed^  therefore  EF  is  given  in  species,  and 
ia  about  the  sanie  diameter^  with  DL;  let 
fiCG  be  the  diameter,    and   construct   the 
6gure ;  therefore,  because  the  figure  EF  gi- 
ven in  apecies  is  described  upon  the  given 
atraight  line  EB,  EF  u  given*  in  magnitude, 
•nd  the  gnomon  ELH  is  equal'  to  to  the  gi- 
ven figure  AC :  therefore  ■  since  EF  is  diminished  by  tbe  given 
gnomon  ELH,  the  aides  EK,  FH  of  the  gnomon  are  given ;  but 
EK.  is  equal  to  DC,  and  FH  to  DB  t  wherefore  CD,  Dfl  are  each 
of  them  given, 

3  K 


m 

1:.      D   B 
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c  SG.  dat. 
d36.ani 

45.1. 
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This  demonstration  is  the  analysis  of  the  problem^  in  the  S8tk 
prop,  of  book  6,  the  construction  and  demonstration  of  which 
proposition  is  the  composition  of  the  analysis ;  and  because  the 
G^ven  space  AC  or  its  equal  the  ij^omon  £LH  is  to  be  takea 
from  the  figure  £F  described  upon  the  half  of  AB  similar  !• 
BCy  therefore  AC  must  not  be  greater  than  £F,  as  is  shown  ia 
the  27th  prop.  B.  6. 


59^1 


PROP.  LXXXIV. 


IF  a  parallelogram  equal  to  a  given  space  be  ap- 
plied to  a  given  straight  line,  exceeding  by  a  pandp 
lelogram  given  in  species;  the  sides  of  the  exoesi 
are  given. 

Let  the  parallelogram  AC  equal  to  a  given  space  be  applied 
to  the  given  straight  line  AB,  exceeding  by  the  parallelogrsm 
BDCL  given  in  sjiecies ;  each  of  the  straight  lines  CO,  OB  sit 
given. 

Bisect  AB  in  E  ;  therefore  £B  is  given  in  magnitude :  upon 
a  18. 6.  £B  describe  •  the  parallelogram  EF  similar  to  LD,  and  similar- 
ly placed:  therefore  EF  is  given  in  species,  and   is   about  the 


8  26.6. 
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same  diameter  *»  with  LD.     l^t  CBG  be 

the  diameter,  and  construct  the  figure  : 

therefore,  because  the  figure  EF  given 

in  species  is  described  upon  the  given 

straight  line  EB,  EF  is  given  in  magni- 
c  56.  dat.  ^^^^  *»  ^"^  ^*^^  gnomon  ELH  is  equal 
d  36  and  ^®  ^®  given  figure  d  AC ;  wherefore, 
43. 1.  since  EF  is  encreasc  I  by  the  given  gnomon  ELH,  its  sides  EK, 
c  82.  dat  ^'^^  ^^^  ji:iven«  ;  but  EK  is  equal  to  CD,  and  FH  to  BD  ;  there- 
fore CD,  DB  arc  each  of  them  given. 

This  demonstration  is  the  analysis  of  the  problem  in  the  29lh 

prop,  book  6,  the  construction  and  demonstration  of  which  is 

the  composition  of  the  analyhis. 

(oil.    U  a  ptr.illeiopjram  given  in  sjHxies  be  applied  to  a  given 

straight  line,  exceedinfj  by  a  parallelogram  equal   to  a  given 

bpucc  ;  the  buies  of  the  parallelogram  are  given. 

Let  the  parallelogram  ADCE  given  in  species  be  applied  to 

the  given    straight  line  AB,  exceeding  by  the   parallelogram 

BDC(f  equal  to  a  given  space ;  the  sides  AD,  DC  Of  the  paral* 

Mograra  are  given-. 


v^ 

p 

v^ 
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DATA. 

Draw  the  diameter  DE  or  the  parallelogram  AC*  and  con- 
struct the  figure.  Became  the  parallelogram  AK  is  equal 'tc 
BC  vhlch  ia- given,  therefore  AK  ia         E  G      C 

given  ;  and  BK  is  similar  ^  to  AC,  there- 
fore BK  ia  given  in  species-  And  since 
the  parallelogram  AK.  given  in  magni- 
tude is  applied  to  the  given  straight  hne 
AB.  exceeding  by  the  parallelogram  BK 
given  in  species,  therefore,  by  this  prc^         a  u       u 

position,  BD,  DK.  the  sides  of  the  excess  arc  given,  and  the 
straight  line  AB  is  given  ;  therefore  the  whole  AD,  as  also  DC, 
to  which  it  has  a  given  ratio,  is  given. 

PROB. 

To  apply  a  parallelogram  similar  to  a  given  one  to  a  {;ivcn 
Mraight  line  AB,  exceeding  by  a  parallelogram  equal  to  a  given 
q>ace. 

To  the  given  straight  line  AB  apply  '  the  parallelogram  AK  e  S9.  fl 
equal  to  the  given  space,  exceeding  by  the  parallelogram  BK  si- 
milar to  the  one  given.     Draw  DF,  the  diameter  of  BK,  and 
through  the  point  A  draw  AE  p<ir»llel  to  BF,  meeting  DF  pro- 
duced in  E,  and  complete  the  parallelogram  AC. 

The  parallelogram  BC  is  equal  ■  to  AK,  that  is,  to  the  given 
space  ;  and  the  parallelogram  AC  is  similar  ^  to  BK ;  therefore 
the  parallelogram  AC  is  applied  to  the  straight  line  AB  Mmihtr 
to  the  one  given,  and  exceeding  by  the  parallelogram  BC  which 
ia  equal  to  the  given  space.  ' 


PROP.  LXXXV. 


■9k 


IF  two  Straight  lines  contain  a  parallelt^irani  ^ven 
ih  magnitude,  in  a  ^ven  angle ;  if  the  difierence  of 
'  the  straight  lines  be  given,  th^  shall  each  of  them 
be  {^ven. 


Let  AB,  BC  conUin  the  parallelogram  AC  gimi,  in  magni- 
tude, in  the  given  an^  ABC,  and  let  the  excess  of  BC  above 
AB  be  given  ;  each  of  the  straight  lines  AB,  BC  is  given. 

Let  DC  be  the  given  excess  of  BC  above        *  *^ 

BA,  therefore  the  remainder  BD  is  equal 
to  BA.  Complete  the  parallelogram  AD; 
and  because  AB  is  equal  to  BD.  the  ratio 
of  AB  to  BD  is  ^ven  ;  and  the  angle  ABD 
ia  given,  therefore  the  parallelogram  AD  is 
given  in  species ;  and  because  the  given  parallelogram  AC  is 


CD 
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ai>p1icd  to  the  given  straight  line  DC,  exceeding  by  the  ptnl- 
a  84  dat  lelog^am  AD  given  in  apecies,  the  sides  of  the  excess  are  given  » : 
therefore  BD  is  given ;  and  DC  is  given«  wherefore  the  whole 
BC  is  given  :  and  AB  is  giveiti  therefore  AB,  BC  are  each  rf 
tiiem  given. 


85.  PROP.  LXXXVI. 

IF  two  straight  lines  contain  a  parallelogram  given 
in  magnitude,  in  a  given  angle ;  if  both  of  them  to- 
gether be  given,  they  shall  each  of  them  be  given. 

LeSthe  two  straight  lines  AB,  BC  contain  the  paraUelogram 
AC  given  in  magnitude,  in  the  given  angle  ABC,  and  let  ABi 
BC  together  be  given  ;  each  of  the  straight  lines  AB,  BC  is 
given. 

Produce  CB,  and  make  BI)  equal  to  AB,  and  complete  the 
^rallelogram  ABDE.  Because  DB  is  equal  to  BA,  and  tbc 
angle  ABD  given,  because  the  adjacent  an-      £  A 

gle  ABC  is  given,  the  parallelogram  AD  is 
given  in  species:  and  because  AB,  BC  to- 
gether are  given,  and  AB  is  equal  to  BD; 
therefore  DC  is  given :  and  because  the  gi- 
ven parallelogram  AC  is  applied  to  the  given 
straight  line  DC,  deficient  by  the  parallelogram  AD  given  in 
a  83.  dat.  species,  the  sides  AB,  BD  of  the  defect  arc  given*;  and  DC 
is  given,  wherefore  the  remainder  IJC  is  given  ;  and  each  of  the 
straight  lines  AB,  BC  is  therefore  given. 

8r.  PROP.  LXXXVII. 

IF  two  straight  lines  contain  a  parallelogram  given 
in  magnitude,  in  a  given  angle  ;  if  the  excess  of  the 
square  of  the  greater  above  the  square  of  the  lesser  be 
given,  each  of  the  straight  lines  shall  be  given. 

Let  the  two  straight  lines  AB,  BC  contain  the  given  parallelo- 
gram AC  in  the  given  angle  ABC^  if  the  excess  of  the  square 
of  BC  above  the  square  of  BA  be  given  ;  AB  and  BC  arc  each 
of  them  given. 

Let  the  given  excess  of  the  square  of  BC  above  the  square 
of  BA  be  the  rectangle  CB,  BD  :  lake  this  from  the  square 
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of  BC,  the  remainder*  which  is  *  the  rectangle  BC,  CDf  is  e*  a  2. 3. 
qual  to  the  square  of  AB;    and   because  the  angle  ABC  of 
the  parallelogram   AC  is  given,    the  ratio    of    the  rectangle* 
of  the  sides  AB,  BC  to  the  parallelogram  AC  is  given  ^ ;    and  b  62.dat 
AC  is  given,  therefore  the  rectangle  AB,   BC    is   given;    and 
the  rectangle  CB,  BD  is  given ;    therefore  the  ratio  of  the  rect- 
angle CB,  BO  to  the  rectangle  AB,  BC,  that  is  ^,  the  ratio  of  the  c  1 6. 
straight  line  DB  to  B A  is  given ;   therefore  ^  the  ratio  of  the  d  54.  dat 
square  of  DB  to  the  square  of  B  A  is  gi-  A 

▼en  :  and  the  square  of  BA  is  equal  to  A    '  y 

the  rectangle  BC,  CD:  wherefore  the  ra-        /I  / 

lioof  the  recungle  BC,  CD  tothe  square      /  I  ^  / 

of  BU  is  given,  as  also  the  ratio  of  four      B    P  D       C 
times  the  rectangle  BC,  CD  to  the  square 

of  BD  ;  and,  by  composition  «,    the  ratio  of  four  times  the  rect-®  ^  dat, 
angle  BC,  CD  together  with  the  square  of  BC  to  the  square 
of  BD  is  given ;  but  four  times  the  rectangle  BC,  CD  together 
trith  the  square  of  BD  is  equal  ^  to  the  square  of  the  straight  f8. 2.. 
lines  BC,  CD  taken  together:  therefore  the  ratio  of  the  square 
of  BC,  CD  together  to  the  square  of  BD  is  givi^h ;  wherefore 
a  the  ratio  of  the  straight  line  BC,  together  with  CD  to  BD,  is  g  sa  dat 
given :   and,   by  comrposition,   the  ratio  of   BC*  together  with 
CD  and  DB,  that  is.  the  ratio  of  twice  BC  to  BD,  is  given; 
therefore  the  ratio  of  BC  to  BD  is  given,  as  also  ^  (he  ratio  of 
the  square  of  BC  to  the  rectangle  CB,  BD :    but  the  rectangle 
CB*  BD  is  given,  being  the  given  excess  of  the  squares  of  BC| 
BA;    therefore  the  square  of  BC,   and  the  straight  line  BC,  is 
given:  and  the  ratio  of  BC  to  BD,  as  also  of  BD  to  BA,  has  been 
shown  to  be  given ;  therefore  ^  the  ratio  of  BC  to  B A  is  given ;  h  9.  dat 
and  BC  is  given,  wherefore  BA  is  given. 

The  preceding  demonstration  is  the  analysis  of  this  problem,  viz. 

A  parallelogram  AC  which  has  a  given  angle  ABC  being  ra- 
ven in  magnitude,  and  the  excess  of  the  square  of  BC  one  of  its 
aides  above  the  square  of  the  other  BA  being  given ;  to  find  the 
aides :  and  the  composition  is  as  follows. 

Let  EFG  be  the  given  angle  to  which  the  angle  ABC  is  re- 
quired  to  be  equal,   and  from  any  point   £  in  F£,  draw  £G 
perpendicular  to  FG;  let  the  rect-       M 
angle  EG,  GH  be  the  given  space 
to  which  the  parallelogram  AC  is 
to  be  made  equal;  and  the  rectangle 
HG,  GL  be  the  gi^n  excess  of  the 
squares  of  BC,  BA. 

Take,  in  the  straight  line  G£, 
GK  equal  to  FE,  and  make  GM    F   G       L   O  H  N 

double  of  GK:  join  ML,  and  in  GL  produced,  take  LN  equal  to 
LM:  bisect  GN  in  O9  and  between  GH,  GO  find  a  mean  pro- 


^sofihe  squaresof  CB.  BA  is  cqu^  51 

3  is  OC  to  GL,  the  »c|U>re  oT  CM 
a  as  •  the  recungle  HG,  GO  Ittl 
1  the  squiire  of  CB  is  equal  to  tte  1 
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portional  DC :  at  OC  (o  CL,  so  malic  CB  lo  BO ; 
angle  CBA  equal  lo  CFE,  &nd  at.  LG  to  OK  so  toakc  DB  to  BAt  ' 
and  complete  ilic  parallelogram  AC :    AC  is  equal  to  the  rect-  ] 
angle  EG,  GH,  and  the  excess  of  the  Bquarwof  CB,  BA  is  equ4 'j 
to  the  rectangle  HG,  GL. 
Because  as  CB  to  BD,  t 

•  1.6.      is  to  the  rectangle  CB,    fl 

the  rectangle  HO-,  GL:    and  the  squiire  of  CB  is  equal  l 
rectangle  HG,  CO,  because  GO,   BC,    GH  arc  proportionaU; 

bKJ.    therefore  the  rectangle  C8,  BD  is  equal*  to  HG,  GL.     And 
liccauseasCB  to  BU,  so  is  OG  lo  GL;   mice  CB  is  to  BD, 
as  twice  OG,   that  is,  GN.  lo  CL;    and,    by  divimion,   as  BC  ^ 
together  with  CD  is  lo  BD,  so  is  NL,   thai  is,  LM,    to  LG: 

c  S3. 6.     tl)ererDrc  <  the  square  of  BC  together  with  CD  is  to  the  square  i 
of  BD,  us  the  square  of    ML  to  the  square  of  LG  j    but  the  ] 

i&S-      M|uare  of  BC  and  CD  to|^ther  is    equal  ^  to  four  limea  tbc 
rectangle  BC,  CD  together  wKh  the  square  of  BD ;    tlicrefore  l 
*  four  times  the   rectangle   BC,   CD  together   with  the  square  oC 

UD  is  lo  the  square  of  BD,  as  the  square  of  ML  to  tlie  souait  i 
of  LG :  ani^  by  division,  four  times  the  rectangle  BC,  CD  U  ' 
to  the  square  of  BD,  as  the  square  of  MG  to  the  square  of  ( 
GL;  wherefore  the  rectangle  BC,  CD  is  to  the  square  of  BD  J 
as  (the  square  of  KG  the  half  of  MG  to  the  square  of  GuJ 
that  is,  as)  the  square  of  AB  to  the  square  of  BD,  because  h1 
LG  to  GK,  so  DB  was  made  to  BA:  ihereforc  *•  the  rccWut-' 
j4e  BC,  CD  is  equal  to  the  square  of  AB.  To  each  oF  tbeae  adt 
the  rectangle.  CB,  BD,  and  the  sqaarc  of'  fiC  bccsmem  cqini 
to  the  tquare  of  AB  together  with  the  rectangle  CB,  BDi 
tberefiire  this  rectangle,  that  la,  tdt  given  rectangle  HG,  Gi« 
la  the  cxceas  of  the  aquarei  of  BC,  AB.  From  the  |niBt  A* 
draw  AP.'perpendinilBr  to  BC,  and  became  the  angle  ABP 
is  equal  to  the  angk  EFG,  Ute"  triangle  ABP  U  cqida^dw 
toEFtit  and  DB  vn^  nade  to  BAi  aaLG  fo  GK.;  tboafan 
aa  the  rectangle  CB,  BD  to  CB,  BA,  to  is  the  nc«a^^  Hd 

M 

B      Pt>    C  F  G     L     O        HN 

CL  to  HG,  GK^  and  as  the  rectangle  CB,  BA  tD'AP,  BC, 
so  is  (the  strug^  line  BA  U  AP,  and  ao  i»  F£  or  GK  la 


bATA. 

EG,wul«>  u)  the  rectuiKlc  HC,  GK  to  HO,  GE;  therefbre, 
ex  *qiiali,,t»  the  rectangle GB,  BD  to  AP,  BC,  ta  is  the  rect- 
Uigle  HC,  CL  to  EG,  GH :  and  the  rectangle  CB,  BD  is  cqud 
to  HG,  GL;  therefore  the  recUngle'AP,  BC,  that  is,  the  puab- 
Itk^run  AC,  ii  equal  to  the  given  rectu^  EG,  &H. 


PROP.  LX^CXVIU. 


IF  two  straight  lines  contain  a  paraUelt^ram  ^ven 
in  magnitude,  in  a  given  an^ ;  if  the  sum  of  the 
squares  of  its  sides  be  given,  the  udes  shall  each  of 
Ihem  be  given. 


Let  the  two  straight  lines  AB,  BC  contaio  the  parallelogram 
ABCD  given  in  magnitude  in  the  given  angle  ADC,  and  let  the    ^ 
sum  of  the  squares  of  AB,  BC  be  given:    AB,  BC  are  each  of 
them  given. 

First,  let  ABC  be  a  right  angle ;  and  because  tvice  the  rect- 
angle contained  by  two  equal  sirai^ht  lines  is  equal  to  both 
their  squares  ;    but  if  two  straight  luies  are  un>     *  J^ 

equal,  twice  the  rectangle  contained  by  them  is       I       '  I 
less  than  the  sum  of  their  squares,  as  is  evident     **'  'f 

from  the  7th  prop,  book  3,  E)em .;  tlKrefore  twice 
the  given  space,  to  which  tpace  the  rectangle  uf  which  the  sides 
are  to  be  found  it  equal,  must  t>ot  be  greater  than  the  given 
sum  of  the  squares  of  the  sides:  and  if  twice  that  space  be 
equal  to  the  given  sum  of  the  squares,  the  sides  of  the  rectangle 
roust  necessarily  be  equal  to  one  another:  therefore  in  this 
case  describe  a  square  ABCD  equal  to  the  given  rectangle,  and 
its  sides  AB,  BC  are  those  which  were  to  be  found:  for  the 
rectangle  AC  is  equal  to  the  given  space,  and  the  sum  t>f  the 
squares  of  its  sides  AB,  BC  is  equal  to  twice  the  rectangle  AC, 
that  is,  by  the  hypothesis,  to  the  ^veo  space  to  which  the  sum 
of  the  squares  was  required  to  be  equal. 

But  if  twice  the  given  rectangle  be  not  equal  to  the  ^ven 
BUm  of  the  squares  of  the  sides,  it  must  be  less  than  it,  as 
has  been  shown.    Let  ABCD  be  the  rectangle,  join  AC  and 
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draw   BE   perpendicular    to    it*    and  complete  the    rectangle 
AEBF,  and  describe  the  circle  ABC  about  the  triangle  ABC; 

aCor.5.i.AC  is  its  diameter*:   and  because  the  triangle  ABC  ia  simt- 

ba6.  lark  to  AEB,  as  AC  to  CB  so  is  A B  to  BE;  therefore  the 
rectangle  ACf  BE  is  equal  to  ABi  BC ;  and  the  rectangle  AB, 
BC  is  given,  wherefore  AC,  BE  is  given:  and  because  the  sum 
of  the  squares  of  AB,  BC  is  given,  the  square  of  AC  which  is 

c  47. 1.  equal  ^  to  that  sum  is  given ;  and  AC  itself  is  therefore  given 
in  magnitude :   let  AC  be  likewise  given  in  position,  and  the 

d  32.  dat.  point  A ;   therefore  AF  is  given  '  in  po-         A  D 

sition :    and  the  rectangle  AC,    BE  is 
given,   as  has  been  shown,   and  AC  is 

e  61.  dmt.  given,  wherefore  •  BE  is  given  in  mag-  p 
nitude,  as  also  AF  which  is  equal  to  it; 
and  AF  is  also  given  in  position,  and 

f  30l  dat. the  point  A  is  given;    wherefore  '  the 
point  F  is  given,  and  the  straight  1'  e 

gSl.  dat.  1<*B  in  position  ff :    and  the  circumference    G         &  H  L 

h  28.dat.  ABC  is  given  in  position,  wherefore  ^  the  point  B  is  given :  and 
the  points  A,  C  are  given  ;  therefore  the  straight  lines  AB,  BC 

1 29.  dmt  ni-e  given  '  in  position  and  magnitude. 

The  sides  AB,  BC  of  the  rectangle  may  be  found  thus:  let 
the  rectangle  GH,  GK  be  the  given  space  to  which  the  rect- 
angle AB,  BC  is  equal ;  and  let  GH,  GL  be  the  given  rect- 
angle to  wliich  the  sum  of  the  squares  of  AB,   BC  is  equal: 

kl4.2.  find  k  a  squiire  equal  to  the  rectangle  Gil,  CiL:  and  let  its 
side  AC  be  given  in  position ;  upon  AC  as  a  diameter  describe 
the  semicircle  ABC,  and  as  AC  to  GH,  so  make  GK  to  AF, 
and  from  the  point  A  place  AF  at  right  angles  to  AC:    there- 

•  16.6.  fore  the  rectangle  CA,  AF  is  equaP  to  GH,  GK  ;  and,  by 
the  hypothesis,  twice  the  rectangle  (ill,  GK  is  less  than  GH, 
GL,  that  is,  than  the  square  of  AC;  wherefore  twice  the 
rectangle  CA,  AF  is  less  than  the  square  of  AC,  and  the 
rectangle  CA,  AF  itself  less  than  half  the  square  of  AC,  that 
is,  than  the  rectangle  contained  by  the  diameter  AC  and  its  half; 
wherefore  AF  is  less  than  the  semidiameter  of  the  circle,  and 
consequently  the  straight  line  drawn  through  the  point  F  parallel 
to  AC  must  meet  the  circumference  in  two  points :  let  B  be 
either  of  jlhem,  and  join  AB,  BC,  and  complete  the  reciaii|;lc 
ABCD,  ABCD  is  the  rectangle  which   was  to  be   found:    draw 

m34. 1.  Bi£  perpendicular  to  AC;  therefore  BF  is  equal  »"  to  AF,  and 
because  the  angle  ABC  in  a  semicircle  is  a  right  angle,  the  rect- 
angle AB,  BC  is  equal**  to  AC,  BE,  that  is,  to  the  rectangle 
CA,  AF,  which  is  e(iual  to  the  given  rectangle  GH,  GK:  and 
the  squat  es  of  AB,  BC  are  togetju^qual  ^  to  the  square  of  AC. 
that  is,  to  the  given  rectangle  ^  *^%L.  "*: 


lAzy 
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But  if  the  given  angle  ABC  of  the  par&Ilelognni  AC  be  not 
a  right  angle,  in  this  case,  because  ABC  ti  a  given  angle,  the 
ratio  of  the  rectangle  contained  by  the  sides  AB,  BC  to  the  pa- 
rallelogram  AC  is  given*  ;  and  AC  is  given,  thererore  the  rect-  ■>  ^  daC 
angle  AB,  BC  is  given  ;  vid  the  sum  of  the  squares  of  AB,  BC 
ifl  given ;  therefore  the  sides  AB,  BC  arc  given  by  the  preceding 
case. 

The  sides'  AB,  BC  and  the  pBrallelograni  AC  may  be  found 
thus:  let  EFG  be  the  given  angle  of  the  parallelograin,  and 
from  any  point  E  in  F£  draw  EG  perpendicutar  to  FG ;  and 
let  the  rectangle  EG,"  FH  be  the  given  space  to  which  the  pa- 
rallelogram is  to  be  made  equal,  and  let  EF,  A  *~ 
FK  be  the  given  rectangle  to  which  the  """ 
sum  of  the  squares  of  the  sides  is  to  be  equal. 
And,  by  the  preceding  case,  find  the  sides  i 
of  a  rectangle  which  is  equal  to  the  given  B 
rectangle  EF,  FH,  and  the  squares  of  the 
sides  of  whidi  arc  togctlT*  equal  to  the  gi- 
ven rectangle  EF,  FK;  fherefbre,  as  was 
■bown  in  that  case,  twice  the  rectangle  EF, 
■  FH  must  not  be  greater  than  the  rectangle 
EF,  FK ;  let  it  be  bo,  and  let  AB,  BC  be  . 
the  sides  of  the  rectangle  joined  in  the  an-  F  H  G 
Ij^e  ABC  equal  to  the  given  angle  EFG, 
and  complete  the  parallelogram  ABCD,  which  will  be  that 
which  was  to  be  found :  draw  AL  peq>cndicular  to  BC,  and 
because  the  angle  ABL  is  equal  to  EFG,  the  triangle  ABL  ia 
equiangular  to  EFG;  and  the  parallelogram  AC,  that  is,  the 
rectangle  AL,  BC  is  to  the  rectangle  AB,  DC  as  (the  straight. 
line  AL  to  AB,  that  is,  as  EG  to  EF,  that  is,  as)  the  rectangle 
lEG,  FH  to  EF,  FH;  and,  by  the  construction,  the  rectangle 
AB,  BC  is  equal  to  EF,  FH,  therefore  the  rectangle  AL,  BC, 
or,  its  equal,  the  parallelogram  AC,  ia  equal  to  the  given  rect- 
angle EG,  FH;  and  the  squares  of  AB,  BC  are  together  equal, 
by  txHistnwtioQ,  to  the  given  rectangle  EF,  PS.. 


PHOP.  LXXXIX. 


IF  two  straight  lines  contain  a  ^ven  paralleiograni 
in  a  eivcn  iinglr,  and  if  ibe  excess  of  the  square  of 
one  m  ihcm  *il»ove  a  fjivcii  space,  has  a  gi%'en  rutio  to  J 
the  square  of  the  otlier ;  cuch  of  the  straight  linei  | 
shall  be  given.  1 

L*t  ibc  two  straight  Man  AB,  BC  coiiiiiin  Ibc  given  ponlleb- 
gram  AC  ia  the  given  angle  ABC,  ami  kt  th<;  cxc«»  of  \ht    , 
8(jUiire  of  BC  above  a  given  sjioci:  have  &  given  ratio  to  tbe  sqtnif 
of  All,  cacli  of  the  airaighi  lines  AB,  BC  is  givi-o. 

UucttUiic  the  excess  o?  the  saiiarc  of  BC  above  a  given  kfnfie 

has  a  given  ratio  to  the  saiii       of  BA.  lei  ibe  ructctngic  CD^ 

BU  be  the  given  space;  9  fi'oni  the  lujuare  of  BC  the 

Z      i-cmaiiKicr.  to  wii.  the  ri  BC.  CD  hua  u  given  ratio  n 

the  bquure  of  BA :  ilruw ,^.ptn(licular  lo  BC.  and  let  the 

square  of  B1-'  be  cquaJ  to  tbe  rc<  tangle  BC,  CD,  tlttsoi  beCiiUK 
the  ungie  ABC,  aa  ulao  B£A,  is  given,  the  F 

b43.du  tiiatii^Ie  ABIC  is  KivLi>  in  sptcies,  and  the  / 

ratio  of  AL  lo  All  given:  anil  because  the      ^  /  , 

ratio  of  the  lectungk   BC,  CU,  that  is.  of      A  V 

the  stjuare  of  Bf  lo  the  s<|narc  of  BA,  i»  gi-   /   \    , / 

ven,  the  ratio  of  the  straight  line  BI'  lo  BA  jj    j^  £>         {^ 

cSSt  dai.is  given<^;  and  the   ratio  of  Al'l  to  AB  is 

dP.iiii.    given,  whcrufnrc^  the  ratio  of  A£  to  BF  is  given;  as  also  the 

t  35.  1.  ratio  of  the  rectangle  Al  ,  BC,  that  h",  of  the  iMrallclogruni  AC 
to  tlie  I'ectangk  f''B,  BC  ;  and  AC  is  gtven,  wherefore  tlt^  rcct' 
angle  IB.  BC  is  given.  The  excess  of  the  square  of  BC  abote 
ihc  square  of  BF.  that  is,  above  the  rectangle  BC,  CD,  is  given, 
for  it  is  equal*  to  the  given  rectangle  CB,  Bl3 ;  therefore,  because 
the  recuingle  contained  by  the  straight  lines  I B,  BC  is  given,  aod 
also  the  excess  of  the  square  of  BC  above  the  square  of  BF  ;  FB| 

f  B7.dit,  BC  are  each  of  them  given';  and  the  raiio  of  l''B  toBA  is  given; 
ihcrciore,  AB,  BC  are  given. 


TVif  comfiotifion  it  as  folloma: 

Let  CflK  be  the  given  angle  to  whicli  the  angle  of  the  pa- 
mllelugram  is  to  be  made  equal,  and  from  any  point  (;  in 
HG,  draw  GK  perpendicular  to  UK;  let  GK,  Hi.  be  the  reel- 
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angle  to  which  the  paralldogram  is  to  be 
made  equal,  and  let  LH<  HM  be  the  rect- 
angle equal  to  the  given  space  which  is  to 
be  taken  from  the  tquarc  of  one  of  the  sides; 
iuid  let  the  ratio  of  the  remainder  to  the     x,  v  m,  — 

square  of  the  other  side  be  the  same  with     "KM  L 

the  ratio  uf  the  square  of  the  given  straight  line  NH  to  the  square 
of  the  given  straight  line  H(i. 

By  help  of  the  Srth  dai.  find  two  straight  lines  BC.  BF,  which 
contain  a  rectangle  equal  to  the  given  rectangle  NH,  Ul^  and 
such  that  the  excess  of  the  square  of  BC  N 

above  the  square  of  BF  be  equal  to  the  gi-      .  / 
un  »,-t<.ni>lo  I  H_  HM  •  «»)  inln  fA  nw      "■* — 


1  rectangle  LH,  HM  ;  and  join  C&,  DF 


in  the  angle  FBC  equal  to  the  given  angle      /  / 

GHK:  and  as  NH  to  HC,  so  malu;  Ffl  to     C-  'ry^ -rf 

BA,  and  compiclp  the  parallelogram  AC,  °  '^"  ^ 
atid  draw  AE  perpendicular  to  DC;  then  AC  is  equal  to  the 
rectangle  CK,  HL;  and  if  from  the  square  of  BC,  the  given 
rectangle  LU.  HM  be  taken,  the  remainder  stiall  have  to  the 
aquare  of  BA  the  same  ratio  which  the  square  of  MH  has  to  the 
■quare  of  HG. 

Because,  by  the  ctmstruclion,  the  square  of  BC  ia  equal  to 
the  square  of  BF,  tt^tber  witb  the   recui^le  LH,  HM;   if 
from  the  square  of  BC  there  be  taken  the  rectangle  LH,  HMt 
there  remains  the  square  of  BF  which  hass  to  the  square  ofsSS-K 
BA  the  same  ratio  which  the  square  of  NH  has  to  the  square 
of  HG,  because,  as  NH  to  HG,  so  FB  was  made  toBA;  but  as 
HG  to  GK,  so  is  BiV  to  AE,  becuuse  the  triangle  GHiC  is  equi- 
angulh  no  ABE;  therefore,  fj:  •rguali,  as  NH  to  GK,  so  is  FB 
to  AE;  wherefore^  the  rectangle  NH,  HL  ia  to  the  rectangle h  1. 6. 
GK,  HL,  as  the  rectangle  FB,  BC  to  AE,  BC ;  but  by  the  con- 
Btruciion,  lli«  reciangle  NH,  HL  ia  equal  to  FB,  BC ;  therefore'  i  14.  5. 
the  rectangle  GK,  HL  is  equal  to  the  rectangle  AE,  BC,  that  is, 
to  the  parallelogram  AC. 

The  analysis  of  this  problem  might  have  been  made  as  in  the 
86th  prop,  in  the  Greek,  and  the  composition  of  it  may  be  made 
as  that  which  is  in  prop.  87tb  of  this  edition. 
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O,  PROP.  XC. 


f      • 


IF  two  straight  lines  contain  a  ^ven  paraUel(^|r«m 
in  a  given'  angle,  and  if  the  square  of  one  of  Aem. 
together  with  the  space  which  has  a  given  ratio  to 
the  square  of  the  other  be  given,  each  of  the  strai|^- 
lines  shall  be  given. 


M 


Let  the  two  straight  lines  ABj  BC  contain  the  given  panBe- 
logram  AC  in  the  given  angle  ABC,  and  let  the  square  of  BC 
together  with  the  space  which  has-  a  given  ratio  to  the  square  of 
AB  be  given,  AB,  BC  are  each  of  them  given. 

Let  the  square  of  BD  be  the  space  which  has  the  given  ratio 
to  the  square  of  AB ;  therefore,  by  the  hypothesis,  the  square 
of  BC  together  with  the  square  of  BD  is  given.     From  the  poot 
A,  draw  AE  perpendicular  to  BC ;  and  because  the  angles  ABE^ 
aiS.  datBEA  are  given,  the  triangle  ABE  is  given*  In  species;  there- 
fore the  ratio  of  BA  to  AE  is  given ;  and  because  the  ratio  of 
the  square  of  BO  to  the  square  of  BA  is  given,  the  ratio  of  the 
b  5&  dat  straight  line  BD  to  BA  is  given  ^;  and  the  ratio  of  BA  to  AB 
o9. dat.    is  given;  therefore ^  the  ratio  of  AE  to  BD  is  given,  as  also  tkt 
ratio  of  the  rectangle  AE,  BC,  that  is,  of  the  parallelogram  AC 
to  the  rectangle  DB,  BC ;  and  AC  is  given,  therefore  the  rect- 
angle DB,  BC  is  given ;  and  the  square  of  BC  together  with  the 


GH  K         L 

d^  dat. square  of  BD  is  given;  therefore <^  because  the  rectangle  coii*« 
tained  by  the  two  straight  lines  DB,  BC  is  given,  and  the  sum 
of  their  squares  is  given;  the  straight  lines  DB,  BC  arp  each  of 
them  given ;  and  the  ratio  of  DB  to  B  A  is  given ;  therefore  AB^ 
BC  are  given. 


The  com/ioaition  is  as  foUoioa  : 

Let  FGH  be  the  given  angle  to  which  the  angle  of  the  pa* 
rallelogram  b  to  be  made  equal,  and  from  any  point  F  in  GF 
draw  FH  perpendicular  to  GH  ;  and  let  the  rectangle  FH, 
GK  be  that  to  which  the  parallelogram  is  to  be  made  equal; 
and  let  the  rectangle  KG,  GL  be  the  space  to  which  the  sqoair 


i 
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of  one  of  the  sides  of  the  parallelogram  together  with  the  space 
Whkb  has  a  given  ratio  to  the  square  of  the  other  side)  is  to  be 
Blade  equal  ^  and  let  this  given  ratio  be  the  same  which  the  square 
jttbe  given  straight  line  MG  has  to  the  square  of  GF. 
Tfif  the  88th  dat.  find  two  straight  lines  DB»  BC  which  con- 
rai  a  rectangle  equal  to  the  given  rectangle  MG,  GKf  and 
Mich  that  the  sum  of  their  squares  is  equal  to  the  given  rect- 
ittKle  KG,  GL:  therefore,  by  the  determination  of  the  pro- 
stem  in  that  proposition,  twice  the  rectangle  MG,  GK  must 
lot  be  greater  than  the  rectangle  KG,  GL.  Let  it  be  so,  and 
loin  the  straight  lines  DB,  BC  in  the  angle  DBC  equal  to  the 
liven  angle  FGH;  and,  as  MG  to  GF,  so  make  DB  to  BA» 
ibd  complete  the  parallelogram  AC:  -AC  is  equal  to  the  rect- 


GH 


■igle  FH,  GK;  and  the  square  of  BC  together  with  the  square 
off  BP,  which,  by  the  construction,  has  to  the  square  of  BA  the 
pren  ratio  which  the  square  of  MG  has  to  the  square  of  GF,  is 
eq[ual»  by  the  construction,  to  the  given  rectangle  KG,  GL. 
Draw  A£  perpendicular  to  BC. 

Because,  as  DB  to  BA,  so  is  MG  to  GF;  and  as  BA  to  AE, 
10  GF  to  FH ;  ex  aguaU^  as  DB  to  A£,  so  is  MG  to  FH ;  there- 
Eyre,  as  the  rectangle  DB,  BC  to  AE,  BC,  so  is  the  rectangle 
MG,  GK  to  FH,  GK ;  and  the  rectangle  DB,  BC  is  equal  to  the 
Kctangle  MG,  GK;  therefore  the  rectangle  AE,  BC,  that  is, 
iie  parallelogram  AC,  is  equal  to  the  rectangle  FH|  GK. 


PROP.  XCL 

IF  a  straight  line  drawn  within  a  circle  given  in 
magnitude  cuts  off  a  segment  which  contains  a  given 
angle ;  the  straight  line  is  givei^  in  magnitude. 

In  the  circle  ABC  given  in  magnitude,  let  the  straight  line 
AC  be  drawn,  cutting  off  the  segment  AEC  which  contains  the 
pven  angle  AEC ;  the  straight  line  AC  is  given  in  magnitude. 

Take  D  the  centre  of  the  circle  %  join  AD  and  pr^uce  its  1. 


88. 
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10  E.  ma  jfiin  EC,:  the  aniilc  ACE  behiR 
k31-3.    »  righl*  onEle  i»   (;ivtn;   bdiI    the    anRlc 
c43.(kt.  AEC  ia  giren  ;  ihcrtflciPii*  ibc  iriHiixlc  ACE 
is  giv.-i   in  opi-cicv.  mid  the  miio'of  t-.A  tu 
**■        ie«fore  Kivrn;  ontt  \r'.\  U  g'*^"  '" 
J  5,  J  <Ie,  brrniiK  ihf  cii-clc  is  tpvci^  in 

a2,iL  de;  AC  ttihcrcfort  t;Ucn*  in  roug- 


PROP.  XCH. 


in  magnitude  be  dniwi 
giiiiudc,  it  slull  cut  off  a 
uiigle. 


Li;ni(ude  U-  clnim  within 
Hlioll  cut  oST  «  aei^tntiH 


Let  ihc  siraighl  line  AC  ^vcn  in 
the  circle  ABC  given  in  m^gtiiiude 
conlainiti];  a  given  angle. 

Take  D  the  centre  of  the  circle,  join  AD 
and  produce  it  to  K,  ami  join  LC :  and  bo- 
cause  each  of  the  •iiniight  Knea  hA  and  AC 
u  given,  their  ratio  ia  giveit>;  and  tits  an* 
gle  ACE  is  a  right  an^le,  thercfi>re  the  iri- 
angle  ACE  is  given''  m  sptcics.  and  cooic-  A' 
iiuenlly  the  angle  ALC  is  given 

piiup.  xcni. 


IF  from  any  point  in  the  circumference  of  a  circle 
given  ill  position  two  straight  lines  be  drawn  meet- 
ing the  circumference  and  containing  a  given  angle;' 
if  the  point  in  which  one  of  them  meets  the  circum- 
ference again  be  given,  the  point  in  which  the  other 
meets  it  is  also  given. 

From  any  point  A  in  the  circumference  of  a  circle  ABC  gi- 
ven in  posilibni  let  AB-  _\C  be  drawn  to  the  circumference]  nu- 
king the  given  angle  BAC;  if  the  point  B 
be  Riven,  the  point  C  is  also  Riven. 

Take    D  the  centre  of   the   circle,    and 
join  BD,  DC;  and  beciiuse  each   of  the 
»  29.  dit.  points  B,  D  is  given.  BD  b  given'  in  po- 
sition; and  because  the  angle  BAC  b  gi- 
b  30.  3.    yen,  the   angle  BOC  is   given'',  therefore 
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becsuae  the  straight  line  DC  is  drawn  to  the  given  point  D  in 

the  straight  lilic  BO  given  in  posiiioD  in  the  given  angle  BDC, 

DC  is  given''  in  pu^iiun  :  iUid  the  cii-cu inference  ABC  is  given c  3S.  <bt. 

in  positioo,  [berctote  ^  tne  point  C  lb  given.  d  ^s.  dai. 

PROP.  XCIV.  51^ 

If  from  a  given  point  a  straight  line  be  drawn 
touching  a  ciiclc  given  in  position;  the  straight  line 
is  given  in  position  and  magnitude.  ' 

Let  the  straight  tine  AB  be  drawn  from  the  ^ven  pirint  A 
toucliing  the  circle  UC  given  in  position  ;  AB  is  given  in  posi- 
tion and  magnitude. 

Take  D  the  centre  of  the  circle,  and  join  DAt  DB :  because 
each  of  ihe  points  D,  A  is  given,  the 
straight  line  aD  is  given*  in  position 
and  magnitude;  and  DBA  la  a  righi*' 
angle,  wherefore  DA  is  a  diameter*  of 
theciide  DBA, described ubout  the  tri- 
angle DBA;  and  that  circle  ii  there- 
fore given  d  m  position  :  and  the  circle 
BC  is  given  in  |X)aiiion.  therefore  the  i 

point  B  is  given';    the  point  A  is  also  given;    therefore  theeSS-dat. 
Btraight  line  AB  a  given  ■  in  position  and  niugniiude. 

PROP.  XCV.  92 

IF  a  straight  line  be  drawn  from  a  given  point  with- 
out a  circle  given  in  position  ;  the  rectangle  contain- 
ed by  the  segments  betwixt  the  point  and  the  cir- 
cumference of  the  circle  is  ^veii. 

Let  the  straight  line  ABC  be  drawn  from  the  given  pmnt  A 
without  the  circle  BCD  given  in  posi- 
tion, cutting  It  in  fi,  C  ;  the  rectangle 
BA,  AC  is  given. 

From  the  point  A  draw  ■  AD  touch- 
ing thecircle  ;  therefore  AD  is  given  ^ 
in  position  and  magiiiiude;  and  because 
AD  is  given,  the  nquiire  of  AD  is  gi- 
ven ';  which  is  equal  ■*  to  the  rutangle  BA)  AC  i  therciiire  the  c  56.  dat. 
'  rectangle  BA,  AC  is  given.  d  36. 31 
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93.  PROP.  XCVI. 

IF  a  straight  line  be  drawn  through  a  given  pdnt 
within  a  circle  given  in  position,  the  rectangle  con- 
tained by  the  segments  betwixt  the  point  and  the  cir- 
cumference of  the  circle  b  given. 

Let  the  straight  line  BAC  be  drawn  through  the  given  point 

A  within  the  circle  fiCE  given  in  position;  the  rectangle  BA* 

AC  is  given. 

Take  D  the  centre  of  the  circle,  join 

AD,  and  produce  it  to  the  points  £,  F: 

because  the  points  A,  D  are  given,  the 
a  39.  dat.  straight  line  AD  is  given  *  in  position ; 

and  the  circle  BEC  is  given  in  position ;      B 
b  38.  dat.  therefore  the  points  E,  F  are  given  ^ ;  and 

the  point  A  is  given,  therefore  £  A,  AF  are  T^ 

each  of  them  given*;  and  the  rectangle  EA,  AF  is  therefore gi-  •!' 
c35.3«    ven;  and  it  is  equal  <^  to  the  rectangle  BA,  AC9  which  come* 

quently  is  given.  • 


94.  PROP.  XCVII. 

IF  a  straight  line  be  drawn  within  a  circle  given 
in  magiutude  cutting  off  a  segment  containing  a  given 
angle;  if  the  angle  in  the  segment  be  bisected  by  a 
straight  line  produced  till  it  meets  the  circumference,  1 
the  straight  lines  which  contain  the  given  angle  shall  j 
both  of  them  together  have  a  given  ratio  to  the  straight  • 
line  which  bisects  the  angle:  and  the  rectangle  con-  I 
tained  by  both  these  lines  together  which  contain  the 
given  angle,  and  the  part  of  the  bisecting  line  cut  off 
below  the  base  of  the  segment,  shall  be  given. 

Let  the  straip^ht  line  BC  be  drawn  within  the  circle  ABC  gi- 
ven in  magnitude,  cuttinji;  ofl'  a  segment  containing  the  given 
angle  BAC,  and  let  the  angle  BAC  be  bisected  by  the  straight 
line  AD;  BA  together  with  AC  has  a  given  ratio  to  AD;  and 
the  rectangle  contained  by  BA  and  AC  togell-cr,  and  the  straight 
line  MD  cut  off  from  AD  below  BC  the  base  of  the  segment,  is 


piven. 


J')in  BD ;  and  because  BC  is  drawn  within  the  circle  ABC 


e  21.  .1- 
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Civen  in  ma^itude  cutting  ofT  the  sc^mnent  BAC,  containing 

the   ^iven   ariRlc   BAC;  BC  is  (;iven  "  in  mugnitude:  by  thc«91-^' 

same  reason  BD  is  given;  thercfnit:>>  the  ratio  of  BC  to  BD  1>  1-  <l"t- 

IB  given:    and  because  the  angle  BAC  is  bisected  by  AD,  as 

BA  to  AC,  so  is«  BE  to  EC;  and,  by  permutation,  as  AB  toc3.6. 

BE,  so  is  AC  to  CE;  whererore''  as  BAandAC  together  tod  19.3. 

BC,  so  is  AC  to  CE:  and  becauf.e  the  uiigle  BAE  is  equal  to 

EAC,  and  the  angle  ACE  to*  ADB, 

the  tridn^le  ACE  is  equiiin^ular  to 

the  triangle  ADB;  therefore  as  AC 

to  CE,  so  la  AD  to  DB:  but  as  AC 

to  CE,  so  is  BA  together  with  AC 

to  BC:   HS  thei'efore  BA  and  AC  to 

BC,  so  is  AD  to  DB;  and  by  per- 

muiation.  as  HA  and  AC  to  AD,  so 

is  UC  to  BO:  and  the  ratio  of  BC  to  D 

BD  U  '/ivea,  thei-efore  the  ratio  of  BA  together  with  AC  to  AD 

is  K'Vf". 

Al^-r,  the  rectangle  contained  by  BA  and  AC  together,  and 
DE  is  given. 

Because  the  triangle  BDE  is  equiangular  to  the  triangle  ACE, 
as  BD  to  DE,  so  is  AC  to  CE;  and  as  AC  to  CE,  so  is  BA  anjl 
AC  to  BC;  therefore  as  BA  and  AC  to  BC,  so  is  BD  to  D£t 
wherefore  the  rectangle  contuned  by  BA  and  AC  together,  and 
DE,  is  equal  to  the  rectangle  CB,  BD:  but  Cfi,  BD  is  given; 
therefore  the  rectangle  contuned  by  BA  and  AC  together,  and 
DK,  is  given. 


Produce  CA,  and  make  AF  equal  to  AB,  and  join  fiF;  and 
because  the  angle  BAC  is  double*  of  each  of  the  angles  BFA,,  S*""' 
BAD,  the  angle  BFA  is  equal  to  BAD;  and  the  an^le  BCA  is  <.^°-  *' 
equal  to  BDA,  therefore  the  triangle  KCB  is  equiangular  (o 
ABD:  as  therefore  l-'C  to  CB,  so  is  AD  to  DB;  and,  by  per- 
mutation, as  FC,  that  is,  BA  and  AC  together,  to  AD,  so  is  CB 
to  BD:  and  the  ratio  of  CB  to  BD  is  given,  therefore  the  ratio 
of  BA  and  AC  lo  AD  is  given. 

And  because  the  angle  BFC  is  equal  to  the  angle  DAC,  that 
is,  to  the  angle  UBC,  and  the  angle  ACH  equal  to  the  angle 
ADB;  the  triangle  FCB  is  cquiungular  to  BDE,  as  therefore 
FC  to  CB,  so  is  BD  to  DE;  therefore  the  rectangle  contained 
by  FC',  that  is,  BA  and  AC  together,  and  D£  is  equal  to  the 
3  M 
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rectangle  CB,  BD,  which  is  }$iven,  and  therefore  the  rectaagie 
contained  by  BA,  AC  together,  and  D£  is  given. 


PROP.  XCVIII. 

IF  a  straight  line  be  drawn  within  a  circle  ^veii 
in  magnitude,  cutting  off  a  segment  containing  a 
given  angle:  if  the  angle  adjacent  to  the  angle  in  the 
segment  be  bisected  by  a  straight  line  produced  till  it 
nici  t  the  circumference  again  and  the  base  of  the  seg- 
ment; the  excess  of  the  straight  lines  which  contain 
the  given  angle  shall  have  a  given  ratio  to  the  seg- 
ment of  the  bisecting  line  which  is  within  the  circle; 
and  the  rectangle  contained  by  the  same  excess  and 
the  segment  of  the  bisecting  line  betwixt  the  base 
prcxluccd  and  the  point  where  it  again  meets  the  cir- 
cimifeR'ncc,  shall  be  given. 

Ln  the  straijrht  line  BC  be  drawn  within  the  circle  ABC 
given  in  maii^nitiKle  rmiinj^  ofl*  a  sej2;nieni  containhig  the  Riven 
anjfle  liAC  anil  let  the  an^lc  CAF  adjacent  to  BA('  be  bisect- 
ed l)y  the  sLiVii^lit  lir.e  DAK  nieelinj;  the  circumference  ap^n 
in  D,  and  BC,  the  I)ase  of  the  sei^nient  produced  in  E;  the  ex- 
cess of  BA,  AC  has  a  ^pven  rati(»  to  AD;  and  the  rectangle 
which  is  contained  by  the  same  exeess  and  the  straight  line  ED, 


IS  j^iveii. 


Join  BD,  and  ihroup;!!  B  draw  BG  parallel  to  Dl^  meeting 
AC  pioduced  in  (i:  and  hei.ause  BC  cuts  off  from  the  circle 
AB(^  iji\en  in  niagp.itude  the  seg-  D  F 

ment  BAC  containin-^  a  gi\en  an- 
^<>1.  <lat.    ^\c^  RC  is  therefore  j^iven'  in  mu,!^-    / 
nitudc:  by  the  same  reaM)n  BD  is  / 
given,  because  the  angle  BAD  is  e-  ( 

quai  to  the  frivi-n  angle  IvVi':  there-   \ly^^ ^  ^^"V^  t: 

fore  the  ratio  of  BC  to  BD  is  given:  B^  vfL 

and  Ijicau^e  the  an^le  C  V !".  is  e(|ual       ^^^     ^^/v. 

lo  ^  AK,  of  which  CAi'  is  etpial  to  ^^  G 

the  alternate  angle  A(;B,  aiid  KAl'  to  the  interior  and  opposite 

angle   ABC;  therefore  the  angle   A(;B  is  e(jual  to  AB(t,  and 

:hc  straight  line   \B  equal  lo  A(i;  so   that  GC  is  the  excess 


DATA. 

sf  BA,  AC;  and  because  the  angle  &GC  is  equal  to  GAE, 
that  is,  to  EAF,  or  the  angle  BAD;  imd  (hat  the  angle  BCG 
is  equal  to  the  oppooite  interior  angle  BDA  of  the  (juailrilHtend 
BCAD  in  the  circle;  therefore  the  triangle  BGC  is  equiangu- 
lar to  BDA:  therefore  as  GC  to  CB,  so  is  AD  to  DB;  and, 
by  permutation)  as  GC  which  is  the  excess  of  BA,  AC  to  AD, 
so  is  CB  to  BD:  and  the  ratio  of  CB  to  BD  is  given:  therefore 
the  ratio  of  the  excess  of  BA,  AC  to  AD  is  given. 

And  because  the  angle  GBC  is  equal  to  the  alternate  angle 
DEB,  and  the  angle  BCG  equal  to  BUE;  the  triangle  liCG  is 
equiangular  to  BDE:  thei-efore  as  GC  to  CB,  ao  is  BD  to  DE; 
and  consequently  the  rectangle  GC,  DE  is  i:qual  to  the  rect- 
angle CB,  BD  which  is  given,  because  its  sides  CB,  BD  ;tre  giv- 
en:  therefore  the  rectangle  contained  by  the  excess  of  BA,  AC 
uid  the  straight  line  DE  is  given. 


IF  from  a  given  point  in  the  (Uameter  of  a  circle 
^ven  in  position,  or  in  the  diameter  produced,  a 
straight  line  be  drawn  to  any  point  in  the  circumfe- 
rence, and  from  that  point  a  straight  line  be  tlraivn  at 
right  angles  to  the  first,  and  from  the  point  in  which 
this  meets  the  circumierence  again,  a  straight  line  be 
drawn  parallel  to  the  first;  the  point  in  which  this 
parallel  meets  the  diameter  is  given;  and  the  rect- 
angle contained  by  the  two  parallels  is  given. 

In  BC  the  diameter  of  the  circle  ABC  given  in  position,  or 
in  BC  produced,  let  the  given  point  D  be  taken,  and  from  D 
let  a  straight  line  DA  be  drawn  to  any  point  A  in  the  drcum- 
Eerence,  and  let  AE  be  drawn  at  right  angles  to  DA,  and  from 
the  point  E  where  it  meets  the  circumference  again  let  EF  be 
drawn  parallel  to  DA  meeting  BC  in  F;  the  point  F  is  given,  as 
also  the  rectangle  AD,  EF. 

Produce  EF  to  the  circumference  in  G,  and  join  AG:  be- 
cause G£  A  is  a  right  angle,  the  straight  line  AG  is  ■  the  dia- »  Cor.  5. 4 
meter  of  the  circle  ABC;  and  BC  is  also  a  diameter  of  it; 
therefore  the  point  H  where  they  meet  is  the  centre  of  the 
circle,  and  consequently  H  is  gjren:  and  the  point  O  is  given, 
wfaerelbre  DH  is  given  in  magiutwiet  and  because  AD  la  pa- 
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'»  4.  6        rallel  to   FG,  and  CIH  equal  to  HA;  Dll  is  cqual»»  to  HP,  and 
AD  eqiiiil  to  GF:  and  DH  is  given,  tiierefore  HF  is  given  in 


ma(7iiltudc;  and  it  is  also  given  in  position,  and  the  point  H  b 
c  30.  dat.    given,  therefore  «  the  point  F  is  given. 

And  because  the  straight  line  EFG  is  drawn  from  a  ^vcb 

point  F  without  or  within  the  circle  ABC  given  in  positiooi 
«l  95.  or  therefore  *»  the  rectangle  EF,  FG  is  given:  and  GF  is  equal  to 
«6.  dat     AD,  wherefore  the  rectangle  AD,  EF  is  given. 

a  PROP.  c. 

IF  from  a  given  point  in  a  straight  line  g^ven  iH 
position,  a  straight  line  be  drawn  to  any  point  in  the 

circumftTcncc  of  a  circle  i^iveu  in  position;  and  from 
this  point  a  straight  line  be  drawn  making  with  the 
first  an  anjrje  eciiiiil  to  tlie  dilFerence  of  a  right  angle 
and  the  angle  contained  by  the  straight  line  given  in 
position,  and  the  straight  line  which  joins  the  given 
point  and  the  centre  of  the  ciR^le;  and  from  the  point 
in  which  the  second  line  meets  the  circumference 
iij^iin,  a  third  straight  line  be  drawn  making  wiUi 
the  second  an  angle  eciual  to  that  which  the  first  maket* 
with  the  second:  the  point  iii  which  this  third  line 
meets  the  straight  Hiie  given  in  position  is  given;  as 
also  the  rectangle  contained  by  the  first  straight  line 
und  the  sec-ment  of  the  third  betw  ixt  the  circiimfe- 
rence  and  the  straight  line  given  in  position,  is  given, 

L<*i  the  strait^'  t  lirie  CD  be  drawn  from  the  given  point  C 
in  ilio  strai.i^ht  line  A 13  i^i'.cn  in  position,  to  the  circvnnference 
of  the  circle  \)\W  ^^iven  in  position,  of  \Nhicli  G  is  the  centre; 
join  CG,  and  from  tlje  point  D  let  DF  be  drawn  making  the 
unirlc  CPr'  ecjiral  to  the  dliVc-.'ente  of  u  ri^lu  iuij^lc  and  the 
angle  BCG,  and  irom  the  point  F  let  FE  be  drawn  makinj; 
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the  arifjlc  DFE  equal  to  CDF,  meeting  AB  in  H:jhe  point  H  is 
^ven;  as  also  the  rectangle  CD,  PH. 

Let  CD,  FH  meet  one  another  in 
the  point  K,  from  which  dmw  K.L 
perpendicular  to  DF;  ami  let  DC 
meet  the  circumference  again  in  M, 
and  let  FH  meet  the  same  in  £,  and  ' 
join  MO,  GF,  GH. 

Because  the  angles  MDF,  DFE  are 
equal  to  one  another,  the  circumfe- 
rences MF,  DE  are  equal '  and  add- 
ing or  taking  awajr  the  common  part 
ME,  the  circumference  DM  is  equal 
to  EF;  therefore  the  straight  line  DM 
is  equal  to  the  straight  line  EF,  and 
the  angle  GMD  to  the  angle  »■  GFE; 
and  the  angles  CMC,  GFH  are  equal 
to  one  another,  because  the^  are  ei- 
ther the  same  with  the  angles  GMD, 
GFE,  or  adjacent  to  them:  and  be- 
cause the  angles  KDL,  LKD  are  toge- 
ther equal '  to  a  right  angle,  that  is, 
bj  the  hTpothesis,  to  the  angles  ICDL, 
GCB;  the  angle  GCB,  or  GCH  is 
equal  to  the  angle  (LKD,  that  is,  to    AC  H       B 

the  angle)  LKV  or  GKH:  therefore  the  points  C,  K,  H,  O 
are  in  the  circumference  of  a  circle;  and  the  angle  GCK  !>' 
therefore  equal  to  the  angle  (iHFi  and  the  angle  CMC  is 
equal  to  GFH,  and  the  straight  line  GM  to  GF;  therefore  '  CO  d  26. 1. 
IB  equal  to  GH,  and  CM  to  HF:  and  because  CG  is  equal  to 
GH,  the  angle  GCH  is  equal  to  GHC;  but  the  angle  GCH  is 
given:  therefore  GHC  is  given,  and  consequently  the  angle 
CGH  is  given;  and  CG  is  given  in  position,  and  the  pcunt  G; 
therefore  GH  is  given  in  ^sillon;  and  CB  is  also  given  in  po-  e  32.  lUI. 
ution,  whereof  the  point  K  is  given. 

And  because  HF  is  equal  to  CM,  the  rectangle  DC,  FH  is  ^ 

•quBl  to  DC,  CM:  but  DC,  CM  is  given  f,  because  the  point  CJ^***"- 
i>  given,  tbercforc  the  rectangle  DC,  FH  is  girei^.  ' 
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NOTES  ON  EUCUD'S  DATA. 


DEFINITION  II. 


J.  HIS  is  madfl  more  explicit  than  in  the  Greek  text,  to  pre- 
vent a  mistake  which  the  author  of  the  second  demonstration  of 
the  24th  propoflition  in  the  Greek  edition  has  fallen  into,  of  think- 
ing thu  a  ratio  is  given  to  which  another  ratio  is  shown  to  be 
equal,  though  this  other  be  not  exhibited  in  given  magnitudes. 
See  the  Notes  on  that  proposition,  which  is  the  1 3th  in  this  edi- 
tion. Besides,  by  this  definition,  as  it  is  now  given,  some  pro- 
positions are  demonstrated,  which  in  the  Greek  are  fiot  so  well 
done  by  help  of  prop.  3. 

DEF.  IV. 

In  the  Greek  text,  def.  4.  is  thus:  "  Points,  lines,  spaces, 
"  and  angles  are  said  to  be  given  in  position  which  have  always 
"  the  same  situation;"  but  this  b  imperfect  and  useless,  because 
there  are  innnmerable  cases  in  which  thin^  may  be  given  ac- 
cording to  this  definition,  and  yet  their  position  cannot  be  fi>und; 
for  instance,  let  the  triangle  ABC  be  gtven  in  position,  and  let 
it  be  proposed  to  draw  a  straight  line  BD  from  the  angle  at  B 
to  the  opposite  side  AC,  which  shall  cut 
off  the  angle  DBC,  which  shall  be  the 
seventh  part  of  the  angle  ABCj  suppose 
this  is  done,  therefore  the  strught  line 
BD  is  invariable  in  its  position,  that  is,  B^ 
has  always  the  same  situation;  for  any 
other  straight  line  drawn  from  the  point  B  on  either  side  of 
BD  cuts  off  an  angle  greater  or  lesser  than  the  seventh  part  of 
the  angle  ABCj  therefore,  according  to  this  definition,  the 
straight  line  BD  is  given  in  position,  as  also  ■  the  point  D  in«: 
which  it  meets  the  stnught  line  AC  which  is  given  in  position. 
But  from  the  things  here  given,  neither  the  straight  line  BD 
■  oor  the  point  D  can  be  found  by  the  help  of  Euclid's  Ele- 
ments only,  by  which  every  t"  Data  it  supposed  may 
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be  found.  This  definition  is  therefore  of  no  use.  We  have 
amended  it  by  adding,  "  and  which  arc  either  actually  exhibited 
**  or  can  be  found;"  for  nothing  is  to  be  reckoned  given,  which 
cannot  be  found,  or  is  not  actually  exhibited. 

The  definition  of  an  an^lc  given  by  position  is  taken  out  of 
the  4th,  and  given  more  distinctly  by  itself  in  the  definition 
marked  A. 

DEF.  XI,  XII,  XIII,  XIV,  XV. 

The  1  Ith  and  12th  ai-c  omitted,  because  they  cannot  be  given 
in  English  so  as  to  have  any  tolerable  sense:  and,  therefore, 
wherever  the  terms  defined  occur,  the  words  which  express 
their  meaning  are  made  use  of  in  their  place. 

The  1 3th,  14th,  15th  arc  omitted,  as  being  of  no  use. 

It  is  to  be  observed  in  general  of  the  Data  in  this  book,  that 
they  arc  to  be  un((erstood  to  be  given  geometrically,  not  always 
arithmetically,  that  is,  they  cannot  always  be  exhibited  in  num- 
bers; for  instance,  if  the  side  of  a  square  be  given,  the  ratio  of 
b  41.  dat.  it  to  its  diameter  is  given  *»  geometrically,  but  not  in  numbers; 
«.-.  2.  dat.  ^^^  the  diameter  is  given  «;  but  though  the  number  of  any  equal 
parts  in  the  side  be  given,  for  example  10,  the  number  of  them 
m  the  diameter  cannot  be  given:  and  the  like  holds  in  miuiy 
other  ciiscs. 


PROPOSITION  I. 

In  this  it  is  shown  that  A  is  to  li,  as  C^  to  1),  iVoiii  this,  ihaK 
A  is  to  C,  us  15  lo  D,  and  \\\v:i  by  pcrmiitalion;  but  it  follows 
directly,  without,  these  two  slc|)s,  from  7.  3. 


PROP.  II. 

The  linulatioTi  added  at  the  end  of  this  proposition  bct.wecMi 
the  inverted  commas  is  (piitc  necessary,  hcrausc  without  it  the 
proposition  cannot  always  he  dcnionsirated:  for  the  author 
having  said*,  *•  because  A  is  given,  a  magnitude  equal  to  ii 
.1  l.di'f.  "  ^'i*'^  l^c  found';  let  this  he  C';  and  because  the  ratio  of  A  to 
b  i.  dcf  "  ^^  *^  I'.iven,  a  ratio  whirli  is  the  same  to  it  can  bo  found''," 
adds,  "Let  it  be  foinid,  and  let  it  be  the  ratio  of  C'  to  A." 
Now,  from  the  second  definition  nothini^  more  foHow^, 
than  tiiat  some  ratio,  suppose  tiic  ratio  of  K  to  Z,  can  he 
found,  which  is  the  same  with  the  ratio  of  A  to  li;  and 
when  the  aiuhor  supposes  that  the  ratio  of  C  to  A,  which  is 

•Sec  Dr.  GiVirnrv's  cdillon  of  the  Data. 
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also  the  Mune  with  the  ratio  of  A  to  6)  can  be  foand,  he  ne- 
ceuarily  suppoaes  that  to  the  three  magr^itudes  E,  Z,  C,  a 
faunh  proportional  A  niajr  be  fDundj  but  thia  cannot  alwa^ 
be  done  by  the  Elements  of  Euclid;  froni  which  it  is  plun 
Euclid  must  have  underatood  the  proposition  under  the  limita- 
tion which  is  now  added  to  his  text.  An  example  will  niake 
thitt  clear:  let  A  be  a  given  angle, 
•od  B  another  angle  to  which  A  hai 
a  given  ratio,  for  instance,  the  ratio 
of  the  given  straif;ht  line  E  to  the 
given  one  Z;  then,  having  found  an 
Wigle  C  equal  to  A,  how  can  the  an- 
gle A  be  found  to  which  C  ha>  the 
same  ratio  that  £  has  to  Zi  certain- 
ly no  way,  until  it  be  shown  bow  to 
find  an  angle  to  which  a  given  an- 
gle has  a  given  ratio  which  can- 
not be  done  by  Euclid's  Elements, 
nor  probably  by  any  Geoqictry  known  in  his  time.  Therefore,  in 
all  the  propositions  of  this  book  which  depend  upon  this  secondi 
the  above  mentiimed  limitation  must  be  understood,  though  it 
be  not  explicitly  mentioned. 


PROP.  V. 

The  order  of  the  propositions  in  the  Greek  text,  between 
prop.  4  and  prop.  S5,  is  now  changed  into  another  which  is 
more  natural,  by  placing  those  which  are  more  limfde  before 
those  which  are  more  complex;  and  by  placing  together  tiMSe 
which  are  of  the  same  kind,  some  of  which  were  mixed  among 
others  of  a  different  kiml.  Thus,  prop.  13,  in  tiie  Greek,  is  now 
made  the  ith,  and  those  which  were  the  23d  and  S3d  are  made 
the  1 1th  and  13th,  as  they  are  more  simple  than  the  proposi- 
tioni  concerning  magnitudes,  the  excess  of  one  of  which  above 
a  given  magtiitude  has  a  given  ratio  to  the  other,  after  which 
these  two  were  pbced;  attd  the  34th  in  the  Greek  text  is,  for 
the  :ame  reason,  made  ttie  13th. 


PROP.  VI,  VII. 

These  are  universally  true,  though  In  the  Greek  text,  they 
tn  dcesionstrated  by  prop.  3,  which  has  a  limitatitm;  they  are 
m  abewB  without  it 

■3N 
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PROP.  XII. 

In  the  93d  prop,  in  the  Greek  text,  which  here  n  the  12tHi 
the  words,  *<  fin  rwi  ttvrn%  Sf,"  are  wrong  transhited  by  Claud. 
Hardy,  in  his  edition  of  Euclid's  Data,  printed  at  Paris,  anno 
1625,  which  was  the  first  edition  of  the  Greek  text;  and  Dr. 
Gregory  follows  him  in  translating  them  by  the  words  ^  etsi 
non  easdem,"  as  if  the  Greek  had  been  u  mmt  ftn  ru$  mttnti 
as  in  prop.  9,  of  the  Greek  text.  Euclid's  meaning  is,  that  the 
ratios  mentioned  in  the  proposition  must  not  be  the  same;  fivi 
if  they  were,  the  proposition  would  not  be  true.  Whatever 
ratio  the  whole  has  to  the  whole,  if  the  ratios  of  the  parts  of  the 
first  to  the  parts  of  the  other  be  the  same  with  this  ratio,  one 
part  of  the  first  may  be  double,  triple,  5cc.  of  the  other  part  of 
it,  or  have  any  other  ratio  to  it,  and  consequently  cannot  have  a 
given  ratio  to  it;  wherefore  these  words  must  be  rendered  \ff 
"  non  autem  easdcni,"  but  not  the  same  ratios,  as  Zambertus  hsi 
translated  them  in  his  edition. 


PROP.  xiir. 

Soinc  very  ignorant  editor  has  i^iNcn  a  second  demonstration 
of  this  proposition  in  the  Cireek  text,  which  has  been  as  ij*;no- 
rantly  kepi  in  by  Ci.iud.  Ii«rdy  and  13r.  (irej^ory,  and  has  been 
reluined  in  V\v  translations  of  /ambeiHiis  and  others;  Carolus 
Heniddinus  ^i\es  ii  oidy:  the  author  of  it  has  thought  that  a 
ratio  was  given  if  another  ratio  could  be  shown  to  be  the  same  to 
it,  tlioughlhis  last  ratio  be  not  found:  but  this  is  altogether  ab- 
surd, because  fn)ni  it  would  be  deduced,  that  the  ratio  of  tha 
sides  of  any  two  scpiares  is  given,  and  the  ratio  of  the  diameters 
of  any  two  circles,  hue.  And  it  is  to  be  observed,  that  the  mo- 
derns fie<]ucntly  take  given  ratios,  and  ratios  that  are  always  the 
same,  lor  one  and  the  same  thing;  and  Sir  Isaac  Newton  has 
fallen  into  this  mistake  in  the  17th  lenniia  of  his  Principia,  edit. 
1713,  and  in  other  pliices;  but  this  should  be  carefully  avoided, 
as  it  may  lead  into  other  errors. 


PROP.  XIV,  XV. 


Euclid,  in  this   book,    has  several   propositions    concerning 
magnitudes,  the  excess  of  one  of  which  above  a  given  magni- 
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tucte  hu  a  given  ratio  to  the  other;  but  he  liaa  givcD  none 
concerning  magnitudes  whereof  one  together  with  a  given 
magnitude  has  a  given  ratio  to  the  other;  though  these  last  oc- 
cur as  frequently  in  the  solution  of  problems  as  the  first;  the 
reason  of  which  it,  that  the  last  may  be  all  demonstrated  by 
help  of  the  first;  fort  if  a  magnitude)  together  with  a  given 
magnitude  has  a  given  ratio  to  another  magnitude,  the  excess  of 
this  other  above  a  given  magnitude  shall  have  a  given  ratio  to 
the  first)  and  on  the  contrary;  as  we  have  demonstrated  in  prop. 
14.  And  for  a  like  reason  prop.  IS  has  been  added  to  the 
Data.  One  example  will  make  the  thing  clear:  suppose  it 
were  to  be  demonstrated,  that  if  a  magnitude  A  together  with  a 
given  magnitude  has  a  given  ratio  to  another  magnitude  B| 
that  the  two  magnitudes  A  and  D,  together  with  a  given  mag- 
nitude, have  a  given  ratio  to  that  other  magnitude  B;  which  is 
the  same  propcuition  with  respect  to  the  last  kind  of  magnitudes 
above-ntentioiied,  that  the  first  part  of  prop.  16,  in  this  edition, 
is.in  respect  of  the  first  kind:  tliis  is  shown  thus;  from  the  hy- 
pothesis, and  by  the  first  part  of  prop.  14,  the  excess  ofB  above 
a  given  magnitude  has  uDto  A  a  given  ratio;  and,  therefore,  by 
the  first  pan  of  prop.  17,  the  excess  of  B  above  a  given  magni- 
tude has  unto  B  and  A  together  a  given  ratio;  end  by  the  se- 
cond part  of  prop.  14,  A  and  B  together  with  a  given  magni- 
tude has  unto  B  a  given  ratio;  which  is  the  thing  that  was  to 
he  demonstrated.  In  like  manner,  the  other  propoutions  con- 
cerning the  last  kind  of  magnitudes  may  be  shown. 


PROP.  XVI,  XVII. 

Intlic  third  part  of  prop.  10,  in  the  Greek  text*  which  is  the 
16th  in  this  edition,  after  the  ratio  of  £C  to  CB  has  bean 
shown  to  he  given}  from  this,  by  inversion  and  canver^n  the 
ratio  of  BC  to  BE  is  demonstrated  to  be  given;  but  without 
these  two  steps,  the  conclusion  should  have  been  made  only  by 
dting  the  6th  proposition.  And  in  like  manner,  in  the  first 
part  of  prop.  1 1,  in  the  Greek,  which  in  this  edition  is  the  irth 
from  the  ratio  of  DB  to  BC  being  given,  the  ratio  of  DC  to 
DB  is  shown  to  be  given  by  inversion  and  composition,  instead 
of  citing  prop.  7,  and  the  same  fault  occura  in  the  second  part 
of  the  same  prop.  1 1  > 


PROP.  XXI,  XXII. 

These  now  are  «<mm  t^  being  wanting  to  complete  the  sdlt- 
,  ject  treated  oft  <-  propositions. 
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PROP.  XXIII. 

Thisy  which  is  prop.  30,  in  the  Greek  text,  waa  separated 
from  prop.  14,  IS,  16,  in  that  te^t,  after  which  it  riiould  have 
been  immediately  placed,  as  being  of  the  same  kind;  it  is  now 
put  into  its  proper  place;  but  prop.  9 1  in  the  Greek  ia  left  out, 
as  being  the  same  with  prop.  14,  in  that  text,  which  is  here 
prop.  18. 

PROP.  XXIV. 

This,  which  is  prop.  13,  in  the  Greek,  is  now  put  into  its  pro- 
per place,  having  been  disjoined  from  the  three  fioUowing  it  in 
this  edition,  which  are  of  the  same  kind. 

PROP.  XXVIII. 

This,  which  in  the  Greek  text  is  prop.  25,  and  several  of  the 
following  propositions  are  there  deduced  from  def.  4,  which  is 
not  sufficient,  as  has  been  mentioned  in  the  note  on  that  defini- 
tion: they  are  therefore  now  shown  more  explicitly. 

PROP.  XXXIV,  XXXVI.  • 

Each  of  these  has  a  determination,  which  is  now  added,  which 
occasions  a  change  in  their  demonstrations. 

PROP.  XXXVII,  XXXIX,  XL,  XLI. 

Tlie  35lh  and  36th  proposiiions  in  the  Greek  text  arc  joined 
into  one,  which  makes  the  39th  in  this  edition,  because  the  same 
enunciation  and  demonstration  serves  both:  and  for  the  same 
reason  prop.  37,  38,  in  the  (ireek,  are  joined  into  one,  which 
lie  re  is  the  40th. 

Prop.  37  is  adde'  *o  tjie  D  .t:  .  as  it  frcfjuently  occurs  in  the 
sohilion  of  problems;  and  prop.  41  is  added  to  complete  the 
rest. 

PROP.  XLII. 

This  is  prop.  39,  in  the  Greek  text,  where  the  whole  con- 
struction of  prop.  2*2.  of  book  I.  of  the  Klements  is  put,  without 
need,  into  the  demonstration,  but  is  now  only  cited. 

PROP.  XLV. 

This  is  prop.  42,  hi  the  Ciroek,  where  the  three  straight  lines 
mad'-  u«v  of  in  the  construction   are  said,  but  not  shown,  to  be 
such   ».:    t  any  two  of  them  is  y;reater  than  ^M|||Urdy  whj 
now  done. 
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PROP.  XLVII. 
This  ii  prop.  4*,  in  the  Greek  text;  but  the  ^monstntion 
of  it  is  changed  hrto  nnother,  wherein  the  scTeral  cases  of  it  «re 
shown,  which,  though  necesBury,  is  not  done  ia  the  Greek. 

PROP.  XLVIIl. 
There  are  two  coses  in  this  proposition,  arising  from  the  twu 
«a>es  of  the  third  part  of  prop.  47,  on  which  the  48th  depends; 
and  in  the  compouUon  these  two  cases  are  explicitly  given. 

PROP.  LII. 
The  construction  toid  demonstration  of  this,  which  is  pn^ 
48,  in  the  Greek,  are  made  something  shorter  than  in  that  text 

PROP.  LIU. 
Prop.  63,  in  the  Greek  text  is  omitted,  being  only  a  case  of 
prop.  49,  in  that  text,  which  ia  prop.  53,  in  this  edition. 

PROP.  LVIII. 
This  is  not  in  the  Greek  text,  but  its  demonstration  is  contain- 
ed in  that  of  the  first  part  of  prop.  54,  in  that  tcXt;  wliich  pro- 
poution  is  concerning  figuren  that  an:  given  in  species:  this  58th 
ia  true  of  uniilai-  Gguics,  though  ihey  be  not  given  in  species, 
and  as  it  frequently  occurs,  it  was  necessary  to  add  it. 

PROP.  LIX,  LXI. 
This  is  the  54th  in  the  Greek;  and  the  TTth  in  the  Greek* 
being  the  very  same  with  it,  is  left  out,  and  a  shorter  demon- 
stration is  given  of  prop.  61. 

PROP.  LXII. 

This,  which  is  most  frequently  useful,  is  not  in  the  Greek, 
and  is  necessary  to  prop.  87,  B8,  in  this  edition,  as  also,  though 
not  mentioned,  to  prop.  86,  87,  in  the  former  editions.  Prop.  66, 
in  the  Greek  text,  is  made  a  corollary  to  it 

PROP.  LXIV. 

This  contains  both  prop.  74,  and  73,  in  the  Greek  text;  the 

flnt  case  of  the  74th  is  a  repetition  of  prop.  56,  from  which  it 

«aiMrated  in  that  text  fay  many  propoMtions;  and  as  there  is 

V  in  these  propositions,  as  they  stand  in  the  Greek,  they 

pat  into  the  order  which  seemed  most  convenient  an4 
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Tze  oe  jrfurj  irJuri  of  the  fi^^t  pAit  of  prop.  73,  in  the  Greek, 
»  rr^M*  vui-ACcc.  Dr.  Grefrory  says,  that  the  sentences  he  hat 
jiciiAcd  >£cvtxi  tvo  surs  are  superfluous,  and  ought  to  be  can- 
rsZiscL  >r:  ae  hiis  coc  observed,  that  what  follows  them  is  ab- 
Kir*:.  jC2:c  !x>  pron^e  that  the  ratio  fsee  his  figure  J  of  A  i  Co 
1  ^  jf  rma.  vtikh  by  the  hypothesis  at  the  beginning  of  the 
prsoosaoc  u  cxpre^siy  gi^en;  so  that  the  whole  of  this  part 
▼u  ?7  be  ahered.  which  b  done  in  tlus  prop.  64. 


PROP.  LX\ni,  LXVIII. 

P??:c.  *t«  la  dtc  Grvek  tc3ct«  is  divided  into  these  two,  for 
'^  sike  -rf  drsdocoiess;  and  the  demonstration  of  the  67th  is 
rr=c*red  shorter  than  that  of  the  first  part  of  prop.  70,  in  thf 
G^'sfeA.  >r  cieiss  oi'  prop.  *23,  of  book  6,  of  the  Elements. 


PROP. 

This  is  prop.  ^^.  in  the  Gnrek  text;  prop.  78,  in  that  text,  is 
9C>  A  particular  case  of  it.  and  is  therefore  omitted. 

br  Gregory,  in  the  demonstration  of  prop.  62,  cites  the  49th 
r^  ~  .■-:■  :."»  pr«?ve  that  :l:e  ratio  of  the  fii;ui'c  A  KB  to  the  pa- 
--  :.  cr-ri  AH  is  i:i\cn:  «Iicrc-s  this  was  shoun  a  few  lines 
:«::.:•::  -r..'.  -c-:.:c>.  iho  40i]\  pn)p.  is  not  applicable  to  t!icsc 
:•>  .  •■  c  ~^^.  o."..^:se  AH  :>  not  j^ivcn  in  species,  but  is  by  the 
s:f  >   :r  v.  ■.■•:\  :ho  ci:aiion  ij»  brought,  proved  to  be  given  in 


PROP.  LXXIII. 

r.-op.  S^  i-i  :hc  Greek  text,  is  neither  well  enunciated  nor 

gVi:ior.str.:to:.    The  7m\^  which  in  this  edition  is  pui  in  place  of 

i:,  is  re  alb    tiie   same,  as  will  appear  by  consider)  nv;  I  see  Dr. 

(i-4      'v's   ediii«'ni    that    A,  H,  r,  E    in   the   (Ireeiv    text   arc 

Jli'       j)i\}porti(>n.ils;    and    that  the  prop<jsiiion  is  U)  show    thai 

A.  wiiich  lias  a  ijivcn  ratio  to  K,  is  to  r,  as  B  is  to  a  str;i::^ht 

line  to  which  A  has  a  jrivcn  ratio;  or,  by  inversion,  that  r  i^  to 

^,  as  a  straiiL^ht  line  to  which  A  has  a  j;iven  ratio  i>  to  B;   that 

is,  it"  the  proportionals  be  placed  in  this  order,  viz.  r,  K,  A.  B, 

;hat  the  f^rst  r  is  to  A  to  which  the  second  E  has  a  i^jiven  ratio, 

as  a  stniif^ht  line  to  which  the  thinl  A  has  a  ^iven  ratio  is  to 

"he  fourth  B;  which  is  the  enunciation  of  tliis  73d.  ai'd  was 

':hans^tl  ^l^'*^^  i^  mij^ht  be  made  like  to  that  of  prop.  72,  in 

^  ition,  \vKic\\  \s  vVv«i  ^ -^  ^^^  ^-Vv^  C>^ck  text:  and  the  de- 
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monstrtitim  of  prop.  73  is  the  same  with  thxt  of  prtqi.  n>  mljr 
making  use  of  prop.  S3,  instead  of  prop.  33,  of  book  5,  of  the 
Elements. 


PROP.  LXXVII. 

Tliis  is  put  in  place  of  prep.  7%  in  the  Greek  text)  wluch 
is  not  a  datum,  but  a  theorem  premised  as  a  lemma  to  prop.  SO 
in  that  text:  and  prop.  79  is  made  cor.  1  to  prop.  77,  in  this 
edition.  CI.  Hardy,  in  his  edition  of  the  Data,  talus  notice,  that 
in  prop.  80,  of  the  Greek  text,  the  parallel  XL  in  the  figure  of 
prop.  77,  in  this  edition,  must  meet  the  circumference,  but  does 
not  demonstrate  it,  which  is  done  here  at  the  end  of  cor.  3,  prop. 
77,  in  the  construction  for  finding  a  triangle  ujnilar  to  ABC. 

PROP.  LXXVIII. 

The  demonstration  of  this,  which  IB  prop.  80,  in  the  Greek,  is 
rendered  a  good  deal  shorter  by  help  of  prop.  77. 


PROP.  LXXIX,  LXXX,  LXXXI. 

These  are  added  to  Euclid's  Data,  as  propoutims  which  are 
oflen  useful  iu  the  solution  of  priAlems. 


PROP.  LXXXII. 

J  This,  which  is  prop.  60,  in  the  Greek  text,  is  placed  before 
the  8SJ  and  &4th,  which,  in  the  Greek,  are  the  58th  and  S9th, 
be cu use  the  demonstration  of  these  two  in  this  edition  are  de< 
duccd  fromthat  of  prop.  83,  from  which  they  uaturallp  follow. 

PROP.  LXXXVIII,  XC. 

Dr.  Gregory,  in  his  prefiice  to  Euclid's  Worits,  which  he 
published  at  Oxford  in  1703,  after  having  told  that  he  had  sup- 
plied the  defects  of  the  Greek  text  of  the  Data  in  innumerable 
places  Irom  several  manuscripts,  and  corrected  CI.  Hardy's 
translation  by  Mr.  Beniard'a,  adds,  that  the  86th  theorem,  "  or 
proposition,"  seemed  to  be  remark^ly  vitiated,  but  which  could 
not  be  restored  by  help  of  the  manUBcriptsj  then  he  gives  three 
differcut  translations  of  it  in  Latin,  according  to  wliich,  he 
thinks,  it  may  be  read;  the  two  first  have  no  distinct  meaoiog^ 
and  the  third,  which  he  says  is  the  best,  \V»ra^  'v.  cnoiuiKKk'^ 
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true  propmuon,  which  is  the  90th  in  this  editiont  has  no  con- 
nection in  the  least  with  the  Greek  text.  And  it  is  strange  that 
Dr.  Gregory  did  not  observe^  that,  if  prop.  86  was  changed  into 
this,  the  demonstration  of  the  86th  must  be  cancelled,  and  ano- 
ther put  in  its  place:  but  the  truth  is,  both  the  enunciation  and 
the  demonstration  of  prop.  86  are  quite  entire  and  right,  only 
prop.  87,  which  is  more  simple,  ought  to  have  been  placed  be- 
fore it;  and  the  deficiency  which  the  doctor  justly  observes  to 
be  in  this  part  of  Euclid*s  Data,  and  which,  no  doubt,  is  owing 
to  the  carelessness  and  ignorance  of  the  Greek  editors,  should 
have  been  supplied,  not  by  changing  prop.  86|  which  is  both 
entire  and  necessary,  but  by  adding  the  two  propositions}  which 
are  the  88th  and  90th  in  this  edition. 


PROP.  XCVIII,  C. 

These  were  communicated  to  me  by  two  excellent  geometerst 
the  first  of  them  by  the  Right  Honourable  the  Earl  of  Sunhope, 
and  the  other  by  Dr.  Matthew  Stewart;  to  which  I  have  added 
the  demonstrations. 

Though  the  order  of  the  propositions  has  been  in  many  places 
changed  from  that  in  former  editions,  yet  this  will  be  of  little 
disadvuntage,  as  the  ancient  geometers  never  cite  the  Data,  and 
the  moderns  very  rarely. 


^'Vs  tlial  part  of  the  composition  of  a  problem  which  is  its  con- 
biniclion  may  not  be  so  readily  dcchired  from  the  analysis  by 
bej^inncrs:  for  their  sake  the  followin:^  example  is  given,  in 
which  the  derivation  of  the  several  pans  of  the  construction  from 
the  analysis  is  particularly  shown,  that  they  may  be  assisted  to 
do  the  like  in  other  problems. 

PHOBLKM. 

llavinp;  i^ivcn  the  ma.cjnilude  of  a  paralleloj^ram,  the  anj*le  ot 
which  A.BC  is  j^iven,  and  also  the  excess  of  the  square  of  its  side 
EC  above  th.c  s(|uare  of  the  side  A 13;  to  find  its  sides,  luid  de- 
scribe it. 

The  analvsis  of  this  is  tlie  same  with  the  demonsti*ation  of 
tlie  87th  prop,  of  the  Data,  aiul  the  construction  that  is  given  of 
the  problem  at  the  end  of  that  proposition  is  thus  derived  from 
The  analysis. 


>. 
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Let  EPG  be  tqaal  to  the  given  angle  ABCi  and  because 
in  the  analysis  it  is  said  that  the  ratio  of  the  rectangle  AB( 
BC  to  the  parallelogram  AC  is  given  by  the  63d  prop.  dat. 
therefore,  from  »  point  in  F£|  the  perpendicutar  EG  is  dravn 
to  ¥G,  as  the  ratio  of  FE  to  EG  so  is  the  ratio  of  the  rectangle 


zc 


r    G      L     O         H  N 


AB,  BC  10  the  parallelogram  AC  by  what  is  shown  at  the  end 
of  prop.  63.  Next)  the  magnitude  of  AC  is  exhibited  by  mak- 
ing the  rectangle  EG,  GH  equal  to  it;  and  the  given  excess 
of  the  square  of  BC  above  the  square  of  BA,  to  which  excess 
the  rectangle  CB,  BD  is  equal,  is  exhibited  by  the  rectangle  HG, 
GL:  then  in  the  analysis,  the  rectangle  AB,  BC  is  said  to  be 
given,  and  this  is  equal  to  the  rectangle  PE,  GH,  because  the 
lectangle  AB,  BC  is  to  the  pardUelognim  AC,  as  (FE  to  EG, 
that  is,  as  the  rectangle)  FE,  GH  to  EG,  GHi  and  the  paral- 
lelogram AC  is  equal  to  die  rectangle  EG,  GH,  therefore  tlie 
rcctiingle  AD,  BC,  i&  equal  to  FE,  GH:  and  consequently  the 
{■atiu  of  the  rectangle  CB,  BO,  that  is,  of  the  rectangle  HG, 
GL,  to  AB,  BC,  that  is,  of  the  straight  line  DB  to  BA,  is 
the  same  with  the  ratio  (of  the  recungle  GL,  GH  to  FE,GH, 
that  is)  of  the  straight  line  GL  to  FE,  which  ratio  of  DB  to 
BA  is  the  next  thing  sdd  to  be  given  in  the  analysis:  from 
this  it  is  plain  that  the  square  of  FE  is  to  the  square  of  GL,  as 
the  square  of  BA,  which  is  equal  to  the  rectangle  BC,  CD,  ia 
to  the  square  of  BD:  the  ratio  of  which  spaces  is  the  next 
thing  said  to  be  given:  and  from  this  it  follows  that  four  times 
the  s<)uarc  of  FE  is  to  the  square  of  GL,  as  four  times  the  rect- 
angle BC,  CD  is  to  the  square  of  BD;  and,  by  compo^tion, 
four  times  the  square  of  FE  together  with  the  squai-e  of  GL, 
is  to  the  square  of  GL,  as  four  times  the  rectangle  BC,  CD, 
together  with  the  square  of  BD,  is  to  the  square  of  BD,  that 
is  (a.  6.)  as  the  square  of  the  straight  lines  BC,  CD  taken  to- 
gether is  to  the  square  of  BD,  which  ratio  is  the  next  thing 
said  to  be  given  in  the  analysis:  and  because  four  times  the 
square  of  FE  and  the  s(]uare  of  GL  are  to  be  added  together:, 
thi-rcrorp  in  the  perpendicular  EG  t\ww.  »  XtJ^^avtSV  «s^aAV» 
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F£,  and  MG  equal  to  the  double  of  it,  because  thereby  ^^ 
squurcs  of  MCm  GL,  that  is,  joining  NIL,  the  square  of  ML 
is  equal  to  four  times  the  square  of  FE  and  to  the  square  of 
GL:  und  because  the  square  uf  ML  is  to  the  square  of  GL, 
as  the  square  of  the  strai{;ht  line  made  up  of  BC  and  CD  is  to 
the  square  of  DD,  thtMcfcrc  (23.  6.)  ML  is  to  LG,  as  BC  to- 
gether with  CD  is  to  BD;  and,  by  composition,  ML  and  LG 
together,  that  is,  i)ro(!ucing  GL  to  N,  so  that  ML  be  equal  to 
LN,  the  straight  liiie  NG  is  to  GL,  as  twice  BC  is  to  BD; 
and  by  taking  GO  cr^ual  to  the  half  of  NG,  GO  is  to  GL,a9 
BC  to  BD,  the  mtio  uf  which  is  sidd  to  be  given  in  the  analy- 
sis: und  fi-oni  this  it  follows,  that  the  rectangle  HG,  GO  is  to 
IIG,  GL,  as  the  square  of  BC  is  to  the  rectangle  CB,  BD, 
which  is  equal  to  the  rectangle  HG,  GL;  and  therefore  the 
square  of  BC  is  equal  to  the  i*ectangle  HG,  GO;  and  BC  is 
consequently  found  by  Utking  a  mean  proportional  betw^ixt  HG 
and  GO,  as  is  said  in  the  construction:  and  because  it  was 
shown  that  GO  is  to  GL,  as  BC  to  BD,  and  that  now  the 
three  first  are  found,  the  fourth  BD  is  found  by  12.  6.  It 
was  likewise  shown  that  L(v  is  to  FE,  or  GR,  as  DB  to  BA} 
and  the  thix:e  first  are  now  found,  and  thereby  the  fourth  BA. 
^lakc  tJic  angle  ABC  equal  to  EFG,  and  complete  the  inral- 
]e]ogi*am  of  which  the  sides  arc  AB,  BC,  and  the  construction 
Is  iiiiishcd;  the  rest  of  the  comiwsition  contains  the  demon- 
si  ration. 


AS  iho  propositions  from  the  ISth  to  tlie  28tlimay  be  thought 
oy  l;(  :iii:iuM-s  ti  be  less  iisctul  than  the  rest,  because  they  can- 
not sf)  r':.:<li!V  sec  iiow  thev  uro  to  he  made  Ui>e  of  in  the  sohition 
nf  proMi-ius:  on  ilus  account  the  two  following  problems  are 
.ifldccK  to  show  that  they  arc  cfiually  useful  with  the  other  pro- 
f>o^i;ioiiS,  ;nul  fr(.'m  which  it  may  ho  easily  judged  that  many 
oiher  prol)Ii'ms  deptiul  upon  the^e  propositions. 


?H01iLi:M  I. 


TO  find  thR?c  strniii;iit  lines  such,  tliat  the  ratio 
of  iho  first  to  the  second  is  given;  and  if  a  given 
straight  hne  be  taken  from  the  second,  the  ratio  of 
ihc  rcniiiPider  to  the  tliird  is  given;  also  the  rectan- 
He  comaincd  hv  the  first  and  third  is  triven. 
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Let  AB  be  the  first  stnu^ht  UnCi  CD  the  second,  and  I^r  llie 
third:  and  because  the  ratio  of  AB  to  CD  is  given,  and  that 
if  a  given  straight  tine  be  taken  from  CD,  the  ratio  of  the  re- 
mainder to  EF  is  given;  therefore  ■  the  excess  of  the  6rst  ABa21.<i.it. 
shove  a  g;ivcn  straight  line  has  a  given  ratio  to  the  third  EF: 
let  BH  be  that  given  straight  line;  therefore  All,  the  excess 
of  AB  above  it,  has  a  given  ratio  to  EF;  and 

conMquentljr  >>  the  rectangle  BA,  AH,  has  a      A  II     B    b  1.& 

given  ratio  to  the  rectangle  AB,  El*',  ivhich         ■    ■■■—  — ] 
last  rectangle   is   given  by  the  hypothesis;      ,,         r      n 
therefore  '  the  rectangle  BA,  AH  is  given,  7  "  2-  ^^■ 

andBH  the  excess  of  its  sides  is  given;  where-  ' 

fore  the  sides  AB,  AM  are  given  <>:  and  be-      E         F  d  S5.  itat. 

cause  the  ratios  of  AB  to  CD,  and  of  AH  to     

EF  are  pven,  CD  and  EF  are' given.  _     N  M  L     O 

— ^-I'-i — 

The  ComfloiiiioH. 

Let  the  given  ratio  of  KL  to  KM  be  that  which  AB  isreiiuii^ 
ed  to  have  to  CD;  and  let  DO  be  tlie  given  straight  line  which 
is  to  be  taken  from  CD,  and  let  the  given  ratio  of  KM  to  KN  be 
that  which  the  remainder  must  have  to  EF;  also  let  the  i;ivcii 
rectangle  NK,  KO  be  that  to  ivhich  the  rectangle  .\B,  EF  is  re- 
(juired  to  be  equali  find  the  given  straight  line  BH  which  is  to 
be  taken  from  AB,  which  is  done,  as  plainly  appears  from  prop. 
24,  dat.  by  making  as  KM  to  KL,  so  GD  to  HB.  To  the  given 
straight  line  BH  apply  ■>  a  rectangle  equal  to  LK,  KO  exceedinge  29.  6. 
by  a  square,  and  let  BA,  AH  be  Its  sides:  then  is  AB  the  first 
t£  the  straight  lines  required  to  be  found,  and  by  making  as  LK 
to  KM,  so  AB  lu  DC,  DC  will  be  the  second:  and  lastly,  moke 
as  KM  to  KN,  so  CO  to  EF,  and  EF  is  the  third. 

For  as  AB  to  CD,  so  is  HB  to  UD,  each  of  these  ratios  bein^ 
the  same  with  the  ratio  of  LK  to  KM;  therefore  f  AH  is  to  CG.f  19.  i. 
as  (AB  to  CO,  that  is,  as)  LK  to  KM;  and  as  CG  to  EF,  so  is 
KM  to  KN;  wherefore,  ex  xquuli,  as  AH  to  EF,  so  is  LK  to 
KN:  and  as  the  rectangle  BA,  AH  to  the  rectargle  DA,  EF,  so 
is  E  the  rectangle  LK,  KO  to  the  rectangle  KN,  KO:  and  by  thcK  1'  6. 
construction,  the  rectangle  BA,  AH  is  equal  to  LK,  KO:  there* 
fore  *>  the  rectangle  AB,  EF  is  equal  to  the  given  rectangle  NK,h  14.  .>. 
KO:  and  AB  has  to  CD  the  given  ratio  of  KL  to  KM;  and  from 
CD  the  given  straight  line  GD  being  taken,  the  remainder  CG 
has  to  EF  the  given  ratio  of  KM  to  KN.  Q-  E.  D. 
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PROB.  II. 


TO  find  three  straight  lines  such,  tliat  tlic  ratio  of 
the  first  to  the  second  is  given;  and  if  a  ^ven  straight 
line  be  taken  from  the  second,  the  ratio  of  the  re- 
mainder to  the  third  is  given;  also  the  sum  of  the 
squares  of  the  first  and  third  is  given. 

Let  AB  be  the  first  strai(i;ht  line,  BC  the  second,  and  BD  tlic 
ihiixl:  and  because  the  ratio  of  AB  to  BC  is  given,  and  that  if 
a  given  siraijirht  line  be  taken  from  BC,  the  ratio  of  the  remain- 
u  '2i.  clat.   der  to  BD  is  given;  therefore  ^  the  excess  of  the  first  AB  above 
a  given  straight  line,  has  a  given  ratio  to  the  third  BD:  let  A£ 
be  that  given  straight  line,  thci*cfore  the  remainder  EB  has  a 
given  ratio  to  BD:  let  BD  be  placed  at  right  angles  to  £B,  and 
h44.ilat.    juin  DK;  then  the  triangle  EBD  is  ^  given  in  species;  where- 
fore the  angle  BED  is  given:  let  AE,  which  is  given  in  magni- 
ttidc,  be  given  also  in  position,  as  also  the  point  £,  and  the 
c32.  dat.    straight  line  ED  will  be  given  ^  in  position:  join  AD,  and  be- 
d  47. 1.      cause  the  siun  of  the  squares  of  AB,  BD,  that  is  <>,  the  square 
of  AD  is  given,  therefore  the  straight  line  AD  is  given  in  mag- 
c  34.  clat.    niludc;  and  it  is  also  given  *=  in  position,  bcciiuse  from  the  given 
point  A  it  is  drawn  lo  the  slrai:jrhl  line  Kl)  i^ivcn  in  posilioh: 
ihercfor*'  the  point  1),  in  which  the  two  btrai^ht  lines  AD,  KD 
tjS.  lilt.     Ki^'**'^  "^  poNJtion  cul  one  iinoilwr,  is  ^ivcn  *:  and  the  strai^hi 
i;:  ov>.  (l:it.   line  DB  wliii  h  is  at  rijrht  ans^les  to  AB  is  j;ivcn  x  in  position,  and 
AB  is  t;iven  in  position,  therefore  ^  ihc  point  B  is  given:  and  the 
ii  29.  <l;it.   points  A,  1)  are  given,  wlieiefore  '»  the  straight  lines  A 15,  BD  ure 
I  J.  vlat.      i'^iven:  and  liio  ratio  of  AB  to  BC  is  given,  and  therefore  »  BC 
is  given. 

77i •'  C.:tf!/if),;ifijri. 

Let  the  .e:iven  ratio  of  I'G  to  (ill  be  thai  wliich  AB  is  requir- 
ed lo  havr  to  1U\  and  lei  UK  be  the  i^ivcn  straight  lint 
V.  hich  is  to  hi-  taken  from  BC,  anil  let  the  ratio  which  the  re- 


r 


D 


«.       -. 


...  i.^i.A  „      ._. 

A  K      Ii    N  M  C  i-         (i  II  A 

i»K;inder  is  reMiiired  lo  ha\e  to   UI)   Ik:  the  givin   rjiio  of  H(I 
t)  f;L.  r.i'f!  plin'c  iiL  at  ris^ht  aiv-vJjs  to  THi  and  joir.  LF,  LH: 


EUCUD-S  DATA. 

next)  as  HG  is  to  GF,  so  make  HK  to  AE;  produce  AE  to 
N,  so  that  AK  be  the  straight  line  to  the  square  of  which  tbe 
sum  of  the  squares  of  AB,  BD  is  required  to  be  equal;  and 
make  the  angle  NED  equal  to  the  angle  GEL;  and  from  the 
centre  A  at  the  distance  AN  describe  a  circle,  and  let  its  cir- 
cumference  meet  ED  in  D,  and  draw  DB  perpendicular  to  A,N| 
and  DM)  making  the  angle  BDM  equal  to  the  angle  GLH. 
Lastlj,  produce  DM  to  C,  so  that  MC  be  equal  to  HK;  then  is 
AB  the  first,  BC  the  second,  and  BD  the  third  of  the  slrughc 
lines  that  were  to  be  found. 

For  the  triangles  EBD,  FGL,  as  also  DBM,  LGH  being  equi- 
angular, as  EB  to  BD,  so  is  EG  to  GL;  and  as  DB  to  BM,  so 
is  LG  to  GH;  therefore,  ex  sequali,  as  EB  to  BM,  so  is  (FG  to 
GH,  and  so  is)  AE  to  HK  or  MC;  wherefore*,  AB  is  to  BC,  k  11  i 
as  AE  to  HK,  that  is,  as  FG  to  GH,  that  is,  in  the  given  ratio; 
and  from  the  straight  line  BC  taking  MC,  which  is  equal  to  the 
given  straight  line  HK,  the  remainder  BM  has  to  BD  the  given 
ratio  of  HG  to  GL;  and  the  sum  of  the  squares  of  AB,  BD  is 
equal' to  the  square  of  AD  or  AN,  which  is  the  given  space,  d  47. 1 
q.  E.  D. 

I  believe  it  would  be  in  vain  to  try  lo  deduce  the  preceding 
construction  from  an  alj^ebr^cal  solution  of  the  problem. 
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LEMMA  I.  FIG.  l. 

IjET  ABC  be  &  rectilineal  angle,  if  about  thb  point  Bus  cen- 
tre, and  vith  axij  distance  BA,  a  circle  be  describedi  meeting 
BA,  OC,  the  straight  lines  inctuding  tbe  angle  ABC  in  A,  C; 
the  angle  ABC  wilt  be  to  four  right  angles,  as  the  arch  AC  to 
the  whole  circumference. 

Produce  AB  till  it  meet  the  circle  again  in  F,  and  through  B 
draw  D£  perpendicular  to  Afi,imeeting  the  circle  in  D,  E. 

By  33.  6.  Llem.  the  angle  ABC  is  to  a  right  angle  ABD,  as 
the  arch  AC  to  the  arch  AD;  and  quadrupling  the  conse- 
quents, the  angle  ABC  will  be  to  four  right  angles,  as  the 
arch  AC  to  four  times  the  arch  AD>  or  to  the  whole  circum- 
ference. 

LEMMA  II.  FIG.  2.  . 

LET  ABC  be  a  plane  rectilineal  angle  as  before:  about  B 
as  a  centre  with  any  two  distances  BD,  BA,  let  two  circles  be 
described  meeting  BA,  BC,  in  D,  E,  A,  C;  the  arch  AC  will 
be  to  the  whole  circumference  of  which  it  is  an  arch,  as  the 
arch  DE  is  to  the  whole  circumference  of  whirh  it  is  an  arch. 

By  Ltfmtna  1.  the  arch  AC  is  to  the  whole  circumference  of 
which  it  is  an  arch,  as  the  angle  ABC  is  to  four  right  angles; 
and  by  the  same  Lemma  1.  the  arch  DE  is  to  the  whole  cir- 
cumference of  which  it  is  on  arch,  as  the  angle  ABC  is  to  four 
night  angles;  therefore  the  arch  AC  is  to  the  whole  circumfe- 
rence of  which  it  is  an  arch,  as  the  arch  DE  to  the  whole  cir- 
cumference of  which  it  is  an  arch. 

DEFINITIONS.  FIG.  3. 

I. 

LET  .\BC  be  a  plane  rectilineal  angle;   if  about  B  as  a  cen^ 

tre,  with  BA  any  distance,  a  circle  ACF  be  described  meeting 

BA,  BC  in  A,  C;  the  arch  AC  is  called  the  measure  of  the 

angle  ABC. 

II. 

Tbe  circumiereDce  of  a  circle  is  supposed  to  be  divided  into 

360  equal  puts  called  degrees,  and  each  degree  into  60  eqiu^ 
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parts  called  minutes,  and  each  miimie  into  60  equal  parts  called 
jcconds,  &c.  And  aa  muny  degrees,  minmes,  seconds,  &c.  a* 
arc  conluined  in  any  arch,  of  so  many  degrees,  minutes,  se- 
conds, &c.  is  the  angle,  of  which  that  arch  is  the  measure, 
said  to  be. 
CoH.  Wlialever  be  the  radiusof  the  circle  of  which  the  measure 
of  a  given  angle  is  an  arch,  that  arch  will  cont^  the  same 
number  of  degrees,  minutes,  seconds,  Etc.  as  is  maiufcst  from 
Lemma  3. 

III. 
Lcl  AD  be  produced  till  it  meet  the  circle  again  in  F,  the  angle 
CQK,  which,  together  with  .\BC,  b  equal  lo  two  right  an- 
gles, is  called  the  Su/ifiiemcnc  of  the  angle  ADC. 

IV. 
A  straight  line  CD  drawn  iTirough  C,  one  of  the  extremities  of 

the  arch  AC  peqwndicular  upon  the  diameter  passmg  through 

the  other  exn-emity  A,  is  called  the  Sine  ofthc  arch  AC,  or 

of  the  angle  ABC,  of  which  it  is  the  measure- 
Con.  The  Sine  of  a  quadrant,  or  of  a  right  angle,  is  equal  to  the 

radium 


The  segment  DA  of  the  diameter  passing  through  A,  one  ex- 
tremity of  the  arch  AC  between  the  sine  CD,  and  that  ex- 
tremity, is  called  the  Ferted  Sine  of  the  arch  AC,  or  aogle 
ABC. 

VL 

A  stnight  line  AE  touching  the  circle  at  A,  one  extremity  of 
the  arch  AC,  and  meeting  the  diameter  BC  passing  through 
t1ie  other  extremity  C  in  £,  Is  called  the  Tangent  <»  the  arch 
AC,  or  of  the  angle  ABC. 

VU. 
The  straight  line  BE  between  the  centre  and  the  extrecnity  of 
the  tangent  AE,  is  called  the  Secant  of  the  arch  AC,  or  an- 
gle ABC.  ' 
Cor.  to  def.  4^  6,  7.  the  sine,  tangent,  and  secant  of  any  angle 
ABC,  are  UkewlBe  the  sine,  tangent,  and  secafit  of  ita  supple- 
ment CBF. 
'    It  is  manifest  from  def.  4.  that  CD  is  the  sine  of  the  angle  CBF. 
Let  CB  be  produced  tilt  it  meet  the  circle  again  in  G;  and 
It  Is  tnanifest  that  AE  is  the  tangent,  and  BE  Che  secad^ol 
the  atigle  ABG  or  EBF,  fhnn  6n.  6, 7. 
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Cor.  to  def,  4,  S,  6,  7.  The  une,  veracd  sine,  tangent,  and  se- 
cant, of  a.ny  arch  which  is  tliQ  laeasure  at  any  given  angle 
ABC)  ia  to  the  sine,  versed  sine,  tangent,  and  secant,  of  anjr 
other  arch  which  is  the  measure  of  the  same  angle,  as  the 
radius  of  the  first  is  to  the  nkdius  of  the  second. 

Let  AC,  MN  be  measure^  of  thf  angle  A3C,  according  to 
def.  1.  CD  the  dne,  DA  the  versed  sine,  AE  the  tangept 
and  BE  the  secant  of  the  arch  AC,  according  to  def.  4,  5,  6, 
7.  and  NO  the  une,  OM  the  versed  sine,  MP  the  tangent 
and  BP  the  secant  of  the  arch  MN,  according  to  the  aanie 
definitions.  Since  CD,  NO,  AE,  MP  are  parallel,  CD  is  to 
NO  as  the  radius  CB  to  the  radius  NB,  and  AE  to  MP  as 
AB  to  BM,  and  BC  or  BA  to  BD  as  BN  or  DM  to  BO;  »ik1, 
by  conversion,  DA  to  MO  as  AB  to  MB.  Hence  the  corol- 
lary is  manifest;  therefore,  if  the  radius  be  supposed  to  be 
divided  into  any  given  number  of  equal  parts,  the  sine,  verged 
sine,  tangent,  and  secant  of  any  given  angle,  will  each  contain 
a  given  number  of  these  parts;  and,  by  trigonoinetrica]  tablet, 
the  length  of  the  sine,  versed  sine,  tangent,  and  secant  of  any 
angle  may  be  found  in  parts  of  which  the  radius  contains  a 
g^ven  number;  and,  vice  versa,  a  number  expressing  ^^^  length 
of  the  sine,  versed  sine,  tangent,  and  secant  being  given,  the 
angle  of  which  it  is  the  sine,,versed  sine,  tangent,  and  aecaot 
may  be  found. 

VIII. 

The  difference  of  an  angle  from  a  right  angle  is  called  the   ^'S-  ^• 
etmfilemtnt  of  that  angle.  Thus,  if  BH  be  drawn  perpendi- 
cular to  AB,  the  angle  CBH  will  be  the  complement  of  the 
angle  ABC,  or  of  CBF. 

IX. 

I^t  HR  be  the  tangent,  CL  or  DB,  which  is  equal  to  it.  the 
ainc,  and  BK  the  secant  of  CBH,  the  complement  of  ABC, 
accordbg  to  def.  4,  6,  7.  HK  is  called  ihe  eo-iangmt,  BD  the 
«.*fee,  and  BK  the  co-«efoii(  of  the  angle  ABC.   '  , 

CoR.  I .  The  radius  is  a  mean  proportianal  between  the  tangent, 
and  co-tangent. 

For,  since  HK,  BA  are  parallel,  the  angles  H&B,  A£C  wUl 
be  equal,  and  the  angles  KHB,  BA£,  are  right;  therefore 
the  triangles  BA£,  KHB  are  similar,  and  theielbrc  AE  b  to 
AB,  as  BH  or  BA  to  HK. 
■Cor.  2.  The  radius  is  a  mean  prt^tutional  between  the  cosine 
and  secant  of  any  ang^e  ABC. 

SiBce  CD,  AE  are  panllel,  BD  U  to  BC  or  BA.  U  PA  to  «£. 
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PROP.  I.  FIG.  5. 


IN  a  right  angled  plane  triangle,  if  the  h}'pothe- 
nuse  be  made  radius,  the  sides  become  the  sines  of 
the  angles  opposite  to  them;  and  if  either  side  be 
made  radius,  the  remaining  side  is  the  tangent  of  the 
angle  opposite  to  it,  and  the  hypothenuse  the  secant 
of  the  same  angle. 

Let  ABC  be  a  right  angled  triangle;  if  the  hypothenuse  BC 
be  made  radius,  either  of  the  sides  AC  v^ill  be  the  sine  of  the 
angle  ABC  opposite  to  it;  and  if  either  side  BA  be  made  ra- 
dius, the  other  side  AC  will  be  the  tangent  of  the  angle  ABC 
opposite  to  it,  and  the  hypothenuse  BC  the  secant  of  the  saine 
angle. 

About  B  as  a  centre,  with  BC,  BA  for  distances,  let  two  circles 
CD,  £A  be  described,  meeting  BA,  BC  in  D»  E:  since  CAB  a 
a  right  angle,  BC  being  radius,  AC  is  the  sine  of  the  angk 
ABC  by  def.  4.  and  BA  being  radius,  AC  is  the  tangent,  and 
BC  the  secant  of  the  ang^le  ABC,  by  def.  6,  7. 

CoR.  I.  Of  the  hypothenube  a  side  and  an  anj^^Ie  of  a  righ! 
angled  triangle,  any  two  being  given,  the  third  is  also  ^iven. 

Cor.  2.  Of  the  two  sides  and  aii  angle  of  a  right  angled  triaDgk. 
any  two  being  given,  the  tliird  is  also  given. 

PROP.  II.  FIG.  6,  7. 

THE  sides  of  a  plane  triangle  are  to  one  anotkr| 
as  the  sines  of  the  angles  opposite  to  them. 

In  right  angled  triangles,  this  prop,  is  manifest  from  propti 
for  if  the  hypothenuse  be  made  radius,  the  sides  are  the  sinesrf 
the  angles  opposite  to  them,  aiid  the  radius  is  the  sine  of  urigkj 
angle  (cor.  to  def.  4.)  which  is  opposite  to  the  hypothenuse.     L 

In  any  oblique  angled  triangle  ABC,  any  two  sides  AB..ACI  ^'' 
will  be  to  one  another  as  the  sines  of  the  angles   ACB  AXi 
which  are  opposite  to  them. 

Irom  C,  B  draw  CE,  BD  perpendicular  upon   the 
sides  AB,  AC  produced,  if  need   be.    Since    CEB    CDB 
right  angles,  BC  l)cing  radius,  C:E  is  the  sine  of  the  angled 
and  BD  the  sine  oi  the  angle  A(  h;  hut  the  two  triauKJesf^ 
DAB  have   euch  a  right  angle  at    D  and   E;  and   iikewf> 
common  angle  CAB;  thereiore  they  arc   sinii||irv  and  \ 
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quentljr,  CA  U  to  AB,  as  CE  to  DB;  that  u,  tho  sides  are  ai 

Uie  sines  of  the  angles  opposite  to  them.     ■^ 

Cob.  Hence  of  two  aides,  and  two  angles  opposite  to  them, 
in  a  plane  triangle,  any  three  being  given,  the  fourth  is  also 
given. 


PROP.  in.  FIG.  8. 

In  a  pl^nc  triangle,  the  sum  of  any  two  sides  is  to 
their  difference,  as  the  tangent  of  half  the  sum  of  the 
angles  at  the  base,  to  the  tangent  of  half  their  dif- 
ference. 

Let  ABC  be  a  plane  triangle,  the  sum  of  any  two  aides,  AB, 
AC  will  be  to  their  difference  as  the  tangent  of  half  the  sum  of 
the  angles  at  the  base  ABC,  ACB  to  the  tangent  of  half  their 
^fierence. 

About  A  as  a  centre,  with  AB  the  greater  side  for  a  distance, 
let  a  circle  be  described,  meeting  AC  produced  in  E,  F,  and 
BC  in  D;  join  DA,  £B,  FB;  and  draw  FG  parallel  to  BC, 
meeting  EB  in  G. 

The'angle  E.^B  (33.   1.)  is  equi#  to  the  sum  of  the  angles 

St  the  base,  and  the  angle  EFB  at  the  circumference  is  equal 

to  the  half  of  EAB  at  the  centre  (30.  3.);  therefore  EFB  is 

half  the   sum  of  the  angles  at  the  base;  but  the  angle  ACB 

(33.  1.)  is  equal  to  the  angles    CAD  and  ADC,  or  ABC   to- 

gether;  therefore  FAD  is  the  difference  of  the  angles  at  the 

base,  and  FBD  at  the  circumference,  or  BFG,  on  account  of  the 

parallels  FG,  BD,  is  the  half  of  that  difference;  but  since  the 

'•ngle  EBF  in  a  semicircle  is  a  right  angle  (1.  of  this)  FB  being 

ndiui,  BE,  BG,  are  the  tangents  of  the  angles  EFB,  BFG;  but 

'-  ^it  is  manifest  that  EC  is  the  sum  of  the  sides  BA  AC,  and  CF 

^^leir  difference;  and  since  BC  FG  are  parallel  (2.  6.)  EC  is  to 

^KF,  as  EB  to  BG;  that  is,  the  sum  of  the  sides  is  to  their  dlf- 

^nrence,  as  the  tangent  of  half  the  sum  of  the  angles  at  the  base 

s^Ji  the  tangent  of  half  their  difference. 


3  ■ 


PROP.  IV.  FIG.  18. 


IN  any  plane  triangle  BAC,  whose  two  sides  are  BA, 

^,  and  base  BC,  the  less  of  the  two  sides  which 

'  BA,  is  to  the  greater  AC  as  the  radius  is  to 

^of  an  ang^e,  and  the  radius  is  to  the  tan- 
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gent  of  th?  excess  of  this  angle  above  half  a  right 
angle  as  the  tangent  of  half  the  sum  of  the  angles  B 
and  C  at  the  base,  is  to  the  tangent  of  half  their  dif- 
ference. 

At  the  point  A,  draw  the  straight  line  £AD  perpendicular 
to  DA;  make  AE?  AF,  each  equal  to  AB,  and  AD  to  AC; 
join  BE,  BF,  BD,  and  from  D  draw  OG  perpendicular  upon 
BF.  And  because  BA  is  at  right  angles  to  EF,  and  EA,  AB, 
AF  are  equal,  each  of  the  angles  EBA  ABF  is  half  a  right 
angle,  and  the  whole  EBF  is  a  right  angle;  also  (4.  I.  £1.}  £B 
is  equal  to  BF.  And  since  EBF,  FGO  are  right  angles,  £B  is 
parallel  to  GI),  and  the  triangles  EBF^  FGD  are  similar; 
tiierefurc  EB  is  to  BF  as  DG  to  CrF,  and  EB  being  equal  to 
BF,  FCi  must  be  equal  to  GD.  And  because  BAD  is  a  right 
angle,  BA  the  less  side  is  to  AD  or  AC  the  greater,  as  the  ra- 
dius is  to  the  tangent  of  the  angle  ABD;  and  because  BGD  is 
a  right  angle,  BG  is  to  GD  or  GF  as  the  radius  is  to  the  tan- 
gent of  GBD,  which  is  the  excess  of  the  angle  ABD  above 
ABF  half  a  right  angle.  But  because  EB  is  parallel  to  GD,  BG 
is  to  GF  as  ED  is  to  DF,  that  is,  since  ED  is  the  sum  of  the 
sides  BA,  AC  and  FD  their  difference  (3.  of  this),  as  the  tan- 
jrcnt  of  half  the  sum  of  th^  angles  B,  C,  at  the  base  to  the  ud- 
j:tMit  oi  luiir  ihcir  difterer.Cf.  Therefore,  in  anv  plane  irioi'  -ic 

&c.  y.  i:.  D. 


PROP.  V.  riG.  y.  I'j, 

IN  any  triaiij^lc,  t\\ kc  iIk  rcciangio  C(^ntaint-d  bv 
any  two  sides  is  to  the  dift'crcnce  of  the  sum  of  the 
stiuairs  of  iIksc  l\^  o  ^idcs,  and  the  stjuarc  of  the  base 
as  ihc  radius  is  to  the  co-sinc  of  die  angle  included 
hv  the  two  ^idcs. 

* 

Lot  ABC  be  a  plane  tiiuii{»Ic,  luire  i!:e  lecuncle  ABC  v-o> 
tainivl  oy  a'.iy  tA%o  >uio>  15 A.  HC"  i?  to  ilic  diTTtrcr.ce  of  ihc  s'-in 
of  liu'  >vjiuirt>  of  HA.  BC.  .-.ud  :iic  stjUaiv  cf '.'le  ixise  AC-  t 
;hc  :.;iai:"^  to  ihe  io-<li;e  (.f  ::.c  ;ii)*:le  AbC. 

FrvMii  A,  ^Irau  AD  pei-j»eriLicular  u^K«n  :he  cppOiiie  <ide  Bl. 
then  ^l>y  l-.\  and  1;>.  2.  Ei/  ihe  ditTerence  of  ;he  sum  c:":* 
>i]ii-rcs  of  AB.  BC,  and  the  square  of  the  b^se  AC.  is  e-v.:J» 
twice  :nc  rcci.nirlc  CBD;  but  twice  the  recun.ijlc  CB\  isS 
twice  the  rectan^  CBD;  that  is,  to  the  difference  of  ih*  sur 
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of  the  squares  of  AB,  BCt  and  the  square  of  AC,  (1-  ^j)  ^  AB 
to  fiD;  that  is,  by  prop.  1.  as  radius  to  the  sine  of  BAD,  which 
is  the  complement  of  the  angle  ABC,  that  is,  as  radius  to  the 
cosine  of  ABC. 

PROP.  VI.  FIG.  11. 

IN  any  triangle  ABC,  whose  two  sides  are  AB, 
AC,  and  base  BC,  the  rectangle  contained  by  half 
the  perimeter,  and  the  excess  of  it  above  the  base 
BC,  is  to  the  rectangle  contained  by  the  straight  lines 
by  which  the  half  of  the  perimeter  exceeds  the  other 
two  sides  AB,  AC,  as  the  square  of  the  radius  is  to 
the  square  of  the  tangent  of  half  the  angle  BAC  oppo- 
site to  the  base. 

Let  the  angles  BAC,  ABC  be  bisected  by  the  straight  lines 
AG,  BG;  and  producing  the  side  AB,  let  the  exterior  angle 
CBH  be  bisected  by  the  straight  line  BK,  meeting  AG  in  K; 
and  from  ihe  points  G,  K,  let  there  be  drawn  perpendicular 
upon  the  sides  the  straight  lines  GD,  G£,  GF,  Kil,  KL, 
KM.  Since  therefore  (4.  4.)  G  is  the  centre  of  (he  circle  in- 
scribed in  the  triangle  ABC,  GD,  GF,  GE  will  be  equal,  and 
AD  will  be  equ»l  to  AE,  BD  to  BF,  and  CE  to  CF.  In  like 
immner  KH,  KL,  KM  will  be  equal,  and  BH  will  be  equal 
to  BM,  and  AH  to  AL,  because  the  angles  HBM,  HAL  are  bi- 
sected by  the  straight  lines  BR,  KA;  and  because  in  the  tri- 
angles KCL,  KCM,  the  sides  LK,  KM  are  equal,  KC  is  com- 
mon and  KLC.  KMC  are  right  angles,  CL  nill  be  equal  to 
CM:  since  therefore  BM  is  equal  to  BH,  and  CM  lo  CL; 
BC  will  be  equal  to  BH  and  CL  together;  and,  tidiliiig  AB 
and  AC  together,  AB,  AC,  and  BC  will  logetliei-  be  eciual 
to  AH  and  AL  together:  but  AH,  AL  are  equal:  wherefore 
each  of  them  is  equal  to  half  the  perimeter  of  the  triangle 
ABCi  but  since  AD,  AE  are  equal,  and  BD,  BF,  and  also 
CE,  CF,  AB  together  with  FC,  will  be  equal  lo  half  the  pe- 
rimeter of  the  triangle  to  which  AH  or  AL  wcs  shewn  to  be 
equal;  taking  away  therefore  the  common  AB,  the  remain- 
der FC  will  be  equal  to  the  remainder  BH:  in  the  aame  man- 
ner ii  is  demonstrated,  thuc  BF  is  ec|ual  to  CL:  and  since  the 
pcnnta  B,  D,  G,  F,  are  in  a  circle,  the  angle  DGF  will  be  equal 
to  the  exterior  and  opposite  angle  FBH,  (23.  3.J;  where- 
Ibre  their  halves  BCD,  HBK  will  be  equal  to  one  another: 
fte' right  angled  triangles  BGD,  HBK,  will  therefore  be 
«()uiii]^Ur,  and  GD-  will  be  to  BD,  as  BH  to  HK,  and  the 
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rccungic  containu-d  by  GD,  HK  will  be  equal  to  the  recutDgl« 
DBH  or  AFC:  but  since  AH  is  to  HK..  as  AD  to  DG.  the 
rectangle  HAD  (23.  6.)  will  be  to  the  rectangle  contained  by 
HK,  DG,  or  the  rectangle  BFC,  (as  the  square  of  AD  is  to 
the  square  of  DG,  that  in)  as  the  square  of  the  radius  to  the 
aquure  of  the  tangent  of  the  angle  DAG,  that  is,  the  half  of 
BAC:  but  HA  is  half  the  perimeter  of  the  triangle  ABC,  and 
AD  is  the  excess  of  the  same  above  HD.  that  is,  above  the 
base  BC;  but  BF  or  CL  ia  the  excess  of  HA  or  AL  above  the 
side  AC,  and  FC,  or  HB,  ts  the  excess  of  the  same  HA  abo*e 
the  side  AB;  therefore  the  rectangle  contained  by  half  the  pe- 
rimeter, anil  tite  excess  of  the  same  above  the  base,  viz.  the 
rectangle  HAD,  is  to  the  rectangle  contained  by  the  sirMgbt 
lines  by  which  the  half  of  the  perimeter  exceeds  the  other  two 
sides,  that  is,  the  rectangle  BFC,  as  the  square  of  the  radius 
is  to  the  square  of  the  tangent  of  half  tlie  angle  BAC  opposite 
to  the  base.  Q.  £.  D. 


PROF.  VII.  FIG.  12,  13. 

IN  a  plane  triangle^  the  base  is  to  t}ie  sum  of  the 
sides,  as  the  difference  of  the  sides  is  to  the  sum  oc 
difference  of  the  segments  of  the  base  made  by  the 
perpendicular  upon  it  from  the  vertex,  acconiing 
as  the  square  of  the  greater  side  is  greater  or  less 
than  the  sum  of  the  squares  of  the  lesser  side  and 
the  base. 

-  Let  ABC  be  a  plane  triangle;  if  from  A  the  venex  be  dmni 
a  stmight  line  AD  perpend iculai-  upon  the  bhse.  BC,  the  bue 
BC  will  be  to  the  sum  of  the  udes  BA,  AC,  as  the  dlfilerence 
of  the  same  sides  is  to  the  sum  or  difference  of  the  segnnenti 
CD,  BD,  according  as  the  square  of  AC  the  greater  side  is 
greater  or  less  than  the  sum  of  the  squares-  of  the  lesser  side 
AB,  and  the  base  BC. 

About  A  as  a  centre,  with  AC  the  greater  side  for  a  dis- 
tance, let  a  circle  be  described  meeting  AB  produced  in  E, 
F,  and  CB  in  G:  it  is  manifest  that  FB  is  the  sura,  and  BE 
the  di (Terence  of  the  sides;  and  since  AD  is  perpendicular  to 
GO,  GD  CD  will  be  equal;  consequently  GB  will  be  equal  to 
the  sum  or  difference  of  the  segments  CD,  BD,  according  as  the 
perpendicular  AD  meets  the  base,  or  the  base  produced;  that 
is,  (by  conv.  13,  and  13.  2.)  according  as  the  square  of  AC  is 
greater  or  less  than  the  sum  of  the  squares  of  AB,  BC:  but  (by 
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3s.  3.)  the  rectangle  CBG  is  equal  to  the  rectangle  EBF;  that 
is,  (16.  6.)  BC  is  to  BF,  as  BF.  is  to  BG;  that  is,  the  base  is  to 
the  sum  of  the  sides,  as  the  difference  of  the  sides  is  to  the  sum 
or  difference  of  the  segments  of  the  base  made  by  the  perpendi- 
cular from  the  vertex,  according  as  the  square  of  the  greater  side 
is  greater  or  less  than  the  sum  of  tho  squares  of  the  lesser  side 
and  the  base.  Q.  £.  D. 


PROP.  VIII.  PROB.  FIG.  14. 

The  sum  and  difiference  of  two  magnitudes  being 
given,  to  find  them. 

Half  the  given  sum  added  to  half  the  given  difference,  will 
be  the  greater,  and  half  the  difference  subtracted  from  ha^  the'^ 
■um,  will  be  the  less. 

For,  let  AB  be  the  given  sum,  AC  the  greater,  and  DC  the 
less.  Let  AD  be  half  the  given  sum;  and  to  AD,  DB,  which 
are  enuA,  let  DC  be  added,  then  AC  will  be  equal  to  BD, 
and  DC  together;  that  is,  to  BC,  and  twice  DC;  consequent- 
ly  twice  DC  is  the  difference,  and  DC  half  that  difference; 
but  AC  the  greater  is  equal  to  AD,  DC;  that  is,  to  half  the 
sum  added  to  half  the  difference,  and  BC  the  less  is  equal  to 
the  excessof  BD,  half  the  sum  above  DC  half  the  difference. 
Q.  E.  D. 

SCHOUUM.. 

Of  the  six  parts  of  a  plane  triangle  (the  three  udes  arid  three 
■nglea)  any  three  being  given,  to  find  the  other  three  is  the  bu- 
siness of  plane  trigonometry;  and  the  several  cases  of  that  prob- 
lem may  be  resolved  by  means  of  the  preceding  propositions,  as 
in  the  two  ibilowing,  with  the  tables  annexed.  In  these,  the  solu- 
tion is  expressed  by  a  fourth  proportional  to  three  given  lines; 
but  if  the  given  parts  be  expressed  by  numbers  from  trigono- 
metrical tables,  it  may  be  obtained  arithmetically  by  the  c 
Rule  of  Three. 


^Me.  In  the  tables  the  following' abbreviBtioni  arc  used.  R  Is  put  for  the 
Bailiu*i  T  for  Tui|tenti  and  S  for  Sine.  Dcgrei'i,  minute*,  lecondi,  Sw. 
are  written  in  this  mannen  30^  3S  13",  he.  whichfignlfics  30deETee*,35 
minutes,  13  seeonda,  &c. 
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SOLUTION    OF    THIi    CASES    0>    BIGHT    ASGLF.D    TRI  AITOI-Ek. 

GENERAL  PROPOSITION. 

IN  a  right  angled  triangle,  of  the  three  sides  and 
three  angles,  any  two  Ixing  given  besides  the  right 
angle,  die  other  diree  may  be  found,  except  when  the 
two  acute  angles  are  given,  in  which  case  the  ratios 
of  the  sides  are  only  given,  being  the  same  with  the 
ratios  of  the  sines  of  the  angles  opposite  to  them. 

h  is  iiianirest  from  47.  1 .  that  of  tlie  two  sides  antl  hypothe- 
Dusc  If  any  two  be  given,  the  tbird  may  also  be  found.  It  is  aiso 
munifest  from  33.  1.  that  if  one  of  the  acute  angles  of  a  right- 
angled  t:'ian);le  l>c  given,  the  other  is  also  given,  ibr  it  it  die 
coinplemcnt  of  the  former  Ko  a  right  angle. 

If  (wu  uD^lca  of  any  triangle  be  given,  the  third  is  also  given, 
being  the  siip|tlcment  of  the  two  given  angles  to  two  right 
angles. 

The  other  cases  may  be  resolved  by  help  of  the  preceding 
propositions,  as  in  the  following  table: 


Two  sides,  Afi 
AC. 

The   an. 
glesB.C. 

AB  :  AC  !  :  R  :  T,  B.  of 

which  C  is  the  complement. 

AB,BC,a  side  and 
the  hypothenuse. 

The  an. 
gles  B,  C. 

BC  :  BA  :  :   R   !   S,  C,  of 
which  B  is  the  complement. 

AB,  B,asideand 
an  angle. 

The  othet 

side  AC. 

R  :  T,B::  BA  :  AC. 

ABandB,aside 
and  an  angle. 

The  hy- 
pothentise 

S,  C  :  R  :  :  BA  :  BC. 

BC  and  B,  the 

hypothenuse    and 
an  angle. 

The  side 
AC. 

R  :  S,  B  :  :  BC  :  CA. 

These  five  cases  are  resolved  by  prop.  1 . 
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SOLUTIOH   OT  THE  CASES  OF   OBLIQUE   AHQLZD   TBIANOLB8. 

GENERAL  PROPOSITION. 

In  an  oblique  angled  triangle,  of  the  three  sidea 
and  three  angles,  any  three  bejng  riven,  the  other 
three  may  be  found,  except  when  me  three  angles 
are  given;  in  which  case  the  ratios  of  the  sides,  are 
only  given,  being  the  same  with  the  ratios  <^  the 
sines  of  the  angles  c^posite  to  them. 


A,  B,  and  there- 
fore C,siidthe  side 
AB. 


BC,AC. 


S,  C  :  S,  A  : 

Mid  also,  S,  C  : 
;  AC.  (9.) 


AB,  ACandB, 

two  sides  and  an 
.gle  oppoute  to 
one  of  them. 


Th« 
gles  A  and 


AC  :  AB  :  :  S,  B  :  S,  C. 
(3.)  This  case  admits  of  two 
solutions;  forC  may  be  great- 
er or  less  than  a  quadrant. 
(Cor.  to  def.  4.) 


AB,  AC,  and  A, 
two  sides  and  the 
mcluded  angle. 


The  an- 
gles B  and 


AB+AC  :  AB— AC  :  t  T, 
C+B;  T,  C— B  :  3.  the  sum 

anddi£Ferenceof  the  angles  C, 
B  being  given,  eiichof  them  is 
given .  (7.1  OfAfTOTM.  Fig,  18 
BA  :  AC  !  ;  R  :  J ,  ABC, 
and  also  R  :  T,  ABC — *&<• 
'  T»  B+C  :T,  B— C  ;  (4.) 

therefore  B  and  C  are  giren 
as  before.  (7.) 
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iiDgle*. 


a  ACxCB:.\C./+CB?— 
ABg:  :  R:  Co  S.  C.  If  ABy 
+CB?  be  greater  than  AB?. 
Fig.  16. 

3  ACXCB  !  Ali7— ACv 
—CB?  :  :  R  :  Co  b,  C.  If 
ABp  be  greater  than  ACy+ 
CB?.  Fig.  17.(4.) 

Olhrrvine. 

Let  AB4-BC+AC=3  P. 

PxP—  AB  :  F  — AC  X 

P— UC  ! ;  Rj  :  Tf,  J  C,  and 
hence  C  ia  known.  (5.) 
Oihrrwitr. 
Let  AD  be  perpendicular 
to  BC.  I.  If  AB?  be  less 
than  ACy+CBj.  Fig.  16. 
BC  :  BA+AC  :  <  BA— AC 
:  BD— DC,  and  BC  the  sum 
nf  BD,  DC  is  given;  there- 
fore each  of  them  is  given. 

2.  If  AB?  be  greater  than 
AC?+CB?.  Fig.  17.  BC  ; 
BA+AC  :  !  BA— AC  :  BD 
-f  DC;  and  BC  ihe  djfi'erence 
of  BD,  DC  is  given,  there- 
fore each  of  them  ia  given. 

And  CA  i  CD  :  :  R  :  Co 
S,  C.(l.)  and  C  being  found, 
A  and  fi  are  found  by  case 
2.  or  3. 
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DEFINITIONS. 

I. 

1  HE  pole  of  a  circle  of  the  sphere  is  a  point  in  the  superficies 
of  the  spherct  from  wliich  all  straight  lines  drawn  to  the  cir- 
cumference of  the  circle  are  equal. 

II. 

A  great  circle  of  the  sphere  is  any  whose  plane  passes  through 
the  centre  of  the  sphere,  and  whose  centre  therefore  is  the 
same  with  that  of  the  sphere. 
III. 

A  spherical  triangle  is  a  figure  upon  the  superficies  of  a  sphere 
comprehended  by  three  arches  of  three  great  circles,  each  of 
which  is  less  than  a  senucircle. 
IV. 

A  spherical  angle  is  that  which  on  the  superficies  of  a  sphere  is 
contained  by  two  arches  of  great  circles,  and  is  the  same  with 
the  inclination  of  the  planes  of  these  great  circles. 

PROP.  I. 
GREAT  circles  bisect  one  another. 

As  they  have  a  common  centre  their  common  secti<si  will  be 
a  diameter  of  each  which  will  bisect  them. 

PROP.  II.  FIG.  1. 
THE  arch  of  a  great  circle  betwixt  the  pole  and 
the  circumference  of  another  is  a  quadrant. 

Let  ABC  be  a  great  circle,  and  D  its  pole;  if  a  wt«t  circle 
DC  pass  through  D,  and  meet  ABC  in  C,  the  arch  DC  will  be 
a  quEidrant. 

Let  the  great  circle  CD  meet  ABC  again  in  A*  and  let  AC 
be  the  conimon  section  of  the  great  circles^  which  will  p«ss 
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through  E  the  ccnii-e  of  the  sphere:  join  DE,  DA,  DC:  by 
def.  1.  DA,  DC  are  equal,  and  AE,  EC  are  also  equal,  and  DE 
is  common;  therefore  (8,  \.)  the  angles  DEA,  DEC  are  equal; 
wherefore  the  arches  DA,  13C  are  equal,  and  conswiuently  each 
of  them  is  a  quadmnt.  Q.  E.  D. 


PHOP.iU.  FIG.  5. 

IF  a  great  circle  be  described  meeting  two  great 
circles  AB,  AC  passing  through  its  pole  A  in  B,  C, 
the  angle  at  llie  ccnti-e  of  the  sphere  upon  the  circum^ 
ference  BC,  is  the  same  with  the  spherical  angle 
BAC:,  and  tlie  arch  BC  is  called  the  measure  of  the 
spherical  angle  BAC, 

Let  the  planes  of  ihe  great  circles  AB,  AC  intersect  one  an- 
other in  the  straight  line  AD  passing  through  D  their  common 
centre;  join  DB,  DC. 

Since  A  is  the  pole  of  BC,  AB,  AC  will  be  quadrants,  and 
the  angles  ADB,  ADC  right  angles;  therefore (6.  def.  li.)  the 
angle  CDB  is  the  inclination  of  the  planes  of  the  circles  AB, 
AC;  ihai  is.  (def.  4.]  the  sphtrka!  an^lc  IJAC.  Q.  E.  D. 

CoR.  If  through  the  point  A,  two  quadrants  AB,  AC  be 
drawn,  the  point  A  will  be  the  pole  of  the  great  circle  BC,  pas- 
ung  through  their  extremities  B,  C. 

Join  AC,  and  draw  AE  a  straight  line  to  any  other  point  E  ia 
BC;  join  DE:  since  AC,  AB  ure  quadrants  the  angles  ADB, 
ADC  arc  ri;;ht  angles,  and  AD  will  be  perpendicular  to  the 
plane  of  BC:  therefore  the  angle  AD£  is  a  right  angle,  and 
AD,  DC  are  equal  to  AD,  DE,  each  to  each;  therefore  AE,  AC 
are  equal,  and  A  is  the  pole  of  BC,  by  def.  1 .  Q.  E.  D. 


PROP.  IV.  FIG.  3. 

IN  isosceles  spherical  trian^es,  the  angles  at  the 
base  are  equal. 

Let  ABC  be  an  isosceles  triangle,  and  AC,  CB  the  equal  sideaj 
the  angles  BAC,  ABC,  at  the  base  AB,  are  equal. 

Let  D  be  the  centre  uf  the  sphere,  and  join  DA,  OB, 
DC;  in  DA  take  uny  poim  E,  from  which  draw,  in  the  plane 
ADC,  the  straight  line  EF  at  right  aoglea  to  ED  meeting  CD   , 
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in  F,  ftnd  draw,  in  the  plane  ADB,  EG  at  right  angles  to  the 
nine  ED;  thereforer  the  rectilineal  angle  PEG  is  (6.  def.  11.) 
the  inclination  of  the  planes  ADC,  ADB,  and  therefore  is 
the  same  with  the  spheric&l  angle  BAG:  from  F  dnw  PH 
.perpendicular  to  DB,  and  from  H  draw,  in  the  plane  ADB, 
the  straight  line  HG  at  right  angles  to  HD  meeting  EG  ini 
G,  and  join  GF.  Because  DE  is  at  right  angles  to  EF  and 
EG,  it  is  per]>endicuUr  to  the  plane  PEG,  (4.  1 1 .)  and  there- 
fore  the  plane  PEG,  is  perpendicular  td  the  plane  ADB,  id 
which  DE  is:  (18.  11.)  in  the  same  manner  the  plane  PHG  , 
ia  perpendicular  to  the  plane  ADB;  and  therefore  GF  the 
eommoQ  section  of  the  planes  FEG,  PHG  is  perpendicular 
to  ^e  plane  ADB;  (19.  II.)  and  because  the  angle  FHG  is 
the  inclination  of  the  planes  BDC,  BDA,  it  isj^e  same  with 
the  spberical  angle  ABC;  and  the  sides  AC,  CB  of  the  sphe- 
rical triangle  being  equal,  the  angles  EDF,  HDP,  which  stand 
upon  them  at  the  centre  of  the  sphere,  are  equal;  and  in  the 
triangles  EDF,  HDP,  the  side  DP  is  common,  and  the  angles 
DEP,  DHF  are  right  angles;  thercibre  EF,  FU  are  equal;  and 
in  the  triangles  PEC,  FHG  the  side  GF  is  common,  and  the 
sides  EG,  GH  will  be  equal  by  the  47. 1,  and  therefore  the  angle 
FEG  is  equal  to  FHG;  (8.  1 .)  that  is,  the  spherical  aiigle  BAC 
is  equal  to  the  spherical  angle  ABC. 


PROP.  V.  FIG.  3. 

IF;  in  a  spherical  triangle  ABC,  two  of  the  aisles 
3AC,  ABC  be  equal,  the  sides  BC,  AC  opposite 
to  them,  are  equal. 

Read  the  construction  and  demonstration  of  thf  preceding 
proposition,  unto  the  words  "  and  the  sides  AC.  CB,"  Gcc.  and 
the  rest  of  the  demonstration  will  be  as  ibllows,  viz. 

And  the  spherical  angles  BAC,  ABC,  being  equal,  the  re^- 
lineal  angles  FEG,  FHG,  which  are  the  same  with  them,  are 
equal;  and  in  the  triangles  PGE,  PGH  the  angles  atG  are 
right  angles,  and  the  side  FG  opposite  to  two  of  the  equal  angles 
is  common;  therefore  (26.  I.)  EF  is  equal  to  FH;  and  in  the 
right  angled  triangles  DEP,  DHF  the  side  DP  is  common; 
wherefore  (47.  I.)  ED  is  equal  to  DH,  and  the  angles  EDF, 
HDF,  are  therefore  equal,  (4.  1.)  and  consequently  the  sides 
AC,  BC  of  the  spherical  triangle  are  equal. 
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PROP.  Vr.  FIG.  *. 

ANY  two  sides  of  a  spherical  triangle  are  greater 
than  the  third. 

Let  ABC  be  a  spherical  triunele,  an^  two  sides  AB,  BC  will 
be  greater  than  the  other  side  AC. 

Let  D  be  the  centre  of  tlie  sphere;  join  DA,  DB,  DC. 

The  Holid  allele  at  D,  Is  contained  by  three  pUiic  ani^lei, 
ADD,  ADC,  BDC;  and  by  2o.  II.  any  two  of  them  AUB 
BDC  arc  greater  than  the  third  ADC;  that  is,  uny  two  sidei 
AB,  BC  of  the  splici-ickil  triangle  ABC,  arc  greater  tban  tfae 
thml  AC.  \Aj 

PROP.  VIL  FIG.  4.  ^H 

THE  three  sides  of  a  spherical  triangle  are  leas 
than  a  circle. 

Let  ABC  be  a  spherical  tmni^lc  as  befurci  the  three  aidei 
.\B,  DC,  AC  are  less  than  a  circle. 

Let  D  l>e  the  centic  of  the  sphere:  the  solid  angle  at  D  is 
contained  by  three  plane  angles  BUA,  BDC|  JVDC,  which  to* 
gether  are  less  than  four  nght  angles,  (21.  1 1.)  therefore  the 
sides  AB,  BC,  AC  together,  will  be  less  than  four  quMiranti; 
that  is,  less  than  a  cli-cle. 


PROP.  VIII.  FIG.  5. 

In  a  spherical  triangle  the  greater  angle  is  opposite 
to  the  greater  side;  and  conversely. 

Let  ABC  be  a  spherical  triangle,  the  greater  angle  A  is  op- 
posed to  the  greater  side  Ri'. 

Let  the  angle  B.VD  be  made  equal  to  the  angle  B,  and 
then  BD,  DA  will  lie  equal,  (5.  of  this)  and  therefore  AD, 
DC  are  equal  to  BC;  but  AD,  DC  are  greater  than  AC,  (6.  of 
this),  therefore  BC  is  greater  than  AC,  that  is,  the  greiier 
angle  A  is  opposite  to  the  greater  side  BC.  The  converse  isde- 
momtrated  as  prop.  19.  l.El.  Q.  E.  D. 
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PROP.  IX.    FIG.  6. 

IN  any  spherical  triangle  ABC,  if  the  sum  of  the 
sides  AB,  BC,  be  greater,  equal,  or  less  than  a 
semicircle,  the  internal  angle  at  the  base  AC  will  be 

g%ater,  equal,  or  less  than  the  external  and  opposite 
CD ;  and  therefore  the  sum  of  the  angles  A  and 
ACB  will  be  greater,  equal,  or  less  than  two  right 
angles. 

Let  AC,  AB  produced  meet  in  D. 

1.  ir  AB«  BC  be  equal  to  a  semicircle,  that  is,  to  AD,  BC, 
BD  will  be  equal,  that  is  (4.  of  this),  the  angle  D,  or  the  aogle 
A  will  be  equal  to  the  angle  BCD. 

2.  If  AB,  BC  together  be  greater  than  a  semicircle,  that  is, 
greater  than  ABD,  BC  will  be  greater  than  BD;  anil  there- 
fore (8.  of  this)  the  angle  O,  that  ia,  the  angle  A,  is  greater 
thao  the  angle  BCD. 

3.  In  the  same  manner  is  it  shown,  that  if  AB,  BC  together 
be  less  than  a  Kroicircic,  the  angle  A  is  less  than  the  angle 
BCD.  And  since  the  angles  BCD,  BCA  are  equal  to  two 
right  angles,  if  the  angle  A  be  greater  than  BCD,  A  and  ACB 
together  will  be  greater  than  two  right  angles.  If  A  be  equal 
to  BCD)  A  and  ACB  together  will  be  equal  to  two  right  an- 
gles ;  and  if  A  be  less  than  BCD,  A  and  ACB  will  be  less  than 
twd  right  angles.    Q.  E.  D. 


PROP.  X.    FIG.  7. 

IF  the  angular  points  A,  B,  C  of  the  spherical  tri- 
angle ABC  be  the  poles  of  three  great  circles,  these 
great  circles  hy  their  intersections  will  form  another 
triangle  FD£,  which  is  called  supplemental  to  the 
former ;  that  is,  the  sides  FD,  D£,  £F  are  the  sup- 
plemeots  of  the  measures  of  the  opposite  angles  C, 
^,  A,  ^  the  triangle  ABC,  and  the  measures  of  the 
ingles  F,  D,  £  ofthe  triangle  FD£,  will  be  the  sup- 
plemems  of  the  sides  AC,  BC,  BA,  in  the  triangle 
ABC. 

3  R 
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Let  AB  produced  meet  DE,  £F  in  G»  M,  and  AC  meet  FDf 
IE  in  K,  L,  and  BC  meet  FD,  DE  in  N,  H. 

Since  A  is  the  pole  of  FE,  and  the  circle  AC  passes  through 
A,  EF  will  pass  through  the  pole  of  AC  (13.  15.  1.  Th.)i  and 
since  AC  passes  through  C,  the  pole  of  FD,  FD  will  pass 
through  the  pole  of  AC;  therefore  the  pole  of  AC  is  in  the 
point  F,  in  which  the  arches  DF,  EF  intersect  each  other.  In 
the  same  manner  D  is  the  pole  of  BC,  and  E  the  pole  of  AB. 

And  since  F»  £  are  the  poles  of  AL,  AM,  FL  and  £M  are 
quadrants,  and  FL^  EM  together,  that  is,  FE  and  ML  together, 
are  equal  to  n  semicircle.  But  since  A  is  the  pole  of  MLi  ML 
is  the  measure  of  the  angle  BAC,  consequently  FE  is  the  sup- 
plement of  the  measure  of  the  angle  BAC.  In  the  same  man- 
ner, ED,  DF  are  the  supplements  of  the  measures  of  the  angles 
ABC,  BCA- 

Since  likewise  CN,  BH  are  quadrants,  CN,  BH  together,  that 
is,  NH,  BC  together,  are  equal  to  a  semicircle ;  and  since  Dis 
the  pole  of  NH,  NH  is  the  measure  of  the  angle  FDE,  there- 
fore the  measure  of  the  angle  FDE  is  the  supplement  of  the  side 
BC.  In  the  same  manner,  it  is  shown  that  the  measures  of  the 
angles  DEF,  EFD  are  the  supplements  of  the  sides  AB»  AC|  in 
the  triangle  ABC.    Q.  E.  D. 

PROP.  XI.     FIG.  7. 

THI^  three  angles  of  a  spherical  triangle  are  great . 
cr  than  two  right  angles,  .and  less  than  six  right 
angles. 

The  measures  of  the  angles  A,  B,  C,  in  the  triangle  ABC. 
together  with  the  three  sides  of  the  supplemental  triangle  DEF, 
are  (10.  of  this)  equal  to  three  semicircles;  but  the  three  side> 
oi'  tlie  triangle  FDE  are  (7  of  this)  less  than  two  semicircles  j 
therefore  the  measures  of  the  angles  A,  B,  C  are  greater  than 
a  semicircle ;  and  hence  the  angles  A,  B,  C  are  greater  tliaii 
two  right  angles. 

All  the  external  and  internal  angles  of  any  triangle  are  equal 
to  six  right  angles;  therefore  all  die  internal  angles  are  lc5« 
than  six  right  angles. 


PROP.  XII.    riG.  «. 

IF  from  any  point  C,  which  is  not  the  pole  of  the 
great  circle  ABD,   there  be  drawn  arches   of  great 


-^ 


^HERICAL  TftlGOKOM^TRT. 

circles  CA,  CD,  CE,  CF,  &c.  the  greatest  of  Iheae 
is  CA,  which  passes  through  H  the  pole  of  ABD, 
and  CB  the  remainder  o£  ACB  is  the  least,  and  c^ 
any  others  CD,  C£,  CF,  &c.  CD,  which  is  nearer  to 
CA,  is  greater  than  CE,  which  is  more  remote. 

Let  the  common  sectttin  of  the  platica  of  the  great  circles 
ACB,  ADB  be  AB;  and  from  C,  draw  CG  perpendicular  to 
AB,  Which  wUI  also  be  perfiettdicidar  to  the  fflane  AUB  <4. 
def.  llOijotDGD,  Ge,GF,COiCE,CF,CA.CB. 

Of  all  the  itraight  lines  drawn  from  G  to  the  circumference 
ADB,  GA  is  the  greatest,  and  GB  the  least  {t.  i.);  aiid  GD, 
which  Is  nea^i*  to  GA|  Is  greatct-  than  GE,  which  is  mof* 
remote.  The  triaiiglcs  CGA,  CGD  are  right  angled  at  O,  and 
they  have  the  common  side  CCj  therebre  the  squares  of  CG, 
CA  together,  that  is,  the  square  of  CA<  is  greater  than  the 
squares  of  CG,  GD  together,  that  is,  the  square  ttf  CD;  and  CA 
is  greater  than  CD,  and  therefore  the  arch  CA  u  greater  thaB 
CD.  In  the  nme  manneri  since  GO  k  greater  than  GE,  and 
GE  than  CF,  See.  it  ia  shown  that  CD  is  greater  than  CE,  and 
CE  than  CF,  tec.  and  consequeotl^'  the  areh  CD  greater  than 
the  arch  CE,  aitd  the  arch  CB  greater  than  the  arch  CF,  Ucj 
And  since  G  A  is  the  greatest,  wid  GB  the  least  of  all  the  straight 
lines  drawn  fmm  G  to  the  circntn&reooe  ADB,  it  ia  mamfest 
that  CA  is  the  greatest,  and  CB  the  least  of  all  the  strwght  line» 
dnwn  from  C  to  the  eircnmfereoce;  and  thenfere  the  arch  CA 
is  the  greatest,  and  CB  tlie  least  of  all  the  circles  drawn  through 
C,  meetmg  ADB.   Q.  E.  D. 

PROP.  Xni.    FIG.  9. 

IN  a  right  angled  spherical  triangle,  the  sides  are  of 
the  same  affection  with  the  opposite  angles ;  that  is, 
if  the  aides  be  greater  or  less  than  quadruife,  &e 
opposite  angles  wiB  be  gitater  or  less  than  right 
angles. 

l/et  ABC  be  a  spherical  triangle  right  angled  at  A,  an;-  side 
AB,  will  be  of  the  same  affectim  with  the  opposite  angle  ACB. 

Case  1.  Let  AB  be  leas  than  a  quadrant,  let  AE  be  a  qua- 
drant, and  let  EC  be  a  great  circle  passing  through  E,  C.  Since 
A  ia  a  right  angle,  and  AE  a  quadrant,  E  is  the  pole  of  the 
great  circle  AC,  and  £CA  a  right  angle ;  but  ECA  is  greater 
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than  BCA,  therefore  fiCA  ii  les&  iliin  a  rigln  angle.  Q.  E.  D, 
FiC'lO.  Case  2.  Let  AB  be  greater  than  a  ijuadram,  make  At  a  <|ua- 
drani,  and  lei  a  great  circle  pas^  through  C,  E,  ECA  is  a  rigiil 
Biigit;  as  before,  and  BCA  is  greater  than  ECA,  tliai  is,  greater 
tlieit)  a  right  angle,    Y^.  E.  D- 


IF  the  two  sides  of  a  right  angled  spherical  tiian.    | 
gle  be  of  the  same  aiTection,  the  liypolhenuse  will  bo  ^ 
wss  than  a  quadrant;    and  if  they    be  of    different 
aiTection,  the  hypothenuse  ^viil  be  greater  than  a  qua- 
drant. 

Let  ABC  be  a  right  angled  spherical  ti-iangle,  if  the  two  tidct  j 
AD,  AC  be  of  the  same  or  of  different  ^Section,  the  bypotiie-  j 
ntise  BC  will  be  ieia  or  greater  than  a  quadrant.  | 

Case  I.  Let  AB,  AC  be  each  less  than  a  (|iiadrant.  Let  AE^ 
AG  be  (]uadranis;  C  will  be  the  pole  of  AB,  and  E  the  pole 
of  AC)  and  EC  a  quadrant;  but,  hj  prop.  13.  CE  ia  greater 
than  CB,  since  CB  is  farther  off  from  CGO  than  CE.  In  the  1 
same  manner,  it  is  shown  thai  CB,  in  the  triangle  CBD,  where  ' 
the  two  sides  CD,  BD  are  each  greater  than  a  tyiadraat*  h  Icm 
than  CE,  that  is,  less  than  ■  t^aadraiK.    Q.  E.  D. 

Case  S.  Let  AC  be  lew,  and  AB  greater  than  a  qoadnnt;' 
then  the  hypothenuse  BC  will  be  greater  than  a  quadraiK;  fev 
let  AE  be  a  quadrant,  then  E  is  the  pole  of  AC^  attd  EC  will 
be  a  quadrant.  But  CB  is  greater  than  CE  by  pr(q>  13.  aioce 
AC  paases  through  the  pole  of  ABD.   Q.  E.  O. 


IB  the  hypothenuse  of  a  right  angled  trian^^  b^ 
greater  or  less  than  a  quadrant,  the  ^des  will  hecC 
different  or  the  same  afiectitHi. 

This  is  the  conrerae  of  the  pRcc^g,  lai  detnonMntf^  >4 
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PROP.  XVI. 

IN  any  ^herical  triangle  ABG,  if  the  perpendicu> 

lar  AD  from  A  upon  the  base  BC,  &11  within  the  tri- 
angle, the  angles  B  and  C  at  the  base  will  be  of  the 
same  afiection ;  and  if  the  perpendicular  fall  without 
the  triangle,  the  angles  B  and  C  will  be  of  different 
aSec^on. 

t.  Let  AD  fkll  vith'm  the  triangte;  then  (13.  of  this)  unce^s.!!. 
'  ADB,  ADC  are  right  uigled  spherical  triangles,  the  angles  B, 
C  must  each  be  of  the  same  sfiection  as  AD. 

3.  Let  AD  fall  without  the  triangle,  then  (13.  of  this)  the  Fig.  13. 
angle  B  is  of  the  same  aSection  as  AD;  and  hjr  the  same  the 
angle  ACD  is  of  the  same  affection  as  AD ;  therelbrc  the  angle 
ACE  and  AD  arc  of  difTcrent  affection,  and  the  angles  B  and 
ACB  of  different  affection. 

Con.  Hence  if  the  anglei  B  and  C  be  of  the  same  affection, 
the  perpendicular  will  nil  within  the  base;  for,  if  it  did  not 
(!6.  of  this),  B  and  C  would  be  of  different  affection.  And  if 
the  angles  B  and  C  be  of  opposite  affection,  the  perpendicular 
will  fall  without  the  triangle;  for,  if  it  did  not  (16.  of  this), 
the  angles  B  and  C  would  be  of  the  same  affection,  contnu-f  to 
the  supposition. 

PROP.XVIL   FIG.  13. 

IN  right  angled  spherical  triangles,  the  sme  of  ei< 
ther  of  the  ^es  about  the  right  angle,  is  to  the  radius 
of  the  sphere,  as  the  tangent  of  the  remaining  side 
is  to  the  tangent  of  the  an^e  opposite  to  that  side. 

Let  ABC  be  a  triangle,  having  the  right  angle  at  A;  and 
let  AB  be  either  of  the  sides,  the  sine  of  the  side  AB  will  be 
to  the  radius,  as  the  tangent  of  the  other  side  AC  to  the  tan- 
gent of  the  angle  ABC,  opposite  to  AC.  Let  D  be  the  cen- 
tre of  the  sphere ;  join  AD,  BD,  CD,  and  let  AE  be  drawn 
perpendicular  to  BD,  which  therefore  will  be  the  sine  of  the 
arch  AB,  and  from  the  point  £,  let  there  be  drawn  in  the 
plane  BDC  the  straight  Ime  EF  at  right  anglea  to  BD,  meeting 
DC  in  F,  and  let  AF  be  joined.  Since  therefore  the  straight 
Ime  DE  U  at  '*«  to  both  EA  and  EF,  it  will  also  be 
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»t  right  angles  to  the  plane  AEF  (4.  11.),  wherefore  the  plane 
ABD,  whicli  passes  through  DE,  is  perpendicular  to  the  plan« 
AEF  (18.  1  U),  and  the  plane  AEF  peqxrndicular  to  ABD  th« 
plane  ACD  or  AFD  is  also  perpendicular  lo  the  aame  ABD: 
therefore  the  common  section,  viz.  the  straight  line  AF,  is  i 
right  angles  to  the  plane  ABD  (19.  11):  and  FAE,  FAD  ai^ 
right  angles  (3.  dcf.  11.);  therefore  AF  is  the  tangent  of  ihs 
•rch  AC ;  and  in  the  rectilineal  triangle  AEF,  having  a  rigW 
angle  Bt  A,  AE  will  bo  to  the  radius  as  AF  to  the  ungcni  of  thfl 
«ngk  AEF  (I.  PI.  Tr.)i  but  AE  is  the  sine  of  the  arch  AD, 
and  AF  ll>c  tangent  of  iht  arch  AC,  and  the  angle  AEF  is  the 
I ,  inclination  of  the  planeh  CBU,  ABD  (6.  def.  1 1 .),  or  the  sphe« 
'  ricol  angle  ABC:  tlierefoR!  the  tune  of  the  arcli  AB  is  to  the 
radius  as  the  liuigent  uf  the  urh  AC,  to  the  tangent  of  Uio 
opposite  angle  ABC. 

Cor.  I.  If  therefore  of  the  two  sidcS)  and  ui  &itgle  vppo- 
ute  to  one  of  them,  any  two  be  given,  the  third  will  tklso  be 
eiven. 

Cor.  2.  And  since  by  this  proposition  the  sine  of  the  side 
»  AB  is  to  the  radius,  as  the  tangent  of  Uic  other  »idc  AC  to  tJie 
tangent  of  the  angle  ABC  opposite  lo  that  aide;  and  as  the 
'  t«dius  is  to  the  co-tangent  of  the  angle  ABC,  to  is  the  tHigtnC 
«r  the  same  angle  ABC  to  the  radina  (Cor.  3.  def.  PI.  Tr.), 
by  equality,  the  sine  of  the  side  AB  is  to  the  co-tangent  of  the 
angle  A  lie  adjacent  to  it)  as  the  tangent  uf  the  other  side  AC 
to  the  radiuB. 


PROP.  XVIII.     FW.  13, 

IN  right  aisled  srahericat  triangles  the  sine  of  Ae 
faypothenuse  is  to  Uie  radius,  ta  the  one  of  eitiiier 
dde  is  to  the  sine  of  the  angle  o|q>oute  to  that  ade. 

Let  the  triangle  ABC  be  right  angled  at  A)  and  let  AC  be 
either  oi  the  sides;  the  sine  of  th«  hypothcnuse  BC  will  be  to 
the  radttia  as  the  sine  of  the  arch  AC  is  to  the  dne  oTthe  ■tigle 
ABC. 

Let  D  be  the  centre  of  the  sphere,  mod  let  CG  be  drmnt  fa- 
pendicular  to  DB|  which  will  tberclare  be  the  aioc  of  the  hjr* 
potheouse  BC ;  and  ^m  the  point  G  let  there  be  drawn  id  tbi 
plane  ABD  the  stra^ht  line  GIf  perpend ictilar  to  DB,  and  lei 
OH  be  joined :  CH  will  be  at  right  aoKlM  to  the  pbae  ABD,  aa 
-L :_    .L j: -t: r  .i-    ~^-\~^   ijj 


was  shown  in  the  preceding  proposition  of  the .  BtnieE 
FA:  vhcAfbre  CHD,  CHG  are  right  ugles.  and  CH  p  tna 
siD»of  the  arch  AC ;  and  In  the  triuiglt  CHG,  having  Mat  Vi^ 
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iDgle  CHG(  CG  is  to  the  ndiua  u  CH  to  the  une  of  the 
angle  CGH  (I.  PI.  Tr.);  but  uncc  CG,  HG  are  M  tight  an- 
gles to  DGB,  which  ia  the  comiDon  section  of  the  pUnes  CBD, 
ABD,  the  angle  CGH  will  be  equal  to  the  inclination  of  these 
planes  (6.  def.  U.);  that  is,  to  the  spherical  an^e  ABC.  The 
sine,  therefore,  of  the  hTpothenuse  CB  ia  to  the  radius  as  the 
une  of  the  side  AC  is  to  the  aioe  of  the  tqipoaite  aagk  ABC. 
Q.E.D. 

Cob.  Of  these  three,  viz.  the  hypothenuse,  a  side,  and  the 
angle  opposite  to  that  side,  any  two  being  given,  the  third  ia  also 
given  by  prop.  2. 

FRCP.  XIX.    FIG.  U. 

IN  right  angled  spherical  triangles,  the  co-sine  of 
the  hypothenuse  is  to  the  radius  as  the  co-tangent 
of  either  of  the  angles  is  to  the  tangent  of  the  reniain- 
ing  angle. 

Let  ABC  be  a  spherical  triaiigle,  having  a  right  angle  at  A» 
the  co-sine  of  the  hypothenuse  BC  will  be  to  the  radius  aa  the 
co-tangent  of  the  angle  ABC  to  the  tangent  of  the  angle  ACB. 

Describe  the  cirde  D£,  of  which  B  is  the  pole,  and  let  it 
meet  AC  in  F,  and  the  circle  BC  in  £;  and  since  the  circle  BD 
passes  through  the  pole  B  of  the  circle  DP,  DF  will  also  pass 
through  the  pole  of  BD  (13.  18.  ).  Theod.  Spli.J.  And  since 
AC  is  perpendicular  to  BD,  AC  will  also  pass  through  the  pole 
•f  BD;  wherefore  the  pole  of  the  circle  BU  will  be  fbund  in 
the  point  where  the  circles  AC,  DE  meet,  that  is,  in  the  point 
F:  the  arches  FA,  FD  are  therefore  quadrants,  and  likewise 
the  arches  BD,  BE:  in  the  .triangle  CEF,  right  angled  at  the 
point  £,  CE  is  the  complement  of  tlie  hypothenuse  BC  of  the 
triangle  ABC,  EF  b  the  complement  of  the  arch  ED,  which  is 
the  measure  of  the  angle  ABC,  and  FC  the  hypothenuse  of  the 
triangle  CEF,  is  the  complement  of  AC,  and  the  arch  AD, 
which  is  the  measure  of  the  angle  CFE,  is  the  complement  of 
AB. 

But  (17.  of  this)  in  the  triangle  CEP,  the  sine  of  the  side 
CE  is  to  the  radius,  aa  the  tangent  of  the  other  side  is  to  the 
tangent  of  the  angle  ECF  apftMte  to  it,  that  is,  in  the  triangle 
ABC,  the  co-«ne  of  the  hypothemiae  BC  is  to  the  radius,  aa 
the  co-tangent  of  the  angle  AJBC  ia  to  tbe  tmrcBt  of  the  angle 
ACB.    Q.E.D. 

.  Coa,  1.   Of  tbcM  thTMk'  *  >W  tm 

angles,  any  tw«  bdOK  |to«l^ 


f 
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Cox.  2.  And  since  by  this  proposition  the  co-«ine  of  the 
hypothenuse  BC  is  to  the  radius  as  the  oo-tangent  of  the 
angle  ABC  to  the  tangent  of  the  angle  ACB.  But  as  the  ra-  ' 
^  dius  is  to  the  co*tangent  of  the  angle  ACB,  so  is  the  tangent  I 
of  the  same  to  the  radius  (Cor.  3.  def.  PL  Tr.);  and,  ex 
squo,  the  co-sine  of  the  hypothenuse  BC  is  to  ttfe  co-tangent 
of  the  angle  ACB,  as  the  co-tangent  of  the  angle  ABC  to  the 
radius. 


PROP.  XX.    FIG.  U. 

IN  right  angled  spherical  trianglesi  the  co-sine  of 
an  angle  is  to  the  radius,  as  the  tangent  of  the  side 
adjacent  to  that  an^e  is  to  the  tangent  of  the  hypo- 
thenuse. 

The  same  construction  remaining;  in  the  triangle  CEF. 
.  (1 7.  of  this),  the  sine  of  the  side  £F  is  to  the  radius,  as  the 
tangent  of  the  other  side  CE  is  to  the  tangent  of  the  angle  CF£ 
opposite  to  it;  that  is,  in  the  triangle  ABC,  the  co*sine  of  the 
angle  ABC  is  to  the  rarlius  as  (the  co-tangent  of  the  hypothe- 
nuse BC  to  the  co-tangent  of  the  side  AB,  adjacent  to  ABC,  or 
as)  the  tangent  of  the  side  Aii  to  the  tangent  of  the  hypothe- 
nuse, since  the  tangents  of  two  arches  are  reciprocally  propor- 
tional to  iheir  co-tangents.     (Cor    1.  clef.  PI.  Tr.) 

Cor.  And  since  by  this  propc^silion  the  co-sine  of  the  angle 
ABC  is  to  the  radius,  as  the  tangent  of  liie  side  AB  is  to  liie 
tangent  of  the  hypothenuse  BC;  and  as  the  radius  is  to  the  co- 
tangent of  BC,  so  is  the  tangent  of  BC  to  the  radius;  by  equa- 
lity, the  co-sine  of  the  angle  ABC  will  be  to  the  co-tangeni  of 
the  hvpolhenuse  BC,  as  the  tangent  of  the  side  AB,  adjacent  to 
the  angle  ABC,  to  the  radius. 


PROP.  XXI.     FlCx.  14. 

IN  right  angled  sphcTical  triangles,  the  co-sine  of 
cither  of  the  sides  is  to  the  radius,  as  the  co-sinc  of  the 
hypothenuse  is  to  the  co-sine  of  the  other  side. 

The  same  construction  remaining;  in  the  triangle  CEF,  the 
sine  of  the  hypothenuse  CF  is  to  the  radius,  as  the  sine  of  the 
side  CE  to  the  sine  of  the  opposite  anf::c  CFE  (18.  of  this); 
that  is,  in  the  triangle  ABC  the  co-sine  of  the  side  CA  is  to  the 
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radius  as  the  co-une  of  the  hypothcnuae  BC  to  th«.co 
other  side  BA.  Q.  £.  Or 


PROP.  XXIL  FIG.  u. 

IN  rig^t  angled  spherical  triangles,  the  co-sine  of 
either  of  the  sides  is  to  the  radius,  as  the  co-sine  of 
the  angle  opposite  to  that  side  is  to  the  sine  of  the 
other  angle. 

The  same  construction  remaining;  in  the  triangle  CEF,  the 
sine  of  the  hypotbenuse  CP  u  to  the  radius,  as  tlw  sine  of  the 
side  EF  is  to  the  sine  of  the  angle  £CF  opposite  to  it;  that  is, 
in  the  triangle  ABC,  the  co-sine  of  the  side  CA  is  to  the  radiua,  ' 
at  the  co-sine  of  the  angle  ABC  opposite  to  it,  is  to  the  sine  of 
the  other  angle.  Q.  E.  O. 


IN  any  right  Uigted  spherical  triangle  ABC,  tlie  complement 
of  the  hypothcnuEe.  the  coiriplementa  of  the  angles,  aod  the 
two  sides  are  called  The  circular  fiarit  if  thf  triangtr,  as  if  11 
Were  folloHUig  each  other  in  a  circular  order,  from  whatever 
part  we  bej^in:  thus,  if  we  bcgiji  at  the  complement  of  the 
tiypolhenuae,  and  proceed  lowartis  tlic  side  BA,  tlie  parts  fol- 
lowing in  order  will  be  the  complemem  of  the  hypothenuse,  the 
complement  of  the  angle  B,  the  side  B  A,  the  side  AC,  (for  the 
right  angle  at  A  is  not  reckoned  among  the  parts)i  and,  lastly, 
the  complement  of  the  angle  C.  And  thus  at  whatever  part  wc 
bc^,  if  any  three  of  these  five  be  taken,  they  either  will  be 
all  contiguous  or  adjacent,  or  one  of  them  will  not  be  conti- 
guous to  either  of  the  other  two;  in  the  first  case,  the  part 
which  is  between  the  other  two  is  called  the  Middle  part,  and 
the  oihcr  two  are  called  jfdjacmt  extremes.  In  the  second  case, 
the  part  which  la  not  contiguous  to  either  of  the  other  two  is 
call^  the  Middle  fiart,  and  the  other  two,  Oflflonle  ejctr€pu*. 
For  Bsample,  if  the  three  parts  be  the  complement  of  the  hy- 
pothenuse DC,  the  complement  of  the  angle  B,  and  the  aide 
BA;  since  these  three  are  contiguous  to  cwch  other,  the  com- 
plement of  the  angle  B  will  be  the  middle  part,  and  the  com- 
plement of  the  hypothenuse  BC  and  the  side  B A  will  be  adjacent 
extremes:  but  if  the  complement  of  the  hypothenuse  BC,  and 
the  sides  BA,  AC  be  taken;  since  the  complement  of  the  hypo- 
thenuse is  not  adjacent  to  either  of  the  sides,  viz.  on  account 
of  the  complements  of  the  two  angles  B  and  C  intervening  be- 
tween it  and  the  sides,  the  complement  of  the  hypothenuse  BC 
win  be  the  middle  ^art,  and  the  sides,  BA,  AC,  opposite  ex- 
tremes. The  most  acute  and  ingenious  Baron  Napier,  the  inven- 
tor of  Logarithms, 'contrived  the  two  following  rules  concerning 
these  pattsr  by  means  of  which  all  the  cases  of  right  angled 
spherical  triaogles  are  resolved  with  the  greatest  ease, 

RULE  I. 
The  rectangle  contained  by  the  radius  and  the  sine  of  the  mid- 
dle part,  IS  equal  to  the  rectvsle  contained  by  the  tangents  of 
the  adjacent  parts. 
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RULE  II. 


The  rectangle  contaiaed  hy  the  radius  and  the  sine  of  the  mid- 
dle part,  is  equal  to  the  rectangle  contained  bj  the  co-sines  of 
the  opposite  parts. 

These  rules  are  demonstrated  in  the  following  manner^ 
First,  Let  either  of  the  sides,  as  B  A,  be  the  middle  part,  and  ftg- 1& 
therefore  the  complement  of  the  angle  B,  and  the  side  AC  will 
be  adjacent  extremes.  And  by  Cor.  3.  prop.  17.  of  this,  S,  BA 
is  to  the  Co.T,  B  as  T,  AC  is  to  the  radius,  and  therefore  KxS, 
BA=Co-T,  BxTjAC. 

The  same  side  BA  being  the  middle  part,  the  complement  of 
the  hypothenuse,  and  the  complement  of  the  angle  C,  are  oppo- 
site extremes;  and  by  prop.  18.  S,  BC  is  to  the  radius,  as  S,  BA 
toS,  C;  therefore  RxS,  BA=S,  BCxS,  C. 

Secondly,  Let  the  complement  of  one  of  the  angles,  as  B,  be 
the  middle  part,  and  the  complement  of  the  bypothenuse,  and 
the  side  BA  will  be  adjacent  extremes;  and  by  Cor.  prop.  30. 
Co-S,  B  is  to  Co-T,  BC,  as  T,  BA  is  to  the  racUus,  and  therefore 
RxCo^,  B=Co-T,  BCxT.BA. 

Again,  I<et  the  complement  of  the  angle  B  be  the  middle 
part,  and  the  complement  of  the  angle  C,  and  the  side  AC  will 
be  oiqmsite  extremes:  and  by  prop.  23.  Co-S,  AC  is  to  the  ra- 
dius, as  Co-S,  B  is  to  S,  C:  and  therefore  RxCo-S,  B»Co-S, 
ACXS,  C. 

ThinUy,  Let  the  complement  of  the  hypothenuse  be  the  mid- 
dle pan,  and  the  complements  of  the  angles  B,  C,  will  be  adja- 
cent extremes:  but  by  Cor.  3.  prop.  19.  Co-S,  BC  Is  to  Co-T, 
B  as  Co-T,  C  to  the  radius:  therefore  RxC(>.S,  BC~Co-T, 
CxCo-T,  A. 

Again,  Let  the  complement  of  the  hypothenuse  be  the  mid- 
dle part,  and  the  udes  AB,  AC  will  be  oppodte  extremes:  but 
by  prop.  31.  Co-S,  AC  is  to  the  radius,  as  Co-S,  BC  to  Co-S, 
RA;  therefore  RxCo-3,  BC—Co-S,  BAxCo-S,  AC.  Q.  E.  D. 
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:    Tlie    MXTKKN    CA! 


•    RIGHT    AMGLLn 


:.  TRIAHCLES. 


GENERAL  PROPOSITION. 


IN  a  right  migled  spherical  triangle,  of  the  three 
sides  and  Oirec  angles,  any  two  being  given,  besides 
the  righi  uiigic,  the  other  tliree  inay  be  found. 

In  the  Following  Tbble  the  aolutions  ftre  derived  from  thp  prc- 
cciiiiig  prt^ptHiiLioiia.  li  h  Dbvio(i»  that  tlic  sarac  solutions  may 
be  derived  I'roni  U.ii't*u  N;ii>icr'a  two  rules  above  dcmonsti^t- 
ed,  which)  ;ie  they  are  easily  remembered,  arc  commooly 
uMd  in  practice. 


Ciuoj  Given  |  So't 

> 

.c,'^ 

B 

R  ;  Cn-S,   AC  :  :   S,  C  :  Co-S,  B  :  and  B  is 

of  the  same  aptcies  with  CA.by  22,  and  13, 

2 

AC,  B 

<: 

Co-S,  AC  :  R  :  :  Co-S,  B  ;  S,  C  :  by  22. 

3 

I),  C 

AC 

S,  C  :  Co-S,  B  .-  !  R  :  Co-S,  AC  :  by  22.  and 
AC  isfil  the  same  species  with  B.  13. 

4 

BA,  AC 

BC 

R  :  Co-S,  B  A  : :  Co-S,  AC :  Co-S,  BC .  2 1 .  and 
if  both  BA,  AC  be  greater  or  less  than  a 
(litadiiuit,  BC  win  be  less  than  a  quaclrani. 
But  if  they  be  of  different  alTectioBS,  BC 
u'ill  be  ere;iter  than  a  quadrant.  14. 

5 

BA,  BC 

AC 

Co-S,  BA  :  H  ;  :  Co-S,  BC  :  Co-S,  AC.  31. 
jnd  if  BC  be  greater  or  less  than  a  ([ua- 
draiit,  BA,  AC  will  be  of  different  or  the 
same  affection:  by  15. 

6 

BA,  AC 

B 

S,  BA  :  R  ;  :  T,  CA  :  T,  B.  1 7.  and  B  is 
of  the  same  affection  with  AC,  13. 
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Case    Given  iSo'i]                                                                           1 

7 

BA,  B 

AC 

R  :  S,  BA  :  :  T,  B !  T,  AC.  17.  And  AC 
s  of  the  same  affection  with  B.  13. 

H 

AC.n 

BA 

T,  B:K::T,CA:S.  BA.  17. 

9 

BC,  C 

AC 

R  :  Co-S,  C  !  !  T,  BC  :  T,  CA.  20.  If  BC  be 
ess  or  greuter  than  a  quadrant,  C  and  B 
will  be  of  the  same  or  difleient  afTection. 

10 

AC,  C 

BC 

Co-S,  C  !  R  :  :  T,  AC  :  T,  BC.  20.  And  BC 
s  less  or  greater  than  a  quadrant,  accord. 
ng  as  C  and  AC  or  C  and  B  are  of  the 

lame  of  different  affection.   U.  1. 

II    BC.CA 

C 

r,  BC  :  R  ,■  ;  T,  CA  :  Co-ii.  C.  20.  If  BC 
le  leas  or  greater  than  a  quadrant,  C.\  and 
AB,  and  therefore  CA  and  C,  are  of  the 
same  or  different  affection.  15. 

12      BC, B 

AC 

R  :  S,  BC  ! :  S,  B  ;  S,  AC.  18.  And  AC  is 
of  the  same  affection  with  B. 

13 

AC,B 

BC 

5,;i':S,  AC::R  :  5,  BC.  18, 

14 

BC,  AC 

B 

S,  BC  :  R  :  :  S,  AC  :  S,  B.  13.  And  B  is 
of  the  same  affection  wiih  AC. 

15 

B,  C 

BC 

r,  C  !  R  ;  :  Co-T,  H  :  Co-.S,  CC.  19.  And 
according  as  the  angles  B  and  Care  of  dif- 
ferent or  the  same  affliction,  BC  will  be 
greater  or  less  than  a  tiuadrant.  U. 

16 

BC,  C 

8 

R  :Co-S,  BC  ;;T,  C  ;  Co-T,  B.  19.  TfBC 
X  less  or  greater  than  a  quadrant,  C  and  B 
will  be  of  the  same  or  different  affection.  1 S. 

I 
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The  Mcoud,  eighth,  ,and  thirleenth  casesi  which  stre  cannnMi 
ty  called  ambiguouai  admit  of  two  solutione:  for  in  tliese  it  it 
_  not  determined  whether  the  a idt  or  measure  of  the  angle  sought 
'  be  greater  or  leas  than  a  quadrunt. 


•       PROP.  XXm.  FIG.  IS. 

IN  spherical  triangles,  ^vhethcr  right  angled  or 
oblique  angled,  the  sines  of  the  sides  are  proportion^ 
to  the  sines  of  the  angles  opposite  to  them. 

Firsi,  let  ABC  be  a  right  angled  triangle,  having:  a  n^ 
angle  at  A;  therefore  by  prop.  13.  the  sine  of  the  hypothcDuM 
lie  is  tc  the  radius  (or  the  siue  of  the  right  angle  at  A)  as  the 
sine  of  the  side  AC  to  the  sine  of  the  angle  II.  And  in  like  man- 
ner, the  sine  of  DC  is  to  the  sine  of  the  ungic  A,  as  the  sine  of 
AB  lo  the  sine  of  the  angle  C;  wherefore  (II.  S.J  the  sine  of 
the  side  AC  is  to  the  sine  of  the  angle  B,  as  the  sine  of  AB  W 
the  sine  of  the  angle  C.  ' 

Secondly,  let  BCD  be  an  oblique  angled  triangle^,  the  sine 
of  either  of  the  sides  BC,  will  be  to  the  une  of  either  of  the 
other  two  CD,  as  the  sine  of  the  iingle  D  opposiie  to  liC  is  to 
the  sine  of  the  angle  B  opiiosiie  to  the  side  CD.  Through  the 
point  C,  let  ihere  he  drawn  an  arch  of  a  great  circle  CA  per- 
pendicular upon  BD;  und  In  the  right  angled  triangle  ABC 
(18.  of  this)  the  sine  of  BC  is  lo  the  radius,  as  the  sine  of  AC 
to  the  sine  of  the  angle  B;  and  in  ihe  triangle  ADC  (by  18.  of 
this):  and,  by  inversion,  the  radius  is  to  the  sine  of  DC  as  the 
s'me  of  the  anp^le  D  to  the  sine  of  AC:  therefore  ex  sequo  per- 
turbitte.  the  sine  of  BC  is  to  the  sine  of  DC,  as  the  sine  of  the 
angle  D  to  the  sine  of  the  angle  B.  Q.  E.  D. 


PROP.  XXIV.  FIG.  17,  18. 

INoblicjue  angled  spherical  triangles  having  drawn 
a  piirpendicular  arch  from  any  of  the  angles  upon  the 
opposite  side,  the  co-sines  of  the  angles  at  the  base  arc 
proportional  to  the  sines  of  the  vertical  angles. 

Let  BCD  be  a  triangle,  and  the  arch  CA  perpendicular  to 
the  busc  BD;  the  co-sine  of  the  angle  B  will  be  to  the  co-doe 
of  the  angle  D,  as  (he  sine  of  the  angle  BCA  to  the  sine  of  i"  ' 
angle  DCA. 
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For  bf  33.  the  co-sitie  ot  the  angle  B  is  to  the  sirie  of  the 
angle  fiCA  as  (the  co-buic  of  the  ude  AC  is  to  the  radius;  that 
is,  by  prop.  33.  as)  the  co-sine  of  the  angle  D  to  the  sine  of  the 
angle  DCA;  and,  by  permuiation,  the  co-sine  of  the  angle  D 
is  to  the  co-aine  of  the  angle  D,  as  the  sine  of  ibe  ansle  BCA 
to  the  sine  of  the  angle  DCA.  Q.  E.  D. 


PROP.  XXV.  FIG.  17,  18. 

THE  same  things  remaining,  the  co-sines  of  the 
sides  BC,  CD,  are  proportional  to  the  co-sines  of 
the  bases  BA,  AD. 

For  by  31.  the  co-sine  of  BC  is  to  the  co-sine  of  BA,  as  (the 
co-sine  of  AC  to  the  radius;  that  is,  1^  31.  as)  the  co-sine  of 
CD  is  to  the  co-sine  of  AD:  therefore,  by  permutation,  the   ' 
CD-sines  of  the  sides  BC,  CD  are  proportional  to  the  co-sines  of 
the  bases  BA,  AD.  Q.  E.  D- 


PROP.  XXVI.  FIG.  U,  18. 

THE  same  construction  remaining,  the  sines  of 
the  bases  BA,  AD  are  reciprocally  proportional  to 
the  tangents  of  the  angles  B  and  D  at  the  base. 

For  by  17.  the  sine  of  BA  is  to  the  radius,  as  the  tangent 
of  AC  to  the  tangent  of  the  angle  B;  and  by  1 7.  and  inveruon, 
the  radius  is  to  the  sine  of  AD,  as  the  tangent  of  D  to  the  tan- 
gent of  AC:  therefore,  ex  squo  pcrturbate,  the  sine  of  BA  is 
to  the  sine  of  AD,  as  the  tangent  of  O  to  the  tangent  of  B. 

PROP.  XXVH.  FIG.  17,  18. 

THE  co-sines  of  the  vertical  angles  are  recipro- 
cally proportional  to  the  tangents  of  the  sides. 

For  by  prop.  30.  the  co-sine  of  the  angle  BCA  is  to  the  ra- 
dius BB  the  tangent  of  C  A  is  to  the  tangent  of  BC;  and  b^  the 
WBM'*  '''*nd  by  inversion,  the  radius  is  to  the  co-sine  of 

tbe>  tangent  of  DC  to  the  tangent  of  CA: 

(bsi  X,  the  co-sine  of  the  angle  BCA  is 
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to  the  co-sine  of  the  angle  DCA,  as  the  taiigeiit  of  DC  is  to  the 
tangent  of  BC.  Q.  E.  D. 


LEMMA,  FIG.  19,20, 

IN  right  angled  plain  triangles,  the  hj-pothenuse  is 
to  the  radius,  as  the  excess  of  the  hypothenuse  above 
either  of  the  sides  to  tlie  versed  sine  of  the  acute  an- 
gle adjacent  to  that  side,  or  as  the  sum  of  the  hj-po- 
thenuse,  and  either  of  die  sides  to  the  versed  sine  of 
tile  exterior  angle  of  the  triangle. 

Let  the  triun^lc  ADC  have  u  rtt^ht  angle  at  B;  AC  will  be 
to  ihc  radius  as  ihe  excess  of  AC  above  AB,  to  the  versed  sine 
of  the  angle  A  adjiicent  to  AB;  or  is  the  sum  of  AC,  AB  to  the 
versed  sine  of  the  exterior  angle  CAK, 

With  any  radius  DE,  let  a  circle  be  described,  and  from  D 
the  centre  let  DF  be  drawn  to  the  circumference,  making  iht 
angle  EDF  equal  to  the  angle  BAC,  and  from  the  point  F,  lei 
FG  be  drawn  perpendicular  to  DE;  let  AH,  AR  be  made  equal 
to  AC,  and  DL  to  DE:  UR  therefbre  is  the  co-sine  of  the  an- 
gle 1:DK  or  HAL',  and  V.F.  its  versed  sine:  and  because  of  the 
equiangular  triangles  ACB,  DFG,  AC  or  AH  is  to  DF  or  DE, 
as  AB  to  DG:  therefore  (19.  5.)  AC  is  to  the  radius  DE  as 
BH  toGF.,  the  versed  sine  of  the  angle  EDF  or  BAC:  and  unce 
AH  is  to  DE,  as  AB  to  DG  (12.  5.),  AH  or  AC  will  be  to  the 
radius  D£  as  KB  to  LG,  the  versed  sine  of  the  angle  LDF  or 
KAC.  Q.  E.  D. 


PROP.  XXVIIL  FIG.  21,  33. 

IN  any  spherical  triangle,  the  rectangle  contained  by 
the  sines  of  two  sides,  is  to  the  square  of  the  i-adius, 
as  the  excess  of  the  versed  sines  of  the  third  side  or 
base,  and  the  arch,  which  is  the  excess  of  the  sides, 
is  to  the  versed  sine  of  the  angle  opposite  to  the  base. 

Let  ABC  be  a  spherical  triangle,  the  rectangle  contained  hy 
ihe  sines  of  AB,  BC  will  be  to  the  square  of  the  radius,  as  the 
excess  of  the  »ersed  sines  of  the  base  AC,  and  of  the  arch,  which 
is  the  excess  of  AB,  BC  to  the  versed  sine  of  the  angle  ABC 
opposite  to  tli#  l>asc. 
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Let  D  be  the  centre  of  the  sphere,  and  let  AD,  BD,  CD  be 
joined,  and  let  the  sines  AE,  CF,  CG  of  the  arches  AB,  BC, 
Ac  be  drawn;  let  (he  side  BC  be  greater  than  BA,  and  let  BU 
be  made  equal  to  BC;  AH  will  therefore  be  the  excess  of  the 
sides  BC,  BA;  let  HK  be  drawn  perpendicular  to  AD,  and 
since  AG  is  the  versed  sine  of  the  base  AC,  and  AK  the  versed 
sine  of  the  arch  AH,  KG  is  the  excess  of  the  versed  sines  of  the 
base  AC,  and  of  the  arch  AH,  which  is  the  excess  of  the  sides 
BC,  BA:  leb  GL  likewise  be  drawn  partdlel  to  KH,  and  let  it 
meet  KH  in  L,  let  CL,  UH  be  joined,  and  let  AD,  FH  meet  each 
other  in  M. 

Since  therefore  in  the  triangles  CDF,  HDF,  DC,  DH 
■re  equal,  DF  is  common,  and  the  angle  FDC  equal  to  the 
angle  FDH,  because  of  the  equal  arches  BC,  BH,  the  base 
HF  wilt  be  equal  to  the  base  FC,  and  the  angle  HFU  equal 
to  the  right  angle  CFD:  the  straight  line  DF  therefore  (4. 
II.)  is  at  ri^ht  angles  to  the  plane  CFH:  wherefore  the  plane 
CFH  is  at  right  angles  to  the  plane  BDH,  which  passes  through 
DF  (18.  1 1.).  In  like  manner,  since  DG  is  at  right  angles  to 
both  GC  and  GL,  DG  will  be  perpendicular  to  the  plane 
CGL;  therefore  the  plane  CGL  is  at  right  angles  to  the  plane 
BDH,  which  passes  through  DG:  and  it  was  shown,  that  the 
plane  CFH  or  CFL  was  perpendicular  to  the  same  plane 
BDH ;  therefore  the  common  section  of  the  planes  CFL, 
CGL,  viz.  the  straight  line  GL  is  perpendicular  to  the  plane 
BDA  (19.  II.),  and  therefore  CLF  is  a  right  angle:  in  the 
triangle  CFL  having  the  right  angle  CLP,'  b^  the  lemma,  CF, 
is  to  the  radius  as  LH,  the  excess,  viz.  of  CF  or  FH  above 
FL,  is  to  the  versed  sine  of  the  angle  CFT.;  but  the  angle 
CFL  is  the  inclination  of  the  planes  BCD,  BAD,  since  FC, 
FL  are  drawn  in  them  at  right  angles  to  the  common  section 
BF:  the  spherical  angle  ABC  is  therefore  the  same  with  the 
angle  CFL;  and  therefore  CF  is  to  the  radius  asLH  to  the 
versed  une  of  the  spherical  angle  ABC;  and  since  the  triangle 
AED  is  equiangular  (to  the  triangle  MFD,  and  therefore)  to 
the  triangle  MGL,  AE  will  be  to  the  radius  of  the  sphere  AD, 
(as  MG  to  ML;  that  is,  because  of  the  parallels  as)  GK  to  LH: 
the  ratio  therefore  which  is  compounded  of  the  ratios  of  AE 
to  the  radius,  and  of  CF  to  the  same  radius;  that  is,  (3S.  6.) 
the  ratio  of  the  rectangle  contained  by  AE,  CF  to  the  square  of 
the  radius,  is  the  same  with  the  ratio  compounded  of  the  ratio 
of  GK  to  LH,  and  the  ratio  of  LH  to  the  versed  sine  of  the 
angle  ABC;  that  is,  the  same  with  the  ratio  of  GK  to  the 
versed  sine  of  the  angle  ABC;  therefore,  the  rectangle  contain- 
ed by  AE,  CF,  the  sines  of  the  udea  AB,  BC,  is  to  the  square 
«f  the  ndius  u  GK,  the  excess  of  the  versed  sin"  '  X,  of 
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the  base  AC.  and  ilie  arch  AH,  which  is  the  excess  of  Hic  sides 
lo  Uie  vcncd  aitic  uf  tUt  angle  ABC  opposite  to  Uie  baac  AC- 
Q.E.U. 


PROP.  XXIX.  FIG.  23.  f^^ 

THE  rectangle  contained  by  half  of  the  radius, 
and  tlie  excess  of  the  versed  sines  of  two  arches, 
is  cciiial  to  the  rectangle  contained  by  the  sines  of  half 
the  sum,  and  half  the  difference  of  the  same  arches. 

I.et  AB,  AC  he  any  two  arches,  and  lei  AD  be  made  equal 
to  AC  the  less;  the  arch  DB  therefore  is  the  sum,  and  the  arch 
CB  the  difference  of  AC,  AB:  through  E  the  centre  of  the 
drcle,  let  there  be  drawn  a  diameter  DEf,  and  AE  joined,  and 
CD  likewise  perpendicular  (o  it  in  Gj  and  let  BH  be  perpendi- 
cular to  AE,  and  AH  will  be  the  versed  sine  of  the  arch  AB, 
and  AG  the  versed  sine  of  AC,  and  HG  the  excess  of  these 
vei-sed  sines:  let  BD,  BC,  BF  be  Joined,  and  I'C  also  ineetiut; 
^inK. 

Sfaice  therefore  BH,  CG  arc  parallel)  the  alternate  angles 
BKC,  KCO  will  be  equal;  but  KCG  is  in  a  semicircle,  and 
therefore  a  right  angle;  therefore  BKC  is  a  right  angle;  and 
in  the  triangles  DFB,  CBK,  the  angles  FDB,  BCK,  in  the  same 
segment  arc  equal,  and  FGD,  BKC  are  right  angles;  the  tri- 
'  angles  DFB,  CBK  are  therefore  equiangular;  wherefore  DFis 
to  DB,  as  BC  to  CK,  or  HG;  aud  therefore  the  rectangle  con- 
tained by  the  dlEuneter  DF,  and  HG  is  equal  to  that  c(»itained 
by  DB,  BC;  wherefore  the  rectangle  contained  by  a  fourth 
pan  of  the  diameter,  and  HG,  is  equal  to  that  contained  by  the 
halves  of  DB,  BC:  but  half  the  chord  DB  is  the  sine  of  half  the 
arch  DAB,  that  is,  half  the  sum  of  the  arches  AB,  AC;  and 
half  the  chord  of  BC  is  the  sine  of  half  the  arch  BC,  which  is 
the  difference  of  AB,  AC.    Whence  the  proposition  is  roaiufe«[- 

PROP.  XXX.  FIG.  19,  34. 

THE  rectangle  contained  by  half  of  the  radius, 
and  ^te  versed  sine  of  any  arch,  is  equd  to  the  squarr 
of  the  sine  of  half  the  same  arch. 

L«t  AB  be  an  arch  of  a  circle,  C  its  centre,  and  AC,  CB, 
BA  being  joined:  let  AB  be  bisected  in  D,  and  let  CD  be 
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|oinedf  which  will  be  perpendicular  to  BA,  and  bitect  it  in  E 
(4.  1.),  BE  or  AE  therefore  is  the  sine  of  the  arch  DB  or  AD, 
the  half  of  AB:  let  BF  be  perpeodicular  to  AC,  and  A F  will 
be  the  versed  sine  of  the  arch  BA;  but,  becuuse  of  the  similar 
triangles  CAE,  BAF,  CA  is  to  AE,  as  AB,  that  is,  twice  AE,  to 
AF;  and  by  having  the  antecedents,  half  of  the  radius  CA  is 
to  AE,  the  sine  of  the  arch  AD,  as  the  same  AE,  to  AF  the 
versed  sine  of  the  arch  AB.  Wherefore  by  16.  «.  the  propom- 
tionisnuuiifest. 


PROP.  XXXI.  FIG.  25. 

In  a  spherical  triangle,  the  rectangle  contained  by 
the  sines  of  the  two  sides,  is  to  the  square  of  the  ra- 
dius, as  the  rectangle  contained  by  the  sine  of  the 
arch  which  is  half  the  sum  of  the  base,  and  the  excess 
of  the  sides,  and  the  sine  of  the  arch,  which  is  half  the 
^fference  of  the  same  to  the  square  of  the  sine  of  half 
the  ai^e  opposite  to  the  base. 

IjCt  ABC  be  a  spherical  triangle,  of  which  the  two  sides  are 
AB,  BC,  and  base  AC,  and  let  the  less  side  BA  be  produced,  ao 
that  BD  shall  be  equal  to  BC:  AD  therefore  is  the  excess  of 
BC,  BA;  and  it  is  to  be  shown,  that  the  rectangle  contained 
by  the  unes  of  BC,  BA  is  to  the  square  of  the  radius,  aa  the 
rectangle  contained  by  the  sine  of  half  the  sum  of  AC,  AD,  and 
the  sine  of  half  the  difference  of  tk«.  same  AC,  AD  to  the  square 
of  the  sine  of  half  the  angle  ABC,  opposite  to  the  base  AC. 

Since  by  prop.  38.  the  rectangle  coDtained  by  the  sines  of  the 
sides  BC,  BA  is  to  the  square  of  the  radius,  as  the  excess  of  the 
versed  sines  of  the  base  AC  and  AD,  to  the  versed  sine  of  the 
angle  Bj  that  is  (1.  6.),  as  the  rectangle  contained  by  half  the 
radius,  and  that  excess,  to  the  rectangle  contained  by  half  the 
radius,  and  the  versed  sine  of  B;  thcrelorc  (39.  30.  of  this),  the 
rectangle  contained  by  the  sines  of  the  sides  BC,  BA  is  to  the 
square  of  the  radius,  as  the  rectangle  c<aitained  by  the  sine  of 
the  arch,  which  Is  half  the  sum  of  AC,  AD,  and  the  rinc  of  the 
arch  which  is  half  the  difference  of  the  same  AC,  AD  is  to  Ute 
iiquare  of  the  sine  of  half  the  angle  ABC.  Q.  £.  D. 
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OENERAL  PROPOSITION. 

IN  ail  oblkjue  angled  spherical  triangle,  of  the  three 
sides  and  three  angles,  any  tliree  being  ^ven,  the 
other  three  may  be  found. 


;\ 


Givi;n 

So-Ehtj                                                                         1 

B,D,and 
BCiwoan 
gles  and  a 
tide  oppo- 
litc  one  ol 
ihcm. 

C. 

Co-S,  BC  !  R  :  :  Co-T,  B :  T,  BCA. 
19.  Likewise  by  2*.  Co-S,  B  :  S,  BCA  :  : 
Co-S,  D  :  S,  DCAi  wherefore  BCD  is  the 
sum  or  difference  of  tiit  angles  DCA, 
BCA  according  as  the  perpendicular  (A 
falls  within  or  without  the  triangle  BCD; 
thai  18(16.  of  this),  according  as  the  an- 
Kles  B,  D  are  of  the  same  or  different  af- 

B,C,and 
BC,      tivo 
angles  <ind 
the       side 
between 
them. 

D. 

Co-S,  BC;R  :  :  Co-T,  B  ;  T,  tCA.  1^. 
and  also  by  2i.  S,  BCA  :  S,  DCA  :  j  Co- 
S,  B  :  Co-S,  D;  and  according  as  the  angle 
BCAis  lessorgreaterthon  BCD, the  per- 
pendicular CA  falls  within  or  without  the 
iriangie  BCD;  and  therefore  ('&■  of  this) 
the  angles  B,  D  vt'ill  be  of  the  same  or  dii^ 
erent  affection. 

BC,  CD 

uidD. 

flD. 

R  :  Co-S,  B  :':  T,  BC  :  T,  BA.  20.  and 
Co-S,  BC  :  Co-S,  BA  : :  Co-S,  DC  :  Co- 
S,  DA.  as.  and  BU  is  the  sum  or  differ- 
ence of  BA,  DA. 

BC,  DB 
suidB. 

CD. 

R  :  Co-S,  B  :  ;  T,  BC  :  T,  BA.  20.  and 
Co-S,  BA  :  Co-S,  BC  :  ;  Co-S,  DA  :  Cu- 
S,  DC.  25.  and  according  as  DA,  AC  ^re 
Qf  the  same  or  different  affection  DC  will 
te  less  or  greater  than  a  quadrant.  U. 
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Gi.ei>' 

S«ght 

B,D,aiKl 
BC. 

DB. 

R  :  CO.S,  B  : :  T,  BC  ;  T,  BA.  20.  mi 
T,  D  :  T,  B  : :  S,  BA  :  S,  DA.  S6.  m 
BD  is  the  nun  or  difference  ofBA,  DA. 

.-1   , 

BC,  BD 

uidB. 

D 

R  :  Co-S,  a  : :  T,  BC  i  T,  BA.  20.  >n 
S,  DA  :  S,  BA  ! ;  T,  B  :  T,  D;  md  ac 
cording  &s  BD  is  greater  or  less  than  BA 
the  angies  B,  D  are  of  the  same  or  differ 
Ent  affection.  16. 

BC,  DC 

uidB. 

0. 

Co-S,  BC  :  R  1 :  Co-T,  B  s  T.  BCA.  19 
«id  T,  DC  :  T,  BC  i !  Co-S,  BCA  .  Co-S 
DCA.  27.  the  aum  or  difference  of  the  an 
glea  BCA,  DCA  is  equal  to  the  angle 

B,Cu.d 
BC. 

DC. 

Co-S,  BC  !  R  : :  Co-T,  B  :  T,  BCA.  19 
also  by  ZT.  Co-S,  DCA  !  Co-S,BCA  :  :  T 
BC  ;  T,  DC.  27.  if  DCA  and  B  be  of  the 
same  affection;  that  is  (13.),  if  AD  and  CA 
be  shnilar,  DC  will  be  less  than  a  qua. 
drant^i.  and  if  AJ),  CA  be  not  of  th< 
same  affection,  DC  ^s  greater  than  a  qua 
drant,....        .... 

BC,  CB 

UidB. 

J^s'" 

S,CDiS,B::S,BC:S,D. 

B,Duid 
BC. 

DC. 

S,D:S,BC;:S,B:S,DC. 

BC.BA, 
AC. 

Fig.  IS. 

B. ' 

S,  ABxS,  BC  :  Rj  . :  S,  AC-^ADx 
S,  AC— AD  :  Sg,  ABC.  See  Fig.  25.  AD 
being  the  difference  of  the  sides  BC,  BA. 
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A,  B,  C. 

Fig.  7. 


The 
sides. 


See  t"n;.  7. 
In  ilic  trianglts  DEF,  DE,  EF,  FD 
are  rtspective^y  tlie  supplements  of  ihc 
measures  of  the  giTcii  angles  B)  A,  C 
in  the  triangle  BAC;  the  sidea  of  ih« 
iriniigle  DLF  are  therefore  given,  and 
by  the  precedine  case  the  angles  D,  E, 
F  may  be  found,  and  the  aides  BC,  BA, 
AC  are  the  supplcmcnta  of  the  mea- 
surcB  of  these  angles. 


The  3d,  5th,  7tJi,  9th,  lOtli  cases,  which  are  commonly  called 
ambiguous,  admit  of  two  sohitions,  cither  of  which  will  answer 
Uic  conditions  required;  for,  in  these  cases,  the  measure  of  the 
angle  or  side  sought,  may  be  either  greater  or  less  than  a  quad- 
raTit,  and  the  iwo  solutions  will  be  supplements  to  each  other 
(Cor.  lo  def.  4.  6.  PI.  Tr.). 

tf  from  any  of  the  angles  of  an  oblique  angled  spherical  trian- 
gle, a  perpendicular  arch  be  drawn  upon  the  opposite  side,  most 
of  the  cases  of  oblique  nngled  (rianttlcs  may  be  resolvi;d  b}'  mean' 
..f  Napier's  ruk-. 
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